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We investigate the effects of quenched randomness on topological quantum phase transitions in
strongly-interacting two-dimensional systems. We focus first on transitions driven by the condensa-
tion of a subset of fractionalized quasiparticles (‘anyons’) identified with ‘electric charge’ excitations
of a phase with intrinsic topological order. All other anyons have nontrivial mutual statistics with
the condensed subset and hence become confined at the anyon condensation transition. Using a
combination of microscopically exact duality transformations and asymptotically exact real-space
renormalization group techniques applied to these two-dimensional disordered gauge theories, we
argue that the resulting critical scaling behavior is ‘superuniversal’ across a wide range of such con-
densation transitions, and is controlled by the same infinite-randomness fixed point as that of the 2D
random transverse-field Ising model. We validate this claim using large-scale quantum Monte Carlo
simulations that allow us to extract zero-temperature critical exponents and correlation functions
in (2+1)D disordered interacting systems. We discuss generalizations of these results to a large
class of ground-state and excited-state topological transitions in systems with intrinsic topological
order as well as those where topological order is either protected or enriched by global symmetries.
When the underlying topological order and the symmetry group are Abelian, our results provide
prototypes for topological phase transitions between distinct many-body localized phases.
I. INTRODUCTION
Understanding the interplay of interparticle interac-
tions and quenched disorder is particularly relevant to
the study of transitions into or between topologically or-
dered phases of matter. These intrinsically interacting
phases cannot be characterized in terms of a local or-
der parameter, and are instead described at long wave-
lengths by a topological quantum field theory that en-
codes the properties of the gapped fractionalized quasi-
particles or anyons [1, 2], that are their most distinctive
feature. Since they lack a local order parameter, topolog-
ical orders are quite stable to quenched disorder, as the
only natural variable to which disorder can couple is the
energy density [3]. The existence of a bulk energy gap
makes topological phases perturbatively stable to this
type of randomness (analogous to ‘bond disorder’ in a
magnet). The situation is more delicate and interesting
at quantum critical points between trivial and topologi-
cally ordered phases: while the perturbative relevance of
disorder is determined by the Harris criterion [4–6], suf-
ficiently strong randomness can completely change the
universality class of the transition. In this paper, we ar-
gue that, remarkably, some topological phase transitions
become analytically tractable in the limit of very strong
disorder, even though the corresponding clean transitions
are in general described by complicated, strongly-coupled
gauge theories [7–9].
Our treatment of the strong-disorder limit is enabled
by a combination of renormalization-group techniques,
duality mappings, and exact reformulations that can be
tackled conveniently by state-of-the-art numerical algo-
rithms. Specifically, we consider discrete gauge theories
related to exactly solvable ‘quantum double models’ [1]
that describe phases with both Abelian and non-Abelian
topological orders. (The latter nomenclature refers to the
nature of the braid group that characterizes the anyon
statistics in 2+1 space-time dimensions.)
A generic topologically ordered phase is an emergent
gauge theory with both dynamical ‘electric’ gauge charge
and ‘magnetic’ gauge flux excitations, both of which
are point objects in 2D. Confinement transitions can
be driven either by condensation of gauge charges while
gauge fluxes remain massive, or vice-versa [7]. In the
case of Abelian topological order, these two transitions
are equivalent and related by electric-magnetic- duality
(or ‘S-duality’), but in non-Abelian topological orders
charge and flux sectors behave differently [10]. In these
cases, for reasons explained below, our approach remains
tractable only when the confinement transition is driven
by gauge charge condensation.
For this reason, we work in the sector with zero gauge
flux, and add terms that give a finite bandwidth for the
hopping of (a subset of) the anyons. This leads to a
model that we describe in Section II. When the hopping
bandwidth exceeds the anyon gap, the anyons condense,
leading to confinement. When the couplings are highly
random, we show that the critical physics is correctly
captured via a strong-disorder real-space renormalization
group (RSRG) procedure [11–19]. The RSRG, described
in Section III, successively ‘decimates’ individual local
terms of the Hamiltonian in descending order of their
magnitude while determining how this feeds back on the
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2remaining couplings, to arrive at a fixed-point that char-
acterizes the scaling behaviour.
We find that our Hamiltonian, despite being the
most natural one for such discrete gauge theories —
and frequently employed in the literature — is a spe-
cial “high-symmetry point” in the space of gauge the-
ories. As shown in Section IV this point is related
via a duality transformation to a Q-state random quan-
tum Potts model, where Q = |G| is the size of the fi-
nite group G that characterizes the gauge theory. Sim-
ilar strong-disorder RSRG arguments suggest that the
critical properties of the random quantum Potts model
are Q-independent and identical to those controlled by
the infinite-randomness critical point of the random
transverse-field Ising model [15]. In Section V we pro-
vide supporting evidence in favor of this long-standing
conjecture by means of high-precision stochastic series
expansion quantum Monte Carlo (SSE-QMC) simula-
tions [20, 21] of strongly disordered lattice models at
Q = 2, 3. We analyze the stability of the fixed-point
behavior to perturbations of the model away from the
special |G|-state Potts point in Section. VI.
Our results indicate that the underlying algebraic
properties of G — including whether it is Abelian or not
— are irrelevant to the critical properties of the decon-
finement transitions we study here. Intuitively, this is
because the transition is driven by the geometrical struc-
ture of the ‘clusters’ generated by the strong-disorder RG
scheme rather than the microscopic details of the on-
site degrees of freedom. It is this underlying geometrical
structure that is shared by all the topological phase tran-
sitions we study in this paper.
Viewing superuniversality as a consequence of this
geometrical structure naturally raises the question of
whether it also emerges at other topological phase tran-
sitions with quenched randomness. Global symmetries
enlarge the phase structure of quantum systems, by
both protecting and enriching topological structures.
Symmetry-protected topological phases (SPTs) [22–32]
are phases of matter that lack intrinsic topological order
(i.e., they do not exhibit fractionalization) but are nev-
ertheless distinct from trivial paramagnets in the pres-
ence of the eponymous symmetries. This is by virtue
of their nontrivial local entanglement structure, which
obstructs their deformation into trivial product states
by local unitary transformations as long as a protecting
global symmetry is unbroken. Symmetry-enriched topo-
logical phases (SETs) [33–35] are topologically ordered
phases whose fractionalized quasiparticles carry quan-
tum numbers that capture their transformation prop-
erties under the global symmetries. SPTs/SETs typi-
cally also have gapless modes on symmetry-preserving
boundaries with distinct SPTs/SETs or the trivial phase.
When the global symmetries are broken, there is no
longer any sharp distinction between these phases and
their symmetry-less parents (for SPTs, this is the triv-
ial paramagnetic vacuum state, and for SETs, the
underlying topologically ordered phase). Therefore,
phase transitions out of SPTs/SETs via spontaneous
breaking of global symmetries involve a change in the
short range entanglement of their ground state, that
encodes the symmetry-protected/enriched topological
structure. This makes them formally distinct from ‘triv-
ial’ symmetry-breaking transitions, though the relevant
distinguishing features are likely subtle and visible only
in the boundary-critical behavior [36–38]. We find that
our techniques can be applied to this class of symmetry-
breaking transitions by leveraging a description of SETs
and SPTs in terms of so-called ‘Dijkgraaf-Witten’ theo-
ries [39, 40]. These are ‘twisted’ discrete gauge theories
linked to SPTs and SETs by a gauging procedure [33]
applied to fluxes of the global symmetry.
On a purely formal level, the universality class of the
transition in twisted gauge theories can be obtained with-
out extra effort, via a unitary transformation that maps
between a Dijkgraaf-Witten gauge theory and its con-
ventional, untwisted counterparts1. Since we have al-
ready analyzed the untwisted discrete gauge theory, and
a unitary transformation does not affect the scaling of
thermodynamic quantities, the result follows. However,
as we have emphasized, several interesting aspects of of
infinite-randomness fixed points are tied to the under-
lying geometric structure produced by the RSRG deci-
mations. A priori, the twisting unitaries have nontrivial
interplay with the flow of lattice geometry induced by
the RSRG. Furthermore, local observables can be trans-
formed nontrivally by the unitary, and hence correlation
functions (rather than thermodynamics) can be difficult
to access using the mapping. Therefore, while one can in-
fer the critical scaling behavior based on such arguments,
more complex questions are often more transparently ad-
dressed by a direct implementation of the RSRG in terms
of the original degrees of freedom.
In fact, a similar situation arises already in the un-
twisted case: while it is possible to infer critical bulk scal-
ing behaviour by using the Potts duality to the magnetic
model, implementing the RSRG directly in the gauge lan-
guage is necessary to address various questions — such
as the stability to perturbations and the scaling of lo-
cal observables — in a physically transparent manner.
In that case, we show that individual RSRG decimations
and duality transformations form a “commuting diagram
so that one can freely map between gauge and symmetry-
breaking models at any stage of the RG scheme (see
Sec. IV for details). This gives us a way to implement
RSRG directly on the gauge theory side, while also al-
lowing us to lift existing results on the transverse field
Ising model and simulation techniques tailored for the
Potts/magnetic side. Similarly, it is desirable to directly
implement the RSRG on the twisted Dijkgraaf-Witten
model, rather than using the trick off unitary ‘untwist-
1 Strictly speaking, this is only true in the bulk, or on manifolds
without boundaries; see the discussion in Sections VII and X.
3ing’, in order to establish RSRG as a technique for study-
ing these models in the presence of strong disorder.
Accordingly, in Section VII, we construct a general-
ization of the strong-disorder RG treatment that cor-
rectly tracks the nontrivial phase factors that encode
the twisted Dijkgraaf-Witten gauge structure. Despite
a more complicated decimation procedure, we find that
the RG flows are identical to the untwisted case. We
thereby provide a direct argument that the superuni-
versal infinite-randomness scaling also applies to global
symmetry-breaking phase transitions in SPTs/SETs,
complementing the simpler but less instructive unitary
untwisting trick. [Note that we do not study a different
class of quantum critical points between SPTs/SETs that
are distinguished only in the presence of the global sym-
metry. This remains an active question of research even
in the clean case [41], but we conjecture that disorder
could play a similarly rich role at such transitions.]
While extremely general, the discrete gauge theories
studied here do not encompass all possible topological
orders in 2D. These are more generally captured in the
language of modular tensor categories which can be cast
into a Hamiltonian framework in so-called ‘Levin-Wen’
models [34, 35, 42] in the case of non-chiral topological
orders. In Section VIII we discuss the possibility of gener-
alizing our approach to apply to these models. Although
we are unable to fully implement the RG scheme, we flag
the emergence of some universal structure as an avenue
for further work.
A final generalization that we explore (in Section IX) is
to excited-state phase transitions between distinct many-
body localized (MBL) topological phases of matter. In
an isolated quantum system, strong disorder can prevent
thermalization, leading to MBL states that can support
quantum orders in highly excited states. While the exis-
tence of MBL has been firmly established in 1D [43], its
fate in 2D remains controversial [44, 45]: the rare ther-
mal inclusions believed to drive the 1D MBL transition
have a more drastic role in d > 1 where they have been
argued to destabilize MBL even with arbitrarily strong
disorder [44] (though quasi-periodic MBL systems may
evade this fate [46]). However, this mechanism operates
on a time scale that is double-exponentially long in the
disorder strength. Also, the proximity to criticality was
recently argued to give rise to an intermediate thermal
phase separating distinct MBL phases [47, 48]. The fate
of this mechanism in 2D is still unexplored. Therefore,
although MBL may only sharply exist in the limit of infi-
nite disorder strength or zero correlation length in d > 1,
it can provide an excellent approximation of the dynam-
ics of 2D systems up to extremely long timescales.
We argue that this MBL-controlled regime may be un-
derstood by studying extensions of the disordered lat-
tice gauge models to excited state dynamics. We focus
on the Abelian case and examine excited-state proper-
ties using the generalization of the RSRG procedure that
targets excited states, termed RSRG-X [16–19]. The
RSRG-X rules in the Abelian cases are essentially identi-
cal to RSRG rules, which is in accordance with the belief
that MBL is in general compatible with Abelian topolog-
ical order [49]. The corresponding infinite-randomness
fixed point characterizes the excited-state transition (or
sharp dynamical crossover, if MBL is indeed destroyed
in d > 1) between trivial and topological MBL phases.
For non-Abelian models, the excited states are expected
on general grounds to exhibit topologically protected de-
generacies that cannot be localized in the tensor prod-
uct fashion necessary for the conventional definition of
MBL [49] (Such phases could nevertheless exhibit more
complicated critical non-thermal behavior [17, 19, 50, 51];
while intriguing, we do not explore this possibility as it
lies beyond the scope of the present work).
We close in Section X with a summary of results and
a discussion of future directions motivated by this work.
Four appendices provide brief primers on group cohomol-
ogy and Dijkgraaf-Witten models, as well as technical
details of lattice isomorphisms, Levin-Wen models, and
numerical methods.
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II. GAUGE MODEL
In this paper, we will focus primarily on discrete gauge
theories [1] defined on a planar graph G = (V,L) consist-
ing of vertices v ∈ V connected by directed links l ∈ L.
We denote l = 〈v, v′〉 if the link l is directed from the ver-
tex v ∈ V to the vertex v′ ∈ V. The degrees of freedom
(sometimes termed the computational basis) are elements
g of a discrete group G placed on the links. We adopt a
convention where traversing l along (against) its orienta-
tion gives a factor of gl (g
−1
l ) respectively. We consider
the following Hamiltonian:
H = −
∑
v∈V
JvAv −
∑
l∈L
hlCl. (1)
Here, the non-negative coupling constants Jv, hl ≥ 0
are independent and identically distributed (i.i.d.) ran-
dom variables, with finite variance. The vertex term is
given by
Av =
∑
g∈G
1
|G|A
g
v, (2)
where the operators Agv act on each link l with state gl
that leaves (enters) the vertex v by multiplying gl on the
left by g (right by g−1), see Fig. 1 (a). Effectively, Av
implements a symmetric permutation of group elements
on the links adjacent to vertex v. Each link term
Cl|g〉l = δg,e|g〉l (3)
projects the state on link l to the identity element e.
More generally, we can define Cgl as a link projector to
the group element g, in particular, Cel = Cl.
Physically, we can view Av as a projector onto the
state with zero gauge charge on vertex v, where the gauge
charges correspond to the irreducible representations (ir-
reps) of the gauge group, and the zero charge sector is
identified with the trivial irrep. Similarly, the term Cl
on a link l between v and v′ creates a superposition of all
possible charges on v with corresponding opposite charge
on v′, with an amplitude proportional to the quantum
dimension of the charge [1, 52]. In the presence of an
existing charge on a vertex v, Cl acts as a tunneling op-
erator that moves this charge to a neighboring site. In
the absence of gauge charge, it creates a pair of opposite
charges at v and v′. Note that since both Av and Cl are
projectors, they satisfy A2v = Av, C
2
l = Cl. We will make
extensive use of this property below.
To properly define a gauge theory, we restrict the total
Hilbert space to the set of physical states |Ψ〉 satisfying
the zero-gauge flux constraint
Bp|Ψ〉 = |Ψ〉 (4)
(a)
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FIG. 1. Terms in the Hamiltonian Eq. (1) and the gauge
constraints acting on group elements g ∈ G on links. (a) The
vertex term Av =
∑
g
1
|G|A
g
v symmetrically permutes group
elements around vertex v. (b) The plaquette operator Bp
projects onto ‘zero flux’ configurations in which the oriented
product of group elements around plaquette p is the identity e.
(c) The link term Cl favors gl = e on link l. We impose gauge
constraints that restrict to zero-flux configurations (Φp = e
on all plaquettes) and take H = −∑v JvAv −∑l hlCl.
for all plaquettes p. Here, Bp = δΦp,e where the operator
Φp =
∏
l∈p
gσll (5)
measures the G-flux through plaquette p, which is com-
puted by moving around p counter-clockwise and pick-
ing up a multiplicative factor gl
σl from each link with
σl = +1 (−1) if the link is traversed parallel (antiparal-
lel) to its orientation [See Fig. 1 (b) for an example]. The
constraint Eq. (4) thus projects onto states where the G-
flux through the plaquette equals the identity element.
In other words, it is a Gauss law restricting the set of
physical configurations to those with zero flux through
every plaquette: enforcing it forbids anyonic flux excita-
tions. All possible charge excitations, on the other hand,
are allowed.
We note that our model, Eq. (1), can be viewed as
a limiting case of the exactly-solvable quantum double
models introduced by Kitaev [1] to describe systems with
topologically ordered ground states. This can be seen
by setting hl = 0 and weakening the Gauss law to allow
finite-energy flux excitations by adding a term of the form∑
p JpBp with Bp = δΦp,e. This is permitted since the
plaquette term commutes with all vertex and link terms.
For large, positive Jv  hl, the system is in a decon-
fined phase where gauge charge excitations are gapped
and deconfined (gauge fluxes are explicitly excluded by
5the constraint Eq. (4)). In the opposite limit, Jv  hl,
a confined phase is expected, whose ground state is
a condensate that quantum-fluctuates between different
charge configurations. The physical manifestation of con-
finement is that any pair of test flux excitations (i.e.,
plaquettes carrying non-vanishing gauge flux) experience
linear confinement due to their non-trivial mutual statis-
tics with the charge condensate.2
We now comment briefly on our choice of model Eq. (1)
and its generality.
First, our imposition of a zero-flux constraint is slightly
unconventional. Typically, the ‘pure gauge’ limit of
the quantum double model is obtained by a zero-charge
constraint, which is implemented by imposing the local
constraint Av|Ψ〉 = |Ψ〉 at every vertex v on physical
states [54]. For Abelian G, the two choices are formally
equivalent via an analog of electromagnetic duality, but
for non-Abelian theories this is not the case [10]. In the
absence of such a duality relation, our model can only de-
scribe confinement transitions that are driven by a gauge
charge condensation. [In gauge theory language, we are
describing a transition to a Higgs phase with flux confine-
ment, rather than to a phase with charge confinement.]
As will become clear later, considering a zero-flux con-
straint is crucial in order to render the RSRG scheme
tractable. Since this is what allows us to make analyti-
cal progress, we restrict ourselves to this choice from the
outset.
Second, we note that in Eq. (1) one can consider more
complicated gauge-invariant vertex terms of the form
Aχv ≡
∑
g∈G
χ(g)
|G| A
g
v, where the sum is over different
group characters χ. Eq. (1) is the simplest choice, in-
volving only the trivial character χ(g) = 1. More compli-
cated choices would correspond to assigning different en-
ergy penalties to different gauge charges on a vertex. (A
Hamiltonian corresponding to an arbitrary assignment of
energy penalties to the gauge charges can be expressed
as a linear combination of the Aχv s). The stability of the
infinite-disorder fixed point with respect to vertex terms
with non-trivial characters is discussed in Section VI. We
find that, at least for the Abelian case, such terms do not
appear to change universal properties of the confinement
transition.
III. REAL-SPACE RENORMALIZATION AND
SCALING AT STRONG DISORDER
A. Real-Space Renormalization Group
For strongly random Jl, hv, we may access ground-
state properties of H by leveraging the strong disorder
2 Note that this diagnostic is strictly speaking only valid in the
limit where the fluxes are non-dynamical; if there are dynamical
fluxes, more subtle probes may be necessary [53].
real-space renormalization group (RSRG) [11–15]. The
implementation of the scheme for our model proceeds
iteratively as follows. At any stage of the RG, we iden-
tify the local term with the strongest remaining coupling
in H. We decimate this term by projecting the associ-
ated degrees of freedom into the configuration that min-
imizes its energy in isolation, and determine a new ef-
fective H by perturbatively computing how virtual ex-
citations of the frozen degrees of freedom mediate inter-
actions between the remaining ones. In addition, as we
detail below, we must also renormalize the lattice struc-
ture, G 7→ G′, by removing a link or a vertex or both
locally, while preserving the planar nature of our prob-
lem. This perturbative scheme is self-consistently justi-
fied if (as we expect on physical grounds) this RG flows
to an infinite-disorder fixed point [15]; our results and
scalings arguments then become asymptotically exact as
this fixed point is approached.
As will become clear below, the decimation procedure
generates ‘long-link’ terms associated with pairs of ver-
tices, v and v′ that are not nearest-neighbors. In order to
define Cl for such long links, l = 〈v, v′〉, we first construct
a directed path pil from v to v
′ that consists entirely of
links li ∈ L and define gpil =
∏
li∈pil g
σi
i , where gi is the
link state at li, σi = +1(−1) if the orientation of li is
parallel (antiparallel) to the direction of pil, and take Cl
to project onto configurations where gpil = e. Though
the choice of pil is ambiguous, Cl is well-defined because
of the zero-flux condition3 on each plaquette in G (as
elaborated in Appendix B).
To keep track of long-link terms, we must generalize
the previously introduced set of short links L belonging to
the planar graph G. For a given vertex list, V, we define
the set of ordered vertex pairs LV = {l = 〈v, v′〉 |v, v′ ∈
V}, which also includes long links that are not present
in the planar graph G. With the above definitions, we
generalize the Hamiltonian in Eq. (1) to,
H = −
∑
v∈V
JvAv −
∑
l∈LV
hlCl. (6)
Instead of treating a long link as a path defined on
the planar graph G, one can imagine a direct link con-
necting a pair of higher-neighbor vertices. This point of
view deviates from the planar structure of the lattice.
We emphasize that to properly define our gauge theory
all degrees of freedom must reside on the planar graph
G. Specifically, the set LV is only used to keep track of
Hamiltonian terms and does not introduce spurious de-
grees of freedom associated with non-planar links. At the
initial stage of our RG procedure, the coupling constants
hl are non-vanishing only on short-links (l ∈ L), but as
the RG proceeds, higher-neighbor interactions are gener-
ated, such that hl is potentially finite also on long-links.
3 For simplicity, we assume that the holonomy along a nontrivial
cycle is always trivial.
6A key step of the decimation procedure is the con-
struction of an effective low-energy Hamiltonian for the
residual degrees of freedom, that includes new interac-
tions mediated by virtual fluctuations of the high-energy
degrees of freedom that have been ‘integrated out’ in the
decimation step. The relevant perturbative calculation
is most conveniently accomplished via a Schrieffer-Wolff
transformation. Let us define P to be a projector (C`
or Av) onto the ground state of the decimated terms
in H, and V the terms (assumed small) that couples
the decimated degrees of freedom to the remainder of
the system. A standard application of the Schrieffer-
Wolff procedure (see, e.g. [16]) then shows that terms
appearing at first order in perturbation theory will be
proportional to PV P , and second order terms will be
proportional to PV (1 − P )V P . Higher-order contribu-
tions will be asymptotically irrelevant, since variance of
the coupling distributions will grow without bound un-
der the RSRG flow at an infinite-randomness fixed point,
so that in late stages of the RSRG (which determine the
universal properties), the decimated coupling is asymp-
totically infinitely stronger than local competitors. For
our purposes, it will be sufficient to consider only those
second-order contributions of the form PV V P , since for
the models in this paper, unless explicitly stated other-
wise the operator PV PV P acts trivially on the ground
state manifold.
We now turn to construct our RSRG rules. We first
consider decimating a nearest-neighbor link term hlCl,
see Fig. 2 (a). Projecting the associated link degree of
freedom, gl, to the trivial group element e renormalizes
coupling constants belonging to adjacent vertex terms.
The first order contribution in perturbation theory,
Cl(Av)Cl =
1
|G|
∑
g∈G
Cl(A
g
v)Cl =
1
|G|Cl, (7)
gives only a trivial constant term.
To see how non-trivial terms are generated from
second-order perturbation theory, we consider a product
of two vertex terms Av and Av′ acting on the vertex pair
v and v′, connected by l, which yields
Cl(AvAv′)Cl =
1
|G|2
∑
g,g′∈G
Cl(A
g
vA
g′
v′)Cl
=
1
|G|2
∑
g∈G
Cl(A
g
vA
g
v′)Cl =
1
|G|
(
1
|G|
∑
g∈G
AgvA
g
v′
)
Cl,
(8)
where we demand g = g′ in order to preserve |e〉 at the
strong-link l and use the fact that AgvA
g
v′ commutes with
Cl. As the final stage of the link decimation step we
renormalize the planar graph G → G′ by removing the
link l and merging the adjacent vertices v, v′ into a new
vertex v˜ with a renormalized coupling constant,
Jv˜Av˜ =
2
|G|
JvJv′
hl
Av˜. (9)
Link decimation does not introduce any higher-neighbor
couplings.
Next, we consider decimating a vertex term JvAv, see
Fig. 2 (b). The first-order contribution in perturbation
theory originates from link terms Cl, where l starts on
the vertex v, and is proportional to
Av(Cl)Av =
1
|G|2
∑
g,g′∈G
Ag
′
v C
e
l A
g
v =
1
|G|2
∑
g,g′∈G
Ag
′·g
v C
g−1
l
=
1
|G|2
∑
h,h′∈G
AhvC
h′
l =
1
|G|Av (10)
where in the second line we have relabled h = g′ · g, and
h′ = g−1, and used
∑
g∈G C
g
l = 1 l.
An identical result holds also for link terms Cl with l
ending on v. We see that, as with link term decimation,
the first order contribution generates only trivial terms.
To compute terms generated in second-order perturba-
tion theory, we first identify all distinct link pairs, li, lj
adjacent to v. Each such pair defines a long link lij asso-
ciated with the planar graph path pilij built up from the
union of li and lj , see Fig. 2 (b). Since we can always
modify the path pilij so that it never passes v, it follows
that [Av, Clij ] = 0. Using the relation CliClj = ClijClj ,
we obtain,
Av(CliClj )Av = ClijAv(Clj )Av =
1
|G|ClijAv, (11)
so that second-order perturbation theory gives rise to a
long-link term
hlijClij =
2
|G|
hlihlj
Jv
Clij . (12)
We conclude the vertex decimation step by renormalizing
the planar graph, G → G′. This is achieved by removing
the vertex v from V and all its adjacent links from L.
In addition, we add to L all newly generated links that
preserve the planar structure of our graph. While this
procedure is not unique, the associated ambiguity will
not affect the RG flow, i.e. the flow of coupling terms
is invariant to the specific choice of added links. The
above two steps corresponds to the lattice isomorphisms
Tˆ3 and Tˆ2, respectively, as we detail in Appendix B.
Newly-generated links may appear to introduce spurious
degrees of freedom. To see why this is not the case, note
that one can always use the zero-flux constraint to fix the
associated link variables, so that they are not dynamical
degrees of freedom. The link decimation step, unlike a
vertex decimation, generically produces higher-neighbor
link terms. As previously commented, this necessitates
introducing the generalized model in Eq. (6), which al-
lows for such long-link terms.
As the RG proceeds, we eventually need to take into
account long-link terms when decimating either vertex
or link terms. A long-link l is potentially affected by
decimating a vertex term, Av, when (i) it passes v as an
7(a)
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FIG. 2. Our RSRG scheme involves two types of decimations
for strongly random Jv, hl: (a) decimating link l adjacent
to vertices v, v′ yields a new vertex v˜ with Jv˜ = 2|G|
JvJv′
hl
;
(b) decimating vertex v adjacent to links l1, . . . , l4 yields
hlij =
2
|G|
hli
hlj
Jv
on both blue and cyan links. While blue
links (l12, l13, · · · , l42) are short links in the renormalized pla-
nar graph G′, the cyan link (l34) is a long link and appear only
through the term in the renormalized Hamiltonian. While the
specific assignment of short versus long links is not unique,
the specific choice does not affect the resulting RG flow.
intermediate vertex or (ii) ends/starts on v. For (i), one
can always use the zero-flux constraints to deform the
path pil so that it never passes v and the links adjacent
to v. For (ii), one can explicitly check that the vertex
decimation procedure remains identical as before.
In order to decimate a long-link term, we initially per-
form a series of lattice isomorphisms under which it is
mapped to a nearest-neighbor link term, as we explain in
Appendix B. (A lattice isomorphism is a map that modi-
fies the connectivity of the graph and thus the associated
Hilbert space, and preserves the terms in the Hamiltonian
while altering the precise link structure. It thus relates
two different representations of the same gauge model.)
Following that, we can simply use the nearest-neighbor
link decimation rule outlined above. We emphasize that
the Hilbert space mapping induced by the lattice isomor-
phism leaves the coupling constants intact.
Each decimation renormalizes both the planar graph
G and terms in H according to the rules outlined above.
Iterating this procedure generates a flow in the space of
couplings. For sufficiently strong disorder, we anticipate
that the flow will be to stronger disorder, i.e., the distri-
butions of couplings get progressively broader as the RG
proceeds, which makes the decimation procedure asymp-
totically exact at the critical point. We now turn to the
universal scaling behavior implied by this expectation.
B. Super-universal scaling at strong disorder
Owing to the multiplicative nature of the RSRG up-
dates, it is convenient to work with logarithmic couplings:
hv = Ωe
−βv , Jl = Ωe−ζl (13)
defined at RG energy scale Ω = Ω0e
−Λ, where Ω0 is
a microscopic energy scale [11–15]. Building on previ-
ously studied examples of infinite-randomness criticality,
we will argue that the following scaling properties hold at
the infinite-randomness confinement-deconfinement crit-
ical point: (i) the coupling distributions R(β; Γ), P (ζ; Γ)
of the h and J couplings flow to broad power-law scaling
forms; (ii) critical fluctuations are governed by a dynam-
ical scaling exponent z = ∞, corresponding to a loga-
rithmic length-time scaling ` ∼ (log t)1/ψ, where ψ is the
infinite-randomness exponent; and (iii) typical and av-
erage correlation functions scale distinctly, with the for-
mer exhibiting stretched-exponential behavior while the
latter shows power-law scaling, indicating that they are
dominated by rare disorder realizations with anomalously
strong long-range correlations.
Already at this stage, we can make some predictions re-
garding the critical properties of the infinite-randomness
confinement transition without a numerical implemen-
tation of the above outlined RG scheme: (i) all the G-
dependence of the RSRG procedure is encoded in the
1/|G| prefactor appearing in the RG rules, which is not
expected to affect leading scaling behavior. This is sim-
ilar to case of the disordered Q-state 1D quantum Potts
model [55], where the RSRG analysis leads to a simi-
lar prediction that universal properties at the infinite-
randomness critical point are Q-independent; and (ii) as
we show more explicitly in the next section, the well-
known duality mapping [56] between confinement and
symmetry breaking in 2+1 dimensions holds not only at
the Hamiltonian level, but also as an exact mapping be-
tween the respective RSRG rules [15]. Strong-disorder
RSRG arguments suggest that the critical properties of
the random quantum Potts model areQ-independent also
in 2D, and identical to those controlled by the infinite-
randomness critical point of the random transverse-field
Ising model [15].
Together, these indicate that at strong disorder and for
model Eq. (1) all gauge groups G are equivalent at crit-
icality up to sub-leading corrections to scaling; in other
words, we establish that the scaling is superuniversal.
This is one of the central points of this paper, which re-
lies on exact mappings and RSRG results, and must ul-
timately be confirmed by microscopic numerical simula-
tions. We devote the remainder of this paper to providing
analytical and numerical evidence in favor of superuni-
versality, and to exploring the range of its applicability.
The arguments above also suggest that we may gain
insights into superuniversal scaling and the RG structure
by considering the dual description of Eq. (1) as a model
of global symmetry-breaking, to which we now turn.
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<latexit sha1_base6 4="2L2wXQUm1eNYV0fd3OU7xwPSYGE=">AAAC z3icjVHLSsNAFD2Nr1pfVZdugkWom5KqoMuiG 5ct2Ae0RZJ0WofmxWSillJx6w+41b8S/0D/wj tjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5uYXFpe yy7mV1bX1jfzmViMOE+Gyuht6oWg5dsw8HrC 65NJjrUgw23c81nSGZyrevGYi5mFwIUcR6/r2 IOB97tqSqE5Hslsp/HHR2Z9c5gtWydLLnAXlF BSQrmqYf0EHPYRwkcAHQwBJ2IONmJ42yrAQEd fFmDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F5 5xlrt0ikevYKUJvZIE1KeIKxOM3U80c6K/c17 rD3V3Ub0d1Ivn1iJK2L/0k0z/6tTtUj0caJr4 FRTpBlVnZu6JLor6ubml6okOUTEKdyjuCDsau W0z6bWxLp21Vtbx990pmLV3k1zE7yrW9KAyz/ HOQsaB6XyYemgdlSonKajzmIHuyjSPI9RwTm qqJN3hEc84dmoGTfGnXH/mWpkUs02vi3j4QMg /5Qi</latexit>
(c)
<latexit sha1_base6 4="0C6JDjLpefYLOt+TcNmFX8fgOek=">AAAC z3icjVHLSsNAFD2Nr1pfVZdugkWom5KqoMuiG 5ct2Ae0RZLptIbmxWSillJx6w+41b8S/0D/wj tjCmoRnZDkzLn3nJl7rxN5biwt6zVjzM0vLC5 ll3Mrq2vrG/nNrUYcJoLxOgu9ULQcO+aeG/C 6dKXHW5Hgtu94vOkMz1S8ec1F7IbBhRxFvOvb g8Dtu8yWRHU6kt9K4Y+LbH9ymS9YJUsvcxaUU 1BAuqph/gUd9BCCIYEPjgCSsAcbMT1tlGEhIq 6LMXGCkKvjHBPkSJtQFqcMm9ghfQe0a6dsQHv lGWs1o1M8egUpTeyRJqQ8QVidZup4op0V+5v3 WHuqu43o76RePrESV8T+pZtm/lenapHo40TX4 FJNkWZUdSx1SXRX1M3NL1VJcoiIU7hHcUGYae W0z6bWxLp21Vtbx990pmLVnqW5Cd7VLWnA5Z/ jnAWNg1L5sHRQOypUTtNRZ7GDXRRpnseo4Bx V1Mk7wiOe8GzUjBvjzrj/TDUyqWYb35bx8AEj YZQj</latexit>
duality
q1
<latexit sha1_base64="c0Ron OINcUdX9yG2Npx7tg0DpEQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdu gkVwVRIVdFl002VF+4BaSjKd1qFpEicTpRTBH3Crnyb+gf6Fd8YU1 CI6IcmZc+85M/dePw5EohznNWfNzS8sLuWXCyura+sbxc2tRhKlkv E6i4JItnwv4YEIeV0JFfBWLLk38gPe9IdnOt685TIRUXipxjHvjLx BKPqCeYqoi5uu2y2WnLJjlj0L3AyUkK1aVHzBFXqIwJBiBI4QinAA Dwk9bbhwEBPXwYQ4SUiYOMc9CqRNKYtThkfskL4D2rUzNqS99kyMm tEpAb2SlDb2SBNRniSsT7NNPDXOmv3Ne2I89d3G9PczrxGxCtfE/q WbZv5Xp2tR6OPE1CCoptgwujqWuaSmK/rm9peqFDnExGnco7gkzIx y2mfbaBJTu+6tZ+JvJlOzes+y3BTv+pY0YPfnOGdB46DsHpYPzo9K ldNs1HnsYBf7NM9jVFBFDXXyHuART3i2qlZopdbdZ6qVyzTb+Lash w/+nJAe</latexit>
q2
<latexit sha1_base64="NueMyIX6ABh41gO4lNAPlUdnbM4=">AA ACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lGQ6rYNpEicTpRTBH3Crnyb+gf6Fd8YU1CI6IcmZc+85M/dePw5EohznNWfN zS8sLuWXCyura+sbxc2tZhKlkvEGi4JItn0v4YEIeUMJFfB2LLk38gPe8q9Pdbx1y2UiovBCjWPeHXnDUAwE8xRR5ze9Sq9YcsqOWfYscD NQQrbqUfEFl+gjAkOKEThCKMIBPCT0dODCQUxcFxPiJCFh4hz3KJA2pSxOGR6x1/Qd0q6TsSHttWdi1IxOCeiVpLSxR5qI8iRhfZpt4qlx 1uxv3hPjqe82pr+feY2IVbgi9i/dNPO/Ol2LwgDHpgZBNcWG0dWxzCU1XdE3t79UpcghJk7jPsUlYWaU0z7bRpOY2nVvPRN/M5ma1XuW5a Z417ekAbs/xzkLmpWye1CunB2WqifZqPPYwS72aZ5HqKKGOhrkPcQjnvBs1azQSq27z1Qrl2m28W1ZDx8BC5Af</latexit>
q3
<latexit sha1_base64="2HzDs dbPFVxG21J6/riIaBOwjr4=">AAACxnicjVHLSsNAFD2Nr1pfVZdu gkVwVZJW0GXRTZcV7QNqKcl0WofmZTJRShH8Abf6aeIf6F94Z0xBL aITkpw5954zc+91I08k0rJec8bC4tLySn61sLa+sblV3N5pJWEaM9 5koRfGHddJuCcC3pRCerwTxdzxXY+33fGZirdveZyIMLiUk4j3fGc UiKFgjiTq4qZf7RdLVtnSy5wHdgZKyFYjLL7gCgOEYEjhgyOAJOzB QUJPFzYsRMT1MCUuJiR0nOMeBdKmlMUpwyF2TN8R7boZG9BeeSZaz egUj96YlCYOSBNSXkxYnWbqeKqdFfub91R7qrtN6O9mXj6xEtfE/q WbZf5Xp2qRGOJE1yCopkgzqjqWuaS6K+rm5peqJDlExCk8oHhMmGn lrM+m1iS6dtVbR8ffdKZi1Z5luSne1S1pwPbPcc6DVqVsV8uV86NS 7TQbdR572MchzfMYNdTRQJO8R3jEE56NuhEYqXH3mWrkMs0uvi3j4 QMDa5Ag</latexit>
q4
<latexit sha1_base64="/8H2fhklKd2kD10Etvj0govITdE=">AA ACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJa0GXRTZcV7QNqKUk6rUPzMpkopQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91Y5+nwrJec8bC 4tLySn61sLa+sblV3N5ppVGWeKzpRX6UdFwnZT4PWVNw4bNOnDAncH3WdsdnMt6+ZUnKo/BSTGLWC5xRyIfccwRRFzf9ar9YssqWWuY8sD UoQa9GVHzBFQaI4CFDAIYQgrAPByk9XdiwEBPXw5S4hBBXcYZ7FEibURajDIfYMX1HtOtqNqS99EyV2qNTfHoTUpo4IE1EeQlheZqp4ply luxv3lPlKe82ob+rvQJiBa6J/Us3y/yvTtYiMMSJqoFTTbFiZHWedslUV+TNzS9VCXKIiZN4QPGEsKeUsz6bSpOq2mVvHRV/U5mSlXtP52 Z4l7ekAds/xzkPWpWyfVSunFdLtVM96jz2sI9DmucxaqijgSZ5j/CIJzwbdSM0MuPuM9XIac0uvi3j4QMFy5Ah</latexit>
q1 · q 12
<latexit sha1_base64="H1zufWgROgQMcljNl0LOTVVvBiY=">AAADAni cjVHNTttAGBxc/mkhtEcuKyIkDiXyBtTEh0qoXDiCRAApCZG9WVILx3bX60rIyq1v0hs3xJUX4AoH1Dcob8G3iyPBAcFatmfnm5ndbzdIozDTrvtvwvk wOTU9Mzs3v/Dx0+JSZfnzYZbkSsiWSKJEHQd+JqMwli0d6kgep0r6wyCSR8HZjqkf/ZYqC5P4QJ+nsjv0B3F4GgpfE9WrfC86NqStBkG3cGuu63LOvxrA G99cAp7XrPPmiP3qcdYR/UQTqp8UG3zERr1KlRsLDWaUntfYKoHH2bhURTn2kso9OugjgUCOISRiaMIRfGT0tMHhIiWui4I4RSi0dYkR5smbk0qSwif2 jL4DmrVLNqa5ycysW9AqEb2KnAxr5ElIpwib1Zit5zbZsK9lFzbT7O2c/kGZNSRW4yexb/nGyvf6TC8ap2jaHkLqKbWM6U6UKbk9FbNz9qwrTQkpcQb3q a4IC+scnzOznsz2bs7Wt/X/VmlYMxelNseD2eXzC34dHNZrfLNW39+qbv8or3oWK1jFOt1nA9vYxR5alP0XN7jFnfPHuXAunasnqTNRer7gxXCuHwGmz6 OT</latexit>
q3 · q 11
<latexit sha1_base64="ncNLVsrohCxchgDz+4D42SFr8dU=">AAADAni cjVHNbtNAGJy6lIby07Q9clkRVeJAI28akfhQKSoXjkUiTaUkRPZmG6z6j/W6UmTl1jfpjRviygtwhQPqG5S34NvFkcKhKmvZnp1vZna/3SCLwly77s2 as/5g4+Fm7dHW4ydPn23Xd3ZP87RQQvZFGqXqLPBzGYWJ7OtQR/IsU9KPg0gOgos3pj64lCoP0+S9nmdyHPuzJDwPha+JmtSPypENGapZMC7dpuu6nPNX BvDOa5eA53VbvLtgnyaHbCSmqSbEP5QHfMEWk3qDGwsNZpSe12lXwONsWWqgGidp/RdGmCKFQIEYEgk04Qg+cnqG4HCRETdGSZwiFNq6xAJb5C1IJUnh E3tB3xnNhhWb0Nxk5tYtaJWIXkVOhn3ypKRThM1qzNYLm2zYu7JLm2n2Nqd/UGXFxGp8JPY+31L5vz7Ti8Y5uraHkHrKLGO6E1VKYU/F7JytdKUpISPO4 CnVFWFhnctzZtaT297N2fq2fmuVhjVzUWkL/Da7XL3gu8Fpq8kPm6137UbvuLrqGp7jBV7SfXbQw1ucoE/Z1/iOH/jpXDmfnS/O179SZ63y7OGf4Xz7A6 lKo5Q=</latexit>
q4 · q 12
<latexit sha1_base64="71dH57GFY9z1M0mOoHn6i4vGkN4=">AAADAnicjVHNTttAGBzcQvkpNG2PXFaNkDiUyJtGTXyoFLUXjqlEACkJkb1ZghXHd tfrSsjKrW/SGzfElRfoFQ6ob9C+Bd8ujgQHBGvZnp1vZna/3SCNwky77t8F58XLxaVXyyura6/XN95U3r7bz5JcCdkVSZSow8DPZBTGsqtDHcnDVEl/GkTyIJh8M/WDn1JlYRLv6dNUDqb+OA6PQ+FrooaVL0XfhvTUOBgUbs11Xc75RwN487NLwPNadd6asR/DBuuLUaIJ1Y+KHT5js2Glyo2FBjNKz2s2SuBxNi 9VUY5OUrlBHyMkEMgxhUQMTTiCj4yeHjhcpMQNUBCnCIW2LjHDKnlzUklS+MRO6DumWa9kY5qbzMy6Ba0S0avIybBFnoR0irBZjdl6bpMN+1h2YTPN3k7pH5RZU2I1Toh9yjdXPtdnetE4Rsv2EFJPqWVMd6JMye2pmJ2ze11pSkiJM3hEdUVYWOf8nJn1ZLZ3c7a+rf+zSsOauSi1Of6bXd6/4MfBfr3GP9Xq3xv V9tfyqpexiQ/Ypvtsoo1ddNCl7N/4gytcO7+cM+fcubiTOgul5z0eDOfyFq4io5Y=</latexit>
q3 · q 14
<latexit sha1_base64="lb3+MXLyvrN2HJ3SDO/iRLH04qU=">AAADAni cjVHNTttAGBxcWv7aEsqRy4qoUg9t5A0RiQ+VEFw4gkQAKUkje7OkFo5t1utKyMqNN+HGDfXaF+AKB8QbwFvw7eJIcEBlLduz883M7rcbpFGYade9m3L eTb//MDM7N7/w8dPnxcrSl/0syZWQbZFEiToM/ExGYSzbOtSRPEyV9EdBJA+C4y1TP/gjVRYm8Z4+TWVv5A/j8CgUviaqX/lZdG1IRw2DXuHWXNflnH83 gDfXXQKe16rz1pid9NdYVwwSTajxq/jBx2zcr1S5sdBgRul5zUYJPM4mpSrKsZNUbtHFAAkEcowgEUMTjuAjo6cDDhcpcT0UxClCoa1LjDFP3pxUkhQ+ scf0HdKsU7IxzU1mZt2CVonoVeRk+EqehHSKsFmN2Xpukw37WnZhM83eTukflFkjYjV+E/s/30T5Vp/pReMILdtDSD2lljHdiTIlt6dids6edaUpISXO4 AHVFWFhnZNzZtaT2d7N2fq2fm+VhjVzUWpzPJhdPr/g18F+vcbXavXdRnVjs7zqWaxgFd/oPpvYwDZ20Kbsc1zhGjfOmXPhXDp/n6TOVOlZxovh/HsEsH +jlw==</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM= ">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQE jlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj2 1LZqThm2fPAzUEZ+arHpRfcoI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1Ja eOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO +mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb 1sMHZ6qPfw==</latexit>
h · gv4
<latexit sha1_base64="lSR3KeVpv7bpwVe5VODskaGfJqg=">AAAC/3icjVHNTttAGBxcy l9bCOXIZUVUqYcq8oaIxJxQuXBMpSYgJVFkb5Zg4djWeo2ErBx4E27cENe+AFe4Id4A3qLfbh0JDqisZXt2vpnZ/XaDNAoz7bqPc86H+Y8Li0vLK58+f1ldq6x/7WZJroTsiCRK1FHgZzIKY9n RoY7kUaqkPwkieRic7pv64ZlUWZjEv/V5KgcTfxyHx6HwNVHDym7RtyE9NQ4GhVtzXZdz/sMA3txxCXheq85bU3bC+mKUaDYeFmesMWXTYaXKjZ4GMzLPazZK4HE2K1VRjnZSeUAfIyQQyDGBR AxNOIKPjJ4eOFykxA1QEKcIhbYuMcUKeXNSSVL4xJ7Sd0yzXsnGNDeZmXULWiWiV5GT4Rt5EtIpwmY1Zuu5TTbsW9mFzTR7O6d/UGZNiNU4IfZ/vpnyvT7Ti8YxWraHkHpKLWO6E2VKbk/F7Jy 96EpTQkqcwSOqK8LCOmfnzKwns72bs/Vt/ckqDWvmotTmeDa7fHnBb4Nuvca3a/Vfjerez/Kql7CJLXyn+2xiDwdoo0PZl7jFHe6dC+fKuXZu/kmdudKzgVfD+fMXKdGirg==</latexit>
h · gv3
<latexit sha1_base64="RPfK9OSawSxZkvb5PfIArZDcy6Q=">AAAC/3icjVFBT9swGH0EG B1jW4HjLhbVJA6oigtaG06IXTiCRAGprarENSUiTSLHQaqiHvgn3LghrvyBXeGG+Afbv+CzSSU4oOEoyfP73nv2ZwdpFGbadZ9mnNm5+U8Llc+LX5a+fvteXV45ypJcCdkWSZSok8DPZBTGsq1 DHcmTVEl/FETyODj/berHF1JlYRIf6nEqeyN/GIenofA1Uf3qdtG1IR01DHqFW3ddl3O+YQBv/nIJeF6rwVsTdsa6YpBoNuwXF2xzwib9ao0bPQ1mZJ7X3CqBx9m0VEM59pPqI7oYIIFAjhEkY mjCEXxk9HTA4SIlroeCOEUotHWJCRbJm5NKksIn9py+Q5p1SjamucnMrFvQKhG9ipwMP8mTkE4RNqsxW89tsmHfyy5sptnbmP5BmTUiVuOM2P/5psqP+kwvGqdo2R5C6im1jOlOlCm5PRWzc/a qK00JKXEGD6iuCAvrnJ4zs57M9m7O1rf1v1ZpWDMXpTbHP7PL1xf8Pjhq1PlmvXGwVdvZLa+6gh9YwzrdZxM72MM+2pR9hT+4x4Nz6Vw7N87ti9SZKT2reDOcu2cnbqKt</latexit>
g1v · h 1
<latexit sha1_base64="SU6p1+LuLtDM/4U/FP1s5VjCcD8=">AAADBHicjVHNTttAGBxc WgL9IZQjl1WjShzayBsQiU8geuEIUgNISYjszRIsHNtar5Eiy1fepLfeENe+QK9FiDeAt+DbxZHoAbVr2Z6db2Z2v90gjcJMu+7dnPNq/vWbhdri0tt37z8s11c+HmZJroTsiiRK1HHgZzIK Y9nVoY7kcaqkPwkieRScfzP1owupsjCJv+tpKgcTfxyHp6HwNVHD+nbRtyE9NQ4Ghdt0XZdz/sUA3t5yCXhep8U7JRsPC84uStYXo0Szs5PiKy9ZOaw3uDHRYEbree3NCniczUoNVGM/qd+ ijxESCOSYQCKGJhzBR0ZPDxwuUuIGKIhThEJblyixRN6cVJIUPrHn9B3TrFexMc1NZmbdglaJ6FXkZPhMnoR0irBZjdl6bpMN+1J2YTPN3qb0D6qsCbEaZ8T+yzdT/q/P9KJxio7tIaSeUsu Y7kSVkttTMTtnz7rSlJASZ/CI6oqwsM7ZOTPryWzv5mx9W7+3SsOauai0OR7MLp9f8MvgsNXkG83WwWZjZ7e66hrW8AnrdJ9t7GAP++hS9g/8xh/cOJfOT+fKuX6SOnOVZxV/DefXI0ZupJE =</latexit>
g2v · h 1
<latexit sha1_base64="PMvtHSfcCnknxfpORrxgN225pDg=">AAADBHicjVFBT9swGH3N gLFuQDeOu1irJu0wqrgg2pyG2IUjSGuL1HZV4poSkSaR4yChKNf9k912m3bdH9h1aNo/gH/BZ5NKcEDgKMnz+9579mcHaRRm2nX/15xnS8srz1df1F++WlvfaLx+08+SXAnZE0mUqOPAz2QU xrKnQx3J41RJfx5EchCcfTb1wblUWZjEX/RFKsdzfxaHJ6HwNVGTxqdiZEOGahaMC7flui7n/KMBvLPrEvC8bpt3SzabFG12XrKRmCaanX4ttnjJykmjyY2JBjNaz+vsVMDjbFFqohqHSeM fRpgigUCOOSRiaMIRfGT0DMHhIiVujII4RSi0dYkSdfLmpJKk8Ik9o++MZsOKjWluMjPrFrRKRK8iJ8N78iSkU4TNaszWc5ts2IeyC5tp9nZB/6DKmhOrcUrsY76F8qk+04vGCbq2h5B6Si1 juhNVSm5Pxeyc3elKU0JKnMFTqivCwjoX58ysJ7O9m7P1bf3KKg1r5qLS5rg2u7x7wQ+DfrvFt1vto53m3n511at4i3f4QPfZwR4OcIgeZX/HH/zFpfPN+eH8dH7dSp1a5dnEveH8vgFI4KS S</latexit>
1
|G|
X
h2G
Ahv
<latexit sha1_base64="4PUO42A1GJX8jV5CvDd4KeZrCtM=">AAADEnic jVFNb9NAEH01tJRCSyhHLiuiSj2gyJtWJL61cCgXpCKRtlKSRvZ2k6zqL63XlSrX/4J/wo0b4sod9QoX+BfMLo5UDlVZy/abN/Pe7uxEeawK4/vXS969+8 srD1Yfrj16vL7xpPV086jISi3kQGRxpk+isJCxSuXAKBPLk1zLMIlieRydv7H54wupC5WlH8xlLsdJOEvVVInQEDVpvatGzmSoZ9G48ju+73POX1rAe698A kHQ7/J+zUZTHYqK19XVwRVFRZlMqjkbqZQd1Gx/cnE6Z/Wk1ebWghazyiDo7TYg4GyRaqNZh1nrO0Y4QwaBEgkkUhjCMUIU9AzB4SMnboyKOE1IubxEjTX SllQlqSIk9py+M4qGDZtSbD0Lpxa0S0yvJiXDFmkyqtOE7W7M5UvnbNnbvCvnac92Sf+o8UqINZgTe5duUfm/OtuLwRR914OinnLH2O5E41K6W7EnZze6Mu SQE2fxGeU1YeGUi3tmTlO43u3dhi7/y1Va1saiqS3x257y5oBvB0fdDt/pdN/vtvdeN6NexXO8wDbNs4c9vMUhBuT9Cdf4gZ/eR++z98X7+rfUW2o0z/DP 8r79AS/dqtQ=</latexit>
dualityv
<latexit sha1_base64="eBX glw+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/q uunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX 3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3 a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFP pYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfcoI 8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO 6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T4 2nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a 6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPz fCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI3 3I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
q1
<latexit sha1_base64="c0Ron OINcUdX9yG2Npx7tg0DpEQ=">AAACxnicjVHLSsNAFD2Nr1pfVZdu gkVwVRIVdFl002VF+4BaSjKd1qFpEicTpRTBH3Crnyb+gf6Fd8YU1 CI6IcmZc+85M/dePw5EohznNWfNzS8sLuWXCyura+sbxc2tRhKlkv E6i4JItnwv4YEIeV0JFfBWLLk38gPe9IdnOt685TIRUXipxjHvjLx BKPqCeYqoi5uu2y2WnLJjlj0L3AyUkK1aVHzBFXqIwJBiBI4QinAA Dwk9bbhwEBPXwYQ4SUiYOMc9CqRNKYtThkfskL4D2rUzNqS99kyMm tEpAb2SlDb2SBNRniSsT7NNPDXOmv3Ne2I89d3G9PczrxGxCtfE/q WbZv5Xp2tR6OPE1CCoptgwujqWuaSmK/rm9peqFDnExGnco7gkzIx y2mfbaBJTu+6tZ+JvJlOzes+y3BTv+pY0YPfnOGdB46DsHpYPzo9K ldNs1HnsYBf7NM9jVFBFDXXyHuART3i2qlZopdbdZ6qVyzTb+Lash w/+nJAe</latexit>
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FIG. 3. Duality mapping between a spin configuration in the
Q-state Potts model (with Q = |G|) (left) and a link configu-
ration (gauge field configuration) in the gauge theory (right)
under the duality. (a) The mapping automatically preserves
the zero-flux gauge constraint. (b) The transverse-field term
on vertex v in the Q-state Potts model maps to a vertex term
Av =
1
|G|
∑
h∈GA
h
v under the duality. (c) The ferromagnetic
interaction in the Q-state Potts model corresponds to the link
term under the duality.
IV. DUALITY TO QUANTUM POTTS MODEL
In this section, we construct a duality mapping be-
tween the discrete lattice gauge theory model appearing
in Eq. (1) and the quantum Q-state Potts model. Cru-
cially, the duality mapping relates not only the degrees of
freedom and Hamiltonian terms but also the RSRG rules
of the two theories in the strong-disorder limit. The dual
degrees of freedom are Q-state spins placed at each ver-
tex v of G, where q = 1, 2, · · · , Q are identified with the
elements of the discrete group G, so that Q = |G| is the
order of the gauge group G. The link degrees of freedom,
gl, are then represented by gl = qv · q−1v′ , where the di-
rected link l is directed from the vertex v to the vertex
v′. Crucially, with the above definition, the link vari-
ables, gl, automatically satisfy the zero-flux constraint
on each plaquette, while the spin values qv remain un-
restricted.4 The action of a vertex Agv is equivalent to
4 Technically, the exact duality only holds when we restrict to
global G-singlet states in the dual Q-state Potts model and to
the states with the gauge constraint imposed on every plaquette
left-multiplying qv by g in the dual Q-state Potts model
such that we can identify
Agv 7→
Q∑
qv=1
|g · qv〉〈qv|. (14)
Averaging the above over all group elements yields
Av 7→
Q∑
q,q′=1
1
Q
|q〉〈q′|. (15)
Turning now to the the link terms Cl, a projection of
a link variable to the identify element is equivalent to a
ferromagnetic coupling in the Potts model between the
vertices connected by l. Similarly to the gauge-theory
case, we anticipate that during the RSRG flow of the
dual Potts model, terms describing higher-neighbor ferro-
magnetic interactions will be generated. For that reason,
akin to Eq. (6), we allow for ferromagnetic interactions
defined on long links l ∈ LV . When Cl is a long-link term
its corresponding dual ferromagnetic interaction can also
be regraded as a direct link connecting distant vertices
as part of a non-planar graph structure, as was imple-
mented in the RSRG scheme presented in Ref. 15. With
the duality mapping of both vertex and link terms estab-
lished, we can write the dual Potts model Hamiltonian
as,
H˜ = −
∑
v∈V
h˜vσˆv −
∑
l=〈v,v′〉∈LV
J˜lδˆv,v′ . (16)
Here, σˆv ≡
∑Q
q,q′=1
1
Q |q〉〈q′|v represents a transverse-field
term at v and δˆv,v′ |q〉v|q′〉v′ ≡ δq,q′ |q〉v|q〉q′ induces ferro-
magnetic interactions between v and v′. H˜ is precisely a
ferromagnetic Q-state quantum Potts model, where the
random couplings, h˜v and J˜l are respectively identified
with Jv and hl defined in the original gauge field model.
In Fig. 3, we summarize the duality relations. Note that
Eq. (16) is invariant under the group of permutations
SQ between the Q states of the Potts model. In physical
terms, the duality mapping identifies domain walls of the
Potts model with electric field lines of the gauge theory,
generalizing the well-known duality mapping between the
Ising Lattice gauge theory and the transverse field Ising
model [56], in two special dimensions.
We now explain how the different RSRG decimation
steps map under the duality transformation. We first
note that Hamiltonian terms defined on the Potts model
side remain invariant under lattice isomorphisms applied
on the gauge theory side. In addition, the decimation
rules for newly generated Hamiltonian terms and their
corresponding coupling constants are identical, as pre-
sented in Fig. 4. Specifically, vertex terms generated dur-
ing link term decimations, in the gauge theory side, are
as well as having zero holonomies along non-trivial cycles in the
gauge theory.
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FIG. 4. The RSRG of the Q-state Potts model and the G-gauge theory and the duality mappings (where Q = |G|). Here, we
denote the Ising-type interaction and the transverse field term in the Potts model as δˆv,v′ and σˆv. (a) Link decimation and
(b) vertex decimation both commute with the duality mapping where the corresponding changes in the graph G 7→ G′ can be
found in Fig. 2. A long link term Cl such as Cl34 in Fig 2 (b) corresponds to a dual higher-neighbor ferromagnetic interaction
term between spin states at vertex 3 and 4 with respect to a planar graph G′.
directly mapped to transverse field terms that are gener-
ated during ferromagnetic term decimations, in the Potts
model description. In the same way, vertex term decima-
tion maps to the corresponding transverse field term dec-
imation. In sum, we can move freely between the gauge
theory Eq. (6) and its dual Q-state Potts model Eq. (16)
at any stage of the RG.
For the special model in Eq. (1) this exact duality map-
ping of each RG step in the gauge model to a correspond-
ing one on the Potts side removes the need to explicitly
implement RSRG rules on the gauge side. This is because
the Potts-side RG rules have already been implemented
numerically for the Q = 2 case [15] (corresponding to the
random transverse-field Ising model), where they flow to
an infinite-randomness fixed point at criticality. Analyz-
ing the flow equations indicates that different Q values
yield identical exponents. Combined with the duality
mapping, this observation suggests that the critical fixed
point to which the Hamiltonian Eq. (1) flows under RG
is ‘superuniversal’ and specifically, G-independent — in
sharp contrast to the clean case. In the next section,
we use fully microscopic numerical simulations to verify
that the critical exponents for the magnetic model are Q-
independent, which is a more stringent test than simply
implementing the RG.
Adding terms of the from Aχv to the Hamiltonian
Eq. (1), involving non-trivial characters χ 6= 1, would
lower the large permutation symmetry S|G| of the dual
model. For AbelianG ∼= Zk for some k ∈ Z+, the symme-
try of the dual model is reduced to Z|G| = Zk = G, cor-
responding to the symmetry of a quantum clock model.
Reasoning in analogy with the one-dimensional case [55],
we do not expect this symmetry reduction Sk → Zk
to change critical properties of the strong-disorder fixed
point since the difference between the two symmetry
groups is merely a numerical prefactor in the RG rules.
On the other hand, in the non-Abelian case, determin-
ing the effect of such perturbations requires a numerical
implementation of a modified set of RSRG rules (see Sec-
tion VI for more details).
Finally, the mapping also allows us to identify dual
operators that are predicted to share common universal
properties. An important example is the spin suscepti-
bility, which is expected to follow a power-law scaling
form. Under the duality mapping, the spin susceptibility
is identified with a non-local string operator known as
the Polyakov loop [56], which allows us to diagnose the
presence or absence of confinement. The Polyakov loop
is thus expected to follow the same scaling form as the
spin susceptibility near criticality.
V. NUMERICAL SIMULATIONS
We now turn to numerical simulations of the disor-
dered Q-state quantum Potts model Eq. (16). Previous
work, Ref. 57, has already considered the Q = 2 case
and found numerical evidence for an infinite-randomness
critical fixed point. Below, we present a refined numer-
ical analysis of Q = 2 and Q = 3. In the clean limit,
the Q = 3 quantum Potts model in two dimensions un-
dergoes a first-order symmetry breaking transition and
hence the predicted flow of both models to the same
infinite-randomness fixed point is non-trivial. Most im-
portantly, we test the super-universality conjecture by
comparing the critical exponents of the Q = 2 and Q = 3
models.
Although direct quantum Monte Carlo (QMC) sim-
ulations on the model in Eq. (1) are possible [58, 59],
the accessible system sizes are limited by the lack of ef-
ficient non-local updates. This becomes an especially
acute problem in disordered systems because of the need
to simulate a large number of disorder realizations, par-
ticularly in cases (such as ours) where rare events are
important [12–15]. Therefore, we instead perform QMC
on the dual Potts model Eq. (16), for which efficient non-
local cluster updates exist [60–62]. Owing to the fact that
the duality is microscopically exact the Potts model re-
sults can be readily translated back to the gauge theory
language.
In order to motivate our specific choice of QMC tech-
nique, we comment on discrepancies between our work
and a previous QMC study of the random transverse-field
Ising model [57]. According to our numerical findings be-
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low, the largest inverse temperature, βPichmax ≤ 2 · 103, (in
units of 1/Jmax, see below for our convention) and the
number of disorder realizations, Ndis ∼ 512, considered
in Ref. 57 do not accurately capture ground-state prop-
erties near the critical point. Furthermore, Ref. 57 at-
tempted an extrapolation to the zero-temperature limit
by considering a series of finite temperature transitions
hc(T ). The highly anisotropic space-time scaling (z =
∞, corresponding to ` ∼ (log t)1/ψ) of the infinite-
randomness fixed point leads to a prohibitive (exponen-
tial) numerical sensitivity, which ultimately makes such
zero-temperature extrapolation uncontrolled.
In light of this, we employ the stochastic series expan-
sion (SSE) QMC technique [20, 21, 62], which is formally
numerically exact (up to statistical errors). SSE is par-
ticularly suited to the present problem as it is free of
discretization (Trotter) errors, and because it adaptively
samples local operators based on their weight, ensuring
fast convergence. Crucially, SSE-QMC evades the com-
plications associated with z =∞ dynamical scaling since
it does not treat space and time on an equal footing: go-
ing to lower temperature (larger β) corresponds to keep-
ing more terms in the series expansion, but because of
the nature of the algorithm we sample the most impor-
tant terms relevant to the physics. To overcome the crit-
ical slowing down phenomenon near criticality, we imple-
ment the Swendsen-Wang cluster update [60, 62]. As we
have mentioned already, given the z = ∞ critical scal-
ing, it is crucial to carefully take the T → 0 limit for
each system size L in order to perform a reliable finite-
size scaling analysis. To speed up the QMC thermaliza-
tion times we used the “β-doubling” [63–65] SSE scheme.
The largest βmax (hence the smallest temperature) is cho-
sen to ensure that disorder-averaged physical observables
have converged to their T = 0 values. In what follows,
we present QMC data evaluated at the largest β = βmax
considered, as a proxy for the ground state physics. We
provide additional technical details concerning our nu-
merical scheme in Appendix D.
The coupling constants in Eq. (16) are drawn from
a positively supported uniform distribution hl ∼
U [0, hmax], and similarly Jv ∼ U [0, Jmax]. For simplic-
ity, throughout, we fix Jmax = 1, and measure all energy
scales in units of Jmax. Both for the Q = 2 and Q = 3
Potts models, we studied systems sizes L = 12, 14, 16
with βmax = 2
11 and L = 18 with βmax = 2
12. We aver-
aged over up to 50, 000 independent disorder realizations
for each L and Q [66, 67], finding this to be essential in
order to arrive at reliable estimates for critical exponents.
Physically, for small hmax, a ferromagnetic state is ex-
pected (note that Jv ≥ 0), where the global Q−flavor
permutation symmetry is broken. With increase in hmax,
quantum fluctuations restore the symmetry at a critical
disorder strength hc. We begin our analysis of the crit-
ical properties of the disordered Q-state quantum Potts
model by studying the disorder-averaged Binder ratio at
zero temperature:
Bav =
1
1 + δQ,2
[
2 + δQ,2 − 〈M
4〉
〈M2〉2
]
dis
. (17)
Here, 〈O〉 ([O]dis) denotes a quantum (disorder) aver-
age of the operator O, M2 is the square of the total
magnetization which is defined as |∑r e2piiqr/Q|2, where
the sum is over all sites r, and M4 ≡ (M2)2. Conve-
niently, Bav has a vanishing scaling dimension and hence
is expected to follow a simple scaling form Bav(L, δh) =
B˜av(δhL
1/ν), near criticality, where δh = hmax−hc mea-
sures the detuning from criticality, ν is the correlation
length exponent, and B˜av(x) is a universal scaling func-
tion. Note also that the normalization in Bav is chosen
such that Bav approaches 1 (0) deep in the ferromagnetic
(paramagnetic) phase.
Following the standard finite-size scaling approach, we
fit our QMC data to the above scaling form. The result
of this analysis is shown in Fig. 5. We find an excel-
lent collapse of the data into a single curve identified
with the universal scaling function B˜av(x). We estimate
the critical couplings to be hc = 6.97(3) for Q = 2 and
hc = 6.27(2) for Q = 3, and the correlation length ex-
ponent to be ν = 1.2(1) for Q = 2 and ν = 1.3(1) for
Q = 3. Crucially, we observe that ν is independent of Q
(within error bars). This key result signifies the insensi-
tivity of universal data to the value of Q, providing fur-
ther evidence for the superuniversal nature of the strong
disorder fixed point. Our estimate for ν is also in agree-
ment with the value extracted from by implementing the
RSRG scheme for the 2D random transverse-field Ising
model [15], (νRSRG = 1.07± 0.15).
We now proceed to extract the anomalous scaling di-
mension of the magnetization. To that end, we compute
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FIG. 5. Disorder-averaged zero-temperature binder ratio Bav
as a function of hmax for (a) Q = 2 and (b) Q = 3. Different
curves correspond the different system sizes. In the insets, we
plot the universal scaling functions B˜av(x = (hmax−hc)L1/ν)
obtained from a curve collapse analysis, see the main text.
Solid lines depicts a numerical fit to second order polynomial
in the scaling variable x.
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(
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1/ν
)
(see main text) obtained from a curve collapse anal-
ysis for (a) Q = 2 (b) Q = 3. We use this analysis to extract
the critical exponent η controlling the scaling of the magne-
tization squared.
the disordered averaged equal-time spin-spin correlation
function
χav(r − r′) =
[〈
ei
2pi
Q (qr−qr′ )
〉]
dis
, (18)
and the associated structure factor,
Sav(q) =
∑
r
χav(r)e
iq·r. (19)
Using the expected power-law behavior in χav(r) ∼ r−η
at hc, we can extract η through a curve collapse analysis
of the scaling ansatz Sav(q = 0) = L
(2−η)/ν S˜av(δhL1/ν),
for some universal scaling function S˜av(x). In our fit-
ting procedure, we use hc and ν values obtained above
and account for their statistical error through a stan-
dard bootstrap analysis. We find η ≈ 1.69(4) for Q = 2
and η ≈ 1.76(2) for Q = 3. These values are in reason-
able agreement with the RSRG calculations of Ref. 15,
(ηRSRG = 2.0 ± 0.2). The closeness of η for Q = 2, 3
gives a measure of added support for superuniversality.
In Fig. 6, we use our numerical estimates for critical ex-
ponents to plot the universal scaling function S˜av(x) by
a rescaling of our finite size data. We indeed obtain the
expected collapse of data points belonging to different
system sizes into a single universal curve. The estimated
values of η display a mild drift as a function of the system
size used in the numerical fit; A more robust calculation
of η will require simulations on larger lattices, beyond
our current numerical capabilities.
Finally, in Fig. 7, we compare the typical and aver-
age spin-spin correlation functions at hc. At an infinite-
randomness fixed point, the typical spin-spin correla-
tion function shows a streched exponential decay [11–15]:
− log[χtyp(r)] ∼ rψ, which is very different from the av-
erage correlations showing power-law behavior. We were
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FIG. 7. (a) Disorder averaged spin-spin correlation function
at the critical point for various system sizes for (a) Q = 2
and (b) Q = 3. (inset) Comparison between averaged and
typical spin-spin correlation functions for L = 18. Typical
spin-spin correlations exhibit a faster decay as expected at an
infinite-randomness fixed point.
unable to reliably infer the value of the infinite random-
ness critical exponent, ψ, due to the exponential sensi-
tivity of the associated scaling form. However, we do
find that the typical correlations decay faster than any
power law, in accord with expectations for an infinite-
randomness fixed point.
VI. PERTURBATIVE STABILITY
So far, we have mainly focused on the model Eq. (1)
which, albeit natural, is a highly symmetric point in the
space of gauge theories as we have noted. The special
choice of vertex terms in Eq. (1) leads to a degeneracy
between all possible nontrivial gauge charge assignments
on vertices. In more physical terms, all the elementary
‘electric’ gauge charges have the same ‘mass gap’ above
the vacuum state, and the same nearest-neighbor hop-
ping amplitude on the lattice. It is important to consider
how perturbations away from the high-symmetry point
might affect the superuniversal infinite-randomness scal-
ing.
To that end, we analyze perturbations to Eq. (1) that
remove the symmetry between different gauge charges,
while maintaining the underlying gauge symmetry. The
most natural way to do this is to introduce generaliza-
tions of the vertex term that involve combinations of the
Agvs with nontrivial group characters. Explicitly, we con-
sider the following generalization of the Hamiltonian in
Eq. (6):
H = −
∑
v∈V,
Γ∈irrep(G)
JΓv AΓv −
∑
l∈LV ,
[g]∈class(G)
h
[g]
l C[g]l . (20)
Here, AΓv ≡ dΓ|G|
∑
g∈G χ
∗
Γ(g)A
g
v, with dΓ and χΓ the di-
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mension and the character of an irreducible representa-
tion (irrep) Γ ofG, and C[g]l =
∑
h∈[g] C
h
l =
∑
h∈[g] |h〉〈h|l
is a projector to the conjugacy class [g] ∈ class(G) (where
in case that l is a long link, the projection is defined
along the oriented path, similarly to Cl). As before,
the random and non-negative coupling constants JΓv and
h
[g]
l are, e.g., distributed uniformly, J
Γ
v ∼ U [0, JΓmax] and
h
[g]
l ∼ U [0, h[g]max]5. The generalized model reduces to
the symmetric one (Eq. (6)) by setting JΓmax = 0 and
h
[g]
max = 0 for all non-trivial irreps Γ 6= 1 and conjugacy
classes [g] 6= [e]. In particular, we have Av = AΓ=1v and
Cl = C[e]l . Note also that in order to allow for long-link
terms, we consider the generalized set of links LV , simi-
larly to Eq. (6).
Within our perturbative analysis, we will assume
that terms breaking the permutation symmetry are
small, namely the following condition JΓ6=1max1, h
[g] 6=e
max 
JΓ=1max , h
[e]
max holds. Thus, at least in the initial steps
of RG, we only need to understand how the terms in
Eq. (20) renormalize upon decimating the permutation-
symmetric terms appearing in Eq. (6).
We first consider decimating link terms C[e]l (= Cl). As
before, the first-order contribution in perturbation the-
ory,
C[e]l
(AΓv )C[e]l = dΓ|G|∑
g∈G
χ∗Γ(g)C[e]l (Agv)C[e]l =
d2Γ
|G|C
[e]
l ,
(21)
only gives trivial constant terms. To treat products of
vertex terms, we will employ the following group theory
identity [68]:
χΓ(g)χΓ′(g) =
∑
Λ∈irrep(G)
(Γ,Γ′|Λ)χΛ(g), (22)
where Γ, Γ′, and Λ are irreducible representations of G,
g is a group element in G, and (Γ,Γ′|Λ) ∈ Z+ is the
Clebsch-Gordan coefficient among Γ, Γ′, and Λ. Using
the above identify and following similar arguments used
in deriving Eq. (10), we show that terms generated in
second-order perturbation theory will take the following
form,
C[e]l
(AΓvAΓ′v′ )C[e]l = dΓdΓ′|G|2 ∑
g,g′∈G
χ∗Γ(g)χ
∗
Γ′(g
′)C[e]l
(
AgvA
g′
v′
)C[e]l
=
dΓdΓ′
|G|2
∑
g∈G
χ∗Γ(g)χ
∗
Γ′(g)C[e]l
(
Agv˜
)C[e]l
=
( ∑
Λ∈irrep(G)
dΓdΓ′(Γ,Γ
′|Λ)
dΛ|G| A
Λ
v˜
)
C[e]l .
(23)
5 We can always make the coupling constants JΓv and h
[g]
l positive
by adding identity operators: 1 v =
∑
Γ∈irrep(G)AΓv and 1 l =∑
[g]∈class(G) C[g]l .
Since in addition [AΛv˜ , C[e]l ] = 0, the renormalized vertex
terms generated within the RSRG link decimation step
preserve the algebraic structure of Eq. (20), as required.
Next, we consider the decimation of a vertex term
A1v(= Av) in Eq. (20). Following similar arguments used
in deriving Eq. (10), we can show that the first order
contribution in perturbation theory yields a trivial term,
A1v
(C[g]l )A1v = |[g]||G| A1v, (24)
where |[g]| is the order of the conjugacy class [g]. Next,
we consider two links l1 and l2 which are both adjacent to
the vertex v at which Av acts. Without loss of generality,
we may assume that l1 is directed from v1 to v and l2 is
directed from v to v2. For a long link l˜ = 〈v1, v2〉, the
following identity
Ch1l1 · Ch2l2 = Ch1·h2l˜ · C
h2
l2
(25)
holds and we may choose a path pil˜ for C
h1·h2
l˜
such that
it never passes through v by the virtue of zero-flux con-
straints. This implies that [A1v, Ch1·h2l˜ ] = 0. In second-
order perturbation theory, we get
A1v
(C[g1]l1 · C[g2]l2 )A1v = ∑
h1∈[g1],h2∈[g2]
A1v
(
Ch1l1 · Ch2l2
)A1v
=
∑
h1∈[g1],h2∈[g2]
A1v
(
Ch1·h2
l˜
· Ch2l2
)A1v
=
( ∑
h1∈[g1],h2∈[g2]
Ch1·h2
l˜
) 1
|G|A
1
v
=
( ∑
[h]∈class(G)
(
[g1], [g2]
∣∣[h])C[h]
l˜
) 1
|G|A
1
v, (26)
where from the second line to the third line, we use the
fact that Ch1·h2
l˜
commutes with A1v and the algebraic
manipulations used in deriving Eq. (24). In the last line,(
[g1], [g2]
∣∣[h]) ∈ Z+ is the fusion coefficient among con-
jugacy classes [68]. We see that the generated link terms
maintain the algebraic structure of Eq. (20) and hence do
not spoil the self-similar property of the RSRG scheme.
Summarizing the above analysis, we indeed find that
the generalized set of RSRG rules admits a self-similar
structure. Determining the IR relevance of these pertur-
bations will require a numerical implementation of the
RSRG rules. Nevertheless, for the special case of an
Abelian gauge group G, we can conclude that the univer-
sality class remains intact even when the perturbation is
large (either initially or during the RSRG flow). This can
be understood most easily through the duality mapping
of Sec. IV; When G ∼= Zk for some k ∈ Z+, breaking the
permutation symmetry reduces the S|G| symmetry group
of the dual Potts model down to Z|G|, as realized in quan-
tum clock model. Following the arguments of Ref. 55, the
RSRG structure and, relatedly, the infinite-randomness
critical behavior of both models are identical. We leave
the interesting question regarding the stability of the crit-
ical point for non-Abelian G to future work.
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FIG. 8. (a) To compute the U(1) phase factor of Ag,ωv when
acting at the vertex v, we construct a three dimensional “tent”
manifold by adding a new vertex v− and links connecting v−
and other vertices. The index of v− is set by a number that is
infinitesimally smaller than the index of v, which induces the
orientation of links in the tent. [Orientations of links other
than the yellow link connecting v− and v are not drawn ex-
plicitly in the figure.] (b) The U(1) phase factor eiφg(ω) of
Ag,ωv operator is given by the U(1) phase factor ω[M ] associ-
ated with the “tent” manifold M . The computation of this
phase factor is explained in Appendix A; a crucial point is
that for a lattice of triangular plaquettes, any tent manifold
M can be decomposed in terms of tetrahedrons T so that
M = ∪T∈MT , and ω[M ] = ∏T∈M ω[T ]. The tetrahedrons
are the fundamental objects that are employed to properly
track phase factors under decimations. The remaining op-
erator in Ag,ωv is A
g
v, which is identical to the one in Fig. 1
(a).
VII. EXTENSION TO DIJKGRAAF-WITTEN
MODELS OF SET AND SPT PHASES
The first extension that we consider concerns strong-
disorder confinement transitions of Dijkgraaf-Witten
(DW) models [33, 39, 40], which provide physical real-
izations of twisted lattice gauge theories. This family
of models encompasses a large (though not exhaustive)
class of systems exhibiting intrinsic non-chiral topolog-
ical order in two spatial dimensions, and goes beyond
the ones realizable by Eq. (1). In a broader context, a
systematic construction of SPT and SET phases [31, 33]
can be accomplished though a gauging–ungauging proce-
dure [34, 35] (either partial or complete) of DW models.
In this regard, as we explain below, our results naturally
carry over to dual order-disorder phase transitions in
SPT and SET phases, at which the protecting/enriching
symmetry is spontaneously broken.
For concreteness, we focus on lattice models of twisted
gauge theories [33, 40] that are closely related to Kitaev’s
quantum double model (introduced in Eq. (1)). We fix a
discrete group G and an element [ω] ∈ H3(G,U(1)) from
the third group cohomology, which classifies the distinct
phases of twisted discrete G-gauge theories in (2+1) di-
mensions [39]. For convenience, we impose the follow-
ing normalization conditions on ω [33, 40]: ω(e, g, h) =
ω(g, e, h) = ω(g, h, e) = 1, where e is the identity ele-
ment in G. Due to the rather rigid structure needed to
define a DW model, a proper definition of vertex terms
is natural only on lattices comprising solely of triangular
plaquettes. While in the untwisted case (Eq. (1)) link
orientations can be chosen arbitrarily, here they are en-
coded through a predefined vertex ordering: a given link
is always directed from a small to large vertex index. As
before, the total Hilbert space is a tensor product of lo-
cal |G|-dimensional Hilbert spaces. We enforce the gauge
constraint by projecting to states obeying the zero-flux
condition: Bp|Ψ〉 = |Ψ〉 on every plaquette p.
The DW Hamiltonian then reads [33, 40]
HDW = −
∑
v∈V
JvA
ω
v −
∑
l∈LV
hlCl, (27)
where Aωv ≡ 1|G|
∑
g∈GA
g,ω
v ≡ 1|G|
∑
g∈G e
iφg(ω)Agv, with
a pure phase factor eiφg(ω) depending on both the group
cohomology element ω and the quantum state on which
Agv acts. Cl projects the state at l to the identity element
of G, as in the untwisted case.
The U(1) phase factor eiφg(ω) is defined through the
so-called “tent” construction [33, 40] by constructing an
associated tent manifold M on the vertex v. In order
to define the tent manifold M , we include an additional
vertex v− (Fig. 8) ‘above’ the vertex. M is then defined
to be the 3-manifold whose vertex set consists of v, v−,
and all vertices adjacent to v in G, and with a link orien-
tation given by combining the predetermined ordering in
G with the assignment to v− of an infinitesimally smaller
index relative to v. As is evident from this construction,
M is a triangulated 3-manifold, i.e., it is obtained by
gluing tetrahedrons. Tetrahedrons are thus the funda-
mental topological object in DW models, as they are the
objects naturally associated with the U(1) phase factor
needed to ‘twist’ the theory. While we relegate the pre-
cise definition of the U(1) phase factor to Appendix A,
here we just note the fact that eiφg=e(ω) = 1, due to
the normalization condition imposed on ω, which is rel-
evant for our discussions below. The 3-cocycle condition
of [ω] ensures the commutativity between vertex opera-
tors: [Ag,ωv , A
g′,ω
v′ ] = 0 for all distinct vertex pairs v, v
′
and arbitrary group elements g, g′ ∈ G. Also, Ag,ωv forms
a group representation since Ag,ωv A
g′,ω
v = A
g·g′,ω
v . These
properties imply that the vertex operators in Eq. (27) are
commuting projectors as in the untwisted gauge theories.
By controlling the relative strength of h and J , one can
drive a phase transition between topologically ordered
and trivial phases. Here, we are interested in studying
these confinement transitions in the presence of quenched
disorder. As with the untwisted case, we construct a
set of RSRG rules for decimating vertex and link terms
and perturbatively computing newly generated Hamil-
tonian terms. The specific structure of twisted gauge
theories, however, renders the RSRG procedure more in-
tricate than the one considered above for the simpler case
of untwisted theories. Remarkably, despite these compli-
cations, under the RSRG the DW models flow to the
same superuniversal fixed point as the untwisted gauge
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theories presented in Sec. III.
As we noted in the Introduction, this result could have
been anticipated from the fact that the twisted and un-
twisted theories are linked (on closed manifolds) by a uni-
tary transformation which leaves the critical properties
invariant. However, such an indirect argument provides
little insight into the geometric structures that emerge
at strong disorder. A second subtlety is that although
the bulk properties of the twisted and untwisted theo-
ries are identical, they differ on boundaries. Twisted
gauge theories host nontrivial gapless boundary modes
that are absent in the untwisted case. Therefore, the
unitary map between the two breaks down on manifolds
with a boundary, where they are physically distinct. In
order to address these geometrical questions and to lay
the groundwork for future investigations of the interplay
of strong disorder with the gapless boundary modes, it is
clearly desirable to formulate an RSRG procedure that
can be implemented directly on the DW models. While
we defer many details to Appendices, in this section we
devise such an RSRG scheme that treats the topological
structure in a consistent manner.
As we detail in Appendix B 2, a central issue in im-
plementing the RG scheme in the DW model is that the
set of allowed lattice isomorphisms that are compatible
with these models is more restrictive than in untwisted
case. This leads to a modified RG flow of the graph G.
The key difference relative to the untwisted case lies in
the requirement that at each RG stage, G must preserve
the vertex ordering information in order to properly de-
fine link orientations needed to compute the phase factor
eiφg(ω).
To highlight the above issue, we first discuss the sim-
plest case of a short-link term decimation starting from
the Hamiltonian in Eq. (27). Using similar calculations
as in the untwisted case and the fact that Ag,ωv is the
identity operator when g = e, we find that the first order
contribution is trivial. Terms generated at second order
take an identical form to Eq. (8), following the substitu-
tion Av 7→ Aωv :
Cl
(
AωvA
ω
v′
)
Cl =
1
|G|
( 1
|G|
∑
g∈G
Ag,ωv A
g,ω
v′
)
Cl. (28)
Crucially, when acting on the projected Hilbert space
(Cl = 1), the operator A
ω
vv′ ≡ 1|G|
∑
g∈GA
g,ω
v A
g,ω
v′ satis-
fies all the desired algebraic properties of a regular vertex
term outlined above. This fact is important in maintain-
ing a self-similar structure of Hamiltonian terms in our
RG procedure.
For the untwisted case, at this point we would continue
the decimation process by eliminating the link variable
l and merging the vertices v and v′ into a single vertex,
thereby renormalizing the planar graph G′. However, in
the twisted case, this would lead to an ambiguity in as-
signing a vertex index for the merged vertex. We em-
phasize that while the projected link variable on l is no
longer a dynamical degree of freedom, we must still keep
memory of the associated geometrical information, en-
coded in G, to properly define the DW theory. In order
to address this complication, we modify our RG scheme
as follows. First, we generalize our definition of a vertex
term to encompass a set of multiple microscopic vertices
connected by decimated links, as in Eq. (28). Second,
we modify the link decimation, so that, rather than fuse
vertices into a single new vertex, we merge the associated
vertex sets into new, larger set. Since the substructure
of the microscopic vertices (including, crucially, their in-
dexing) is preserved in this procedure, at all stages we
can always compute the necessary phase factors. Finally,
in the vertex decimation, we are allow to remove the as-
sociated vertices and its connected links from the planar
graph unlike in the link decimation. We now elaborate
on the technical details that these modifications entail.
To that end we introduce the collection of renormalized
vertex sets VR. Formally, VR is a collection of equiv-
alence classes, each comprising vertices defined on the
planar graph G = (V,L). In other words, elements in
VR are mutually disjoint and the union of all elements in
VR equals V. Each element [w] ∈ VR consists of vertices
belonging to V: [w] = {v1, v2, . . . , vk} ⊂ V. Correspond-
ingly, we define a collection of distinct vertex set pairs
LVR = {l = 〈[w], [w′]〉|[w], [w′] ∈ VR and [w] 6= [w′]}. As
before, the Hilbert space HG is defined in terms of L in
G with the zero-flux constraint imposed on every plaque-
tte. However, here, we impose additional constraints on
the Hilbert space by projecting to C〈v,v′〉 = 1 for every
distinct vertex pair 〈v, v′〉 belonging to the same equiva-
lence class in VR, i.e., v, v′ ∈ [w]. We denote the subspace
defined by these projections as PR.
Following the above discussion, we can define a gener-
alized Hamiltonian as
H = −
∑
[w]∈VR
J[w]A
ω
[w] −
∑
l∈LVR
hlCl, (29)
where Aω[w] is a generalized vertex term defined as
Aω[w]={v1,...,vk} ≡
1
|G|
∑
g∈G
Ag,ωv1...vk ≡
1
|G|
∑
g∈G
Ag,ωv1 · · ·Ag,ωvk
(30)
and the link term for l = 〈[v], [v′]〉 ∈ LVR is defined as
Cl=〈[w],[w′]〉 ≡ C〈v,v′〉. (31)
for some representative vertices v ∈ [w] and v′ ∈ [w′].
The operator Cl is independent of the above choice, since
all link variables connecting vertices in the same equiva-
lence class are trivial. Using the commuting properties of
the vertex operators, one can show that the generalized
vertex terms in Eq. (29) are also mutually commuting
projectors. The generalized vertex term Aω[w]={v1,...,vk}
is well-defined on the subspace PR, since the product of
vertex terms Ag,ωv1 · · ·Ag,ωvk preserves the subspace for ev-
ery g ∈ G. On the other hand, an individual vertex term
in Ag,ωv1 · · ·Ag,ωvk does not preserve the subspace PR.
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We now turn to construct our RSRG rules for the DW
model. Initially, we start with a planar graph G = (V,L)
comprising triangular plaquettes, and set VR = V. As
the RG flows, we renormalize both G and VR, where the
former defines the lattice structure and the latter keeps
track of Hamiltonian terms. Both degrees of freedom are
used to define the projected Hilbert space on which the
renormalized Hamiltonian acts.
First, suppose that the strongest term in Eq. (29) is
a link term Cl for some link l = 〈[w], [w′]〉 ∈ LVR . If
necessary, we initially employ a series of lattice isomor-
phisms, introduced in Appendix B 2, that convert Cl into
a short-link term. To simplify the calculation, we per-
form the computations on HG instead of the subspace
PR; however, the end results hold when restricted to PR.
To this end, we consider the link term Cl0≡〈v,v′〉 in HG ,
where v ∈ [w] and v′ ∈ [w′] are representative vertices.
Other choices of representatives of [w] and [w′] would
give distinct link terms in HG , while they all become Cl
in PR.
We begin by considering the renormalization of a
unique vertex operator Aω[w] satisfying v ∈ [w]. If we
also have v′ ∈ [w], the link l = 〈[w], [w′]〉 is trivial and
hence does not appear in Eq. (29). It is therefore conve-
nient to introduce the notation [w]v ≡ [w]\{v} to denote
the set of vertices that are equivalent to v but distinct
from it. Using the fact that Ag,ωq commutes with Cl0 for
vertex q ∈ [w]v and Cl0
(
Ag,ωv
)
Cl0 = δg,eCl0 , we get
Cl0
(
Aω[w]
)
Cl0 =
1
|G|
∑
g∈G
( ∏
q∈[w]v
Ag,ωq
)
Cl0
(
Ag,ωv
)
Cl0
=
1
|G|Cl0 . (32)
Note that the computations are done in HG , since as we
commute Cl0 through A
g,ω
q , we no longer stay on the sub-
space PR. However, the end result holds in PR and can
be written as Cl
(
Aω[w]
)
Cl =
1
|G|Cl, which implies that
only trivial terms are generated in first-order perturba-
tion theory.
Moving to second order, we consider an addi-
tional vertex operator Aω[w′] with v
′ ∈ [w′]. Using
Cl0
(
Ag,ωv A
g′,ω
v′
)
Cl0 = δg,g′A
g,ω
v A
g′,ω
v′ Cl0 and [A
g,ω
q , Cl0 ] =
[Ag,ωq′ , Cl0 ] = 0 for all q ∈ [w]v, q′ ∈ [w′]v′ , and g ∈ G, we
get
Cl0
(
Aω[w]A
ω
[w′]
)
Cl0
=
1
|G|2
∑
g,g′∈G
( ∏
q∈[w]v
(
Ag,ωq
) ∏
q′∈[w′]v′
(
Ag
′,ω
q′
))
× Cl0
(
Ag,ωv A
g′,ω
v′
)
Cl0
=
1
|G|2
∑
g∈G
( ∏
q∈[w]v
(
Ag,ωq
) ∏
q′∈[w′]v′
(
Ag,ωq′
))
Ag,ωv A
g,ω
v′ Cl0
=
1
|G|A
ω
[w]∪[w′]Cl0 , (33)
where the generated vertex term Aω[w′′]=[w]∪[w′] commutes
with Cl0 . As before, while the computations are done in
HG , the end result also holds in PR and can be written as
Cl
(
Aω[w]A
ω
[w′]
)
Cl =
1
|G|A
ω
[w]∪[w′]Cl. This motivates us to
renormalize VR by merging [w] and [w′] into a single set
[w′′] = [w] ∪ [w′]. In addition, the decimation procedure
introduces an additional projection, Cl0 = 1, in PR.
Secondly, we consider a vertex term decimation Aω[w]
for some [w] ∈ VR. As is the case for the link term
decimations, computations are done on HG instead of the
projected subspace PR. Since all vertices {v1, . . . , vk} in
[w] were generated by decimating short-link terms, there
exist a path piv1...vk connecting all and only the vertices
in {v1, · · · , vk}.6 Prior to the decimation step, we employ
a series of lattice isomorphisms to isolate {v1, · · · , vk} by
a triangular plaquette, see Appendix B 2 for a detailed
explanation.
If a link term does not start or end on [w], one can
choose its defining path so that it never intersects piv1...vk
by using the path deformations explained in Appendix B.
This allows us to conclude that such link term commutes
with Aω[w]. Next, we consider a link term C〈[w],[w′]〉, where
[w′] 6= [w]. To this end, we pick representative ver-
tices v ∈ [w] and v′ ∈ [w′] and consider the link term
C〈v,v′〉 in HG . Since v′ /∈ [w], we can choose the defining
path pi〈v,v′〉 of C〈v,v′〉 such that pi〈v,v′〉 and piv1...vk inter-
sect only at a single vertex v(∈ [w]). This implies that
[Ag,ωq , C〈v,v′〉] = 0 for all q ∈ [w] obeying q 6= v. Using a
similar algebra employed in Eq. (10), we obtain
Aω[w]
(
C〈v,v′〉
)
Aω[w]
=
1
|G|2
∑
g,g′∈G
( ∏
q∈[w]v
Ag,ωq
)( ∏
q′∈[w]v
Ag
′,ω
q′
)(
Ag,ωv
(
C〈v,v′〉
)
Ag
′,ω
v
)
=
1
|G|2
∑
g,g′∈G
( ∏
q∈[w]v
Ag·g
′,ω
v
)(
Ag·g
′,ω
v C
(g′)−1
〈v,v′〉
)
=
1
|G|
( 1
|G|
∑
h∈G
∏
q∈[w]
Ah,ωq
)( ∑
g′∈G
C
(g′)−1
〈v,v′〉
)
=
1
|G|A
ω
[w], (34)
where from the second line to the third line, we used
C〈v,v′〉Ag
′,ω
v = A
g′,ω
v C
(g′)−1
〈v,v′〉 and the fact that A
g,ω
v A
g′ω
v =
Ag·g
′,ω
v , from the third line to the fourth line, we relabel
h = g · g′, and in the last equality, we used the fact that∑
g′∈G C
(g′)−1
〈v,v′〉 is the identity operator. This implies that
the first order contributions are trivial.
To see how link terms are generated in second-order
perturbation theory, we consider an additional link term
C〈[w′′],[w]〉, where [w′′] 6= [w] and [w′′] 6= [w′]. We con-
sider link terms C〈v,v′〉 and C〈v′′,v〉 in HG , where v, v′,
6 For {v} ∈ VR, piv is just a trivial constant path staying at v.
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and v′′ are representatives of [w], [w′], and [w′′]. We note
that
C〈v′′,v〉C〈v,v′〉 = C〈v′′,v′〉C〈v′′,v〉,
where C〈v′′,v′〉 commutes with Aω[w] since v
′, v′′ /∈ [w].
This implies that
Aω[w]
(
C〈v′′,v〉C〈v,v′〉
)
Aω[w] =
1
|G|C〈v′′,v′〉A
ω
[w], (35)
which shows that the link term C〈[w′′],[w]〉 is generated in
the subspace Aω[w] = 1. As before, Eqs. (34) and (35) are
derived in HG , but the end result holds in PR.
Remarkably, unlike the link decimation step, it is pos-
sible to completely eliminate the decimated vertex set [w]
by removing [w] from VR and all v ∈ [w] and its adjacent
links from the planar graph G. The precise lattice iso-
morphism accomplishing the above step is explained in
Appendix B 2.
While performing the RSRG on the DW model, we
keep track of both the collection of renormalized vertices
VR and also the planar graph G. While the resulting
RG flow of the planar graph structure deviates from the
simpler untwisted case, the flow of coupling constants
is identical. Crucially, this leads to the prediction that
critical properties (such as the energy-length scaling) of
the DW models will coincide with the untwisted gauge
theory results — a new manifestation of superuniversality
distinct from that between different untwisted theories.
We observe that our results also apply to order-
disorder transitions in SPT and SET phases in the pres-
ence of strong quenched disorder. This follows since an
(either partial or complete) un-gauging duality transfor-
mation of DW models [33–35] provides a systematic con-
struction of a large class of SPT and SET theories in two
spatial dimensions. Using similar arguments as in Sec-
tion IV, we can demonstrate that the RSRG rules are
mapped one to the other under the duality. This im-
plies that the resulting order-disorder phase transitions
(on the SPT/SET side) belongs to the same universal-
ity class as the corresponding confinement-deconfinement
transition (on the twisted gauge side). Moreover, since
the RSRG rules are identical and independent of the
underlying gauge (or symmetry) group G up to irrele-
vant constant factors, we conclude that all order-disorder
phase transition in SET and SPT phases realizable by
DW models belong to the same universality class as that
of the random quantum Potts model and the family of
discrete lattice gauge theories considered previously.
As a final remark, we note that while the bulk criti-
cal properties of the twisted and untwisted theories are
identical (as indirectly inferred via the unitary untwist-
ing trick and directly demonstrated using our RSRG ar-
guments), and hence superuniversal, it would be interest-
ing to also understand to what extent the boundary criti-
cal physics of the twisted theories exhibits superuniversal
scaling. As we have mentioned above, a key distinction
between the twisted and untwisted theories lies in the fact
that the former hosts nontrivial gapless boundary modes
absent in the latter. Understanding how these modes
couple to critical bulk fluctuations at strong-randomness
critical points in two dimensions is an important problem
for the future. Notably, the unitary mapping between
twisted and untwisted theories fails in the presence of a
boundary, leaving our RSRG approach as the only one
suited to tackle such questions. Recent work involving
one of the present authors has explored a similar ques-
tion in the setting of 1D SPTs [69]; results in higher
dimensions are likely as rich or even richer.
VIII. LEVIN-WEN MODELS: NON-ABELIAN
ANYONS AND OBSTRUCTIONS TO RSRG
As an attempt at a second extension, we consider the
generalization of our RSRG approach to Levin-Wen mod-
els [42], which are believed to realize all non-chiral topo-
logical orders admitting commuting projector Hamiltoni-
ans [34, 35]. As we demonstrate below, for non-Abelian
topological orders, the RSRG of the Levin-Wen model
deviates from the RSRG structure presented above, as
nontrivial terms can be generated already at first order
in perturbation theory. Nevertheless, the RSRG struc-
ture in the Levin-Wen model exhibits interesting univer-
sal features that we present below, though a complete
solution has eluded us to date.
For concreteness, we focus on the doubled Fibonacci
phase, which is the simplest example of non-Abelian
topological order realized by a Levin-Wen model. Note
however that our discussion below is quite generic and,
unless stated otherwise, can be applied to other types
of topological order. We focus, for the most part, on
the honeycomb lattice structure but any trivalent pla-
nar graph would work equally well. For completeness,
we provide a summary of the Levin-Wen model in Ap-
pendix C.
The local Hilbert space is defined on each link and is
labeled by the trivial anyon 1 and the Fibonacci anyon
τ — i.e., {|s〉 : s ∈ C = {1, τ}}. We restrict the ten-
sor product Hilbert space by imposing on each vertex a
gauge constraint, which enforces the fusion rules on ev-
ery vertex. The allowed configurations in the doubled
Fibonacci case are presented in Fig. 9 (c). The Levin-
Wen Hamiltonian [42] is given by a sum of commuting
projectors,
HLW = −
∑
p
JpBp = −
∑
p
Jp
∑
s∈C
ds
D2
Bsp, (36)
where p denotes the plaquettes of the honeycomb lattice,
the coupling constant Jp > 0, ds is the quantum dimen-
sion of the anyon s7 (d1 = 1 and dτ = ϕ, the golden ra-
7 We closely follow the convention in Ref. 42 where the quantum
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1⇥ ⌧ = ⌧ ⇥ 1 = ⌧
⌧ ⇥ ⌧ = 1 + ⌧
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FIG. 9. Summary of the Fibonacci anyonic system. (a) The
fusion rule of the Fibonacci anyonic system, which has two
anyons: the trivial/vacuum anyon (1) and a non-Abelian ‘Fi-
bonacci’ anyon (τ), which are (b) respectively denoted by a
dashed line (equivalent to an empty line) and by a solid red
line. (c) Possible fusion channels in the Fibonacci anyonic
system, which are allowed set of configuration set by Av = 1
constraint in the Levin-Wen model.
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FIG. 10. Change of basis in the fusion tree of the Fibonacci
anyonic system from which the non-trivial F -matrix [F ττττ ] can
be read off.
tio), and D =
√∑
s∈C
d2s is the total quantum dimension.
The plaquette term, Bsp, inserts a flux loop generated by
anyon s to the plaqutte p, and is defined in Fig. 11. In the
honeycomb lattice, Bsp is a twelve-link interaction term,
which acts diagonally on states residing on the external
legs (the links which are not part of the plaquette p). The
Levin-Wen Hamiltonian Eq. (36) is exactly solvable as it
is a sum of commuting projectors, i.e., (Bp)
2 = Bp and
[Bp, Bp′ ] = 0 for all p, p
′.
To break the integrability of Eq. (36) and potentially
drive a confinement transition, we add link terms Cl =
|1〉〈1|l on every link l, which projects onto the trivial
state |1〉. This leads to the Hamiltonian
H˜LW = −
∑
p
JpBp −
∑
l
hlCl. (37)
As before, we introduce disorder by assuming that the
coupling constants, Jp and hl, are random and non-
negative.
We now construct the RSRG rules of the Levin-Wen
model. We begin with the rules pertinent to link dec-
imation. We will first consider only nearest-neighbor
dimension can be negative (e.g., ds = −1 for the semion s). The
additional minus factor comes from the Frobenius-Schur indica-
tor κs of the anyon.
links, and discuss the more involved case of long link
decimations at the end of this section. Suppose that the
strongest term in the Hamiltonian is the link term hlCl
for some link l; we then project onto the trivial anyon
label on the link l. Consequently, to enforce the gauge
constraints on the resulting quantum state, we must iden-
tify states in the remaining links up to possible changes
in the corresponding link orientations, as described in
Fig. 12 (a). Similarly to previous cases, to first order in
perturbation theory, we obtain only trivial terms, since
Cl
(
Bp
)
Cl =
∑
s∈C
ds
D2
Cl
(
Bsp
)
Cl =
1
D2
Cl, (38)
where all the other terms except the term with s = 1
in the summation vanish, as s = 1 is the only term pre-
serving the state |1〉l at l under the insertion of the anyon
flux s. To compute nontrivial terms appearing in second-
order perturbation theory, we consider the following com-
bination, Cl(BpBp′)Cl, where p and p
′ are two distinct
plaquettes adjacent to the decimated link l. Following
the manipulations depicted in Fig. 12 (b), we get
Cl(BpBp′)Cl =
1
D4
∑
s,s′∈C
dsds′Cl
(
BspB
s′
p′
)
Cl
=
1
D4
∑
s∈C
dsB
s
pp′ =
1
D2
Bpp′ . (39)
The resulting plaquette term, Bpp′ , is defined on the
merged plaquette pp′, which belongs to the renormalized
lattice following the removal of the link l. Importantly,
the renormalized Hamiltonian maintains the same form
as the original model defined in Eq. (37), supporting the
self-similar structure of the RSRG link decimation step.
Next, assuming that the strongest remaining term in
the Hamiltonian is a plaquette term JpBp for some pla-
quette p, we enforce Bp = 1 or equivalently place a trivial
flux excitation at p. Doing so defines the ground state
subspace as the set of states satisfying Bp = 1 in addition
to other gauge constraints. This projection renormalizes
link terms acting on the boundary links of p. Explicitly,
for a link l belonging to the boundary of p, we get
Bp(Cl)Bp =
1
D2
Bp, (40)
as proven in Fig. 13. Other link terms, including the link
terms acting on the external legs to p, remain invariant
since they commute with Bp. This implies that first-
order perturbation theory gives only trivial terms. Mov-
ing to second-order perturbation theory, let us consider
two distinct links l1 and l2 which belong to the boundary
of the decimated plaquette p. To compute their contri-
bution, we consider the following term,
Bp(Cl1Cl2)Bp. (41)
If l1 and l2 share the common vertex v, there must exist
a distinct link l3 that shares the same vertex v, which
18
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<latexit sha1_base64="Hp 2JYvyBXs1HrpG7iyplvh4co6g=">AAADanicjVHtatRAFL3 Z+FFbtWv9Jf0zuMpKkSWpgtIilArizwpuW2i7y8xkdjtuNg nJRCjLPo7PJL6Bgg/Rc6dZWS2iE5Kce849d+bOVUVqKxdF34 JWeOPmrdsrd1bX7t67v95+sHFY5XWpTV/naV4eK1mZ1Gam7 6xLzXFRGjlVqTlSk7esH302ZWXz7KO7KMzZVI4zO7JaOlDD 9pc34t1wdvq8GmwJ2RWqO9iaD2bniBQzc1ZZU12hu1AssBb qF69hEAkrnxgIDf9CS1gzrE2EEcmSYlgZXe1lxYiZJZUFHA baWEiO58N2J+pFfonrIG5Ah5p1kLe/0ikllJOmmqZkKCMHnJ KkCs8JxRRRAe6MZuBKIOt1Q3NahbdGlkGGBDvBd4zopGEzx Fyz8m6NXVK8JZyCnsKTI68E5t2E12tfmdm/1Z75mny2C/xV U2sK1tE52H/5Fpn/6+NeHI3ote/BoqfCM9ydbqrU/lb45GK pK4cKBTjGCfQSWHvn4p6F91S+d75b6fXvPpNZjnWTW9MPPi UGHP85zuvgcLsXv+htf3jZ2dtvRr1Cm/SYnmGer2iP3tMB9 UkHa0Ec7AS7rZ/hRvgo3LxKbQWN5yH9tsInl0t1v1k=</lat exit>
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s⇤b0c0<latexit sha1_base64="Ld xoF6D5HwMjpKFq4dtBUCKRBDw=">AAADFnicjVFNaxRBFKy MXzF+rXr00mSRDUGWmSjoRQgK4jGBbBJIskt3p5M0mZ0Zpn uEsOz/8J/klpt49SYevKr5F6nuTEANYnqYmXpVr17366eq3 Dqfpt9mkmvXb9y8NXt77s7de/cfdB4+WndlU2sz0GVe1ptK OpPbwgy89bnZrGojxyo3G+rwbdA3Ppja2bJY80eV2RnL/cL uWS09qVFn9bV4N5psP5NCDheF7E2HE0fgRDY9F1ykheoNF6 kdMFKBiWrQVE/o4LLEWqipGHW6aT+NS1wGWQu6aNdK2fmKbe yihEaDMQwKeOIcEo7PFjKkqMjtYEKuJrJRN5hijt6GWYYZk uwhv/uMtlq2YBxquujW3CXnW9Mp8JSeknk1cdhNRL2JlQP7 r9qTWDOc7Yh/1dYak/U4IPs/30XmVX2hF489vIo9WPZURSZ 0p9sqTbyVcHLxW1eeFSpyAe9Sr4l1dF7cs4geF3sPdyuj/i tmBjbEus1tcBpOyQFnf4/zMlhf6mfP+0urL7rLb9pRz+IJ5 rHAeb7EMt5jBQPWPsZ3/MDP5GNyknxKPp+nJjOt5zH+WMmX M/jbqoQ=</latexit>
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aa⇤a0F
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<latexit sha1_base64="33c0qg+HDXiWeggEmuCBIP/1s+ k=">AAADinicjVHbbtNAEB3XXEopNIVHXkZEKKigyA5IBaFKFSDEYyuRtiJpot31Ol3i2JZ3jVRF+Ty+AfEH8BfMbBwUqBC sZfvsOXNmZ3ZkmRnrouhbsBFeu37j5uatrdvbd+7utHbvndiirpTuqyIrqjMprM5MrvvOuEyflZUWM5npUzl9w/rpZ11ZU+ Qf3GWpz2dikpvUKOGIGre+HAxVUjiLB+/G8+FTgWK0h6KzGM0tAYvxAr1gPY2yM9oj7YJ2khmvsiY7qNhlCCuUv3hFBkxY+ cQAFflXWsKaZm2KGpM1RbOSLs8ymDKzprKwrHHiy00X41Y76kZ+4VUQN6ANzToqWl9hCAkUoKCGGWjIwRHOQIClZwAxRFAS dw5z4ipCxusaFrBF3pqiNEUIYqf0ndBu0LA57Tmn9W5Fp2T0VuREeESeguIqwnwaer32mZn9W+65z8m1XdJfNrlmxDq4IP ZfvlXk//q4FwcpvPA9GOqp9Ax3p5ostb8VrhzXunKUoSSOcUJ6RVh55+qe0Xus753vVnj9u49klveqia3hB1dJA47/HOdVc NLrxs+6vePn7cPXzag34QE8hMc0z304hPdwBH1QwZPgOPgYDMLtsBe+DF8tQzeCxnMfflvh25+rPsnc</latexit>
a<latexit sha1_base64="xfzo4pC5i9hvY1 GJoNd4afFDOwE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tD Jg8xEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3 faIsmzgLWChCdZ1/cE42HMWjKUnHXTjHmRz1nHH5+reOeOZSJM4is5SVk/8kZxOAwDTxLV 9G7KFafq6GXPA9eACsxqJOUXXGOABAFyRGCIIQlzeBD09ODCQUpcH1PiMkKhjjPco0TanLI YZXjEjuk7ol3PsDHtlafQ6oBO4fRmpLRxQJqE8jLC6jRbx3PtrNjfvKfaU91tQn/feEXESt wS+5dulvlfnapFYohTXUNINaWaUdUFxiXXXVE3t79UJckhJU7hAcUzwoFWzvpsa43Qtavee jr+pjMVq/aByc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYu LG4JK/9MtQpGs4tvy3r4ADXKj2o=</latexit>
b
<latexit sha1_base64="uWrQfXa9HDUeWC /xu1WL1eYqRS0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC 8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z 22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1 /Ztyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyx GGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiV ti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp +NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vC iixh5Z+pVsFodvFtWQ8fOCqPaw==</latexit>
c<latexit sha1_base64="MbZtkCxYvjNLqn oWHExsO/V/xqc=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF 5MZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DYNMOs5rwVpYXFpeKa6W1tY3NrfK2z vtLMkF4y2WhIno+l7GwyDmLRnIkHdTwb3ID3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4lq sptyxak6etnzwDWgArMaSfkF1xggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyx OGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiV ti/9LNMv+rU7VIDHGqawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0 /E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqw Qiuz8s9Uq2A0u/i2rIcPOoqPbA==</latexit>
d
<latexit sha1_base64="V1CeI+nXk2GFj6 W+cA8d+ZKQKYk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raG TB8lEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6iQgy6TivBWthcWl5pbhaWlvf2Nwqb+ +0szhPGW+xWMRp1/cyLoKIt2QgBe8mKfdCX/COPz5X8c4dT7Mgjq7kJOH90BtFwTBgniSq ObgpV5yqo5c9D1wDKjCrEZdfcI0BYjDkCMERQRIW8JDR04MLBwlxfUyJSwkFOs5xjxJpc8r ilOERO6bviHY9w0a0V56ZVjM6RdCbktLGAWliyksJq9NsHc+1s2J/855qT3W3Cf194xUSK3 FL7F+6WeZ/daoWiSFOdQ0B1ZRoRlXHjEuuu6Jubn+pSpJDQpzCA4qnhJlWzvpsa02ma1e99 XT8TWcqVu2Zyc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYu LGFlVv6ZahWMZhfflvXwATzqj20=</latexit>
e<latexit sha1_base64="6KZw7wpfpv8bqO VAjQ83yFPVF7A=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF 5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z 22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqgm vylXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMU pwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4Z bYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731T PzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqw Qkta2WeqVcg1u/i2rIcPP0qPbg==</latexit> f
<latexit sha1_base64="AM23awNhDeoSfA 3k/xryEQPpNCY=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUM nD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3 faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm 8KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURa nDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW 6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3n om/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsX lrRSK/tMtQq5ZhfflvXwAUGqj28=</latexit>
h
<latexit sha1_base64="RzTJ7tCNp4VxXFfbpFYSVV1prH8=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVRIVdFkUxGUL9gG1SJJO26F5kZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DbmQjvNasBYWl5ZXiqultfWNza3y9k5LJHkWsGaQhEnW8T3BQh6zpuQyZJ00Y17kh 6ztjy9UvH3HMsGT+FpOUtaLvGHMBzzwJFGN0W254lQdvex54BpQgVn1pPyCG/SRIECOCAwxJOEQHgQ9XbhwkBLXw5S4jBDXcYZ7lEibUxajDI/YMX2HtOsaNqa98hRaHdApIb0ZKW0ckCa hvIywOs3W8Vw7K/Y376n2VHeb0N83XhGxEiNi/9LNMv+rU7VIDHCma+BUU6oZVV1gXHLdFXVz+0tVkhxS4hTuUzwjHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdB66jqHleP GieV2rkZdRF72MchzfMUNVyhjqb2fsQTnq1LK7SElX+mWgWj2cW3ZT18AEZqj3E=</latexit>
g
<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS 97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCa ivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParW mseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
i
<latexit sha1_base64="w6sBgl3rt8mDsD 5cSGFQzbrysAU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUP zIpkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/CUQmHee1YC0sLi2vFFdLa+sbm1vl7Z 12Fucp4y0WB3Ha9b2MByLiLSlkwLtJyr3QD3jHH5+reOeOp5mIoys5SXg/9EaRGArmSaKa 4qZccaqOXvY8cA2owKxGXH7BNQaIwZAjBEcESTiAh4yeHlw4SIjrY0pcSkjoOMc9SqTNKYt ThkfsmL4j2vUMG9FeeWZazeiUgN6UlDYOSBNTXkpYnWbreK6dFfub91R7qrtN6O8br5BYiV ti/9LNMv+rU7VIDHGqaxBUU6IZVR0zLrnuirq5/aUqSQ4JcQoPKJ4SZlo567OtNZmuXfXW0 /E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqw Aiuz8s9Uq2A0u/i2rIcPSMqPcg==</latexit>
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<latexit sha1_base64="ilWDRSN3Ol6sR+ 35+Iug3kdWrek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rdH Jg8lEKEV/wK1+m/gH+hfeGVNQi+iEJGfOvefM3Hv9RASpcpzXgjU3v7C4VFwurayurW+UN7 faaZxJxlssFrHs+l7KRRDxlgqU4N1Eci/0Be/4t6c63rnjMg3i6EKNE94PvVEUDAPmKaKa N1flilN1zLJngZuDCvLViMsvuMQAMRgyhOCIoAgLeEjp6cGFg4S4PibESUKBiXPco0TajLI 4ZXjE3tJ3RLtezka0156pUTM6RdArSWljjzQx5UnC+jTbxDPjrNnfvCfGU99tTH8/9wqJVb gm9i/dNPO/Ol2LwhDHpoaAakoMo6tjuUtmuqJvbn+pSpFDQpzGA4pLwswop322jSY1tevee ib+ZjI1q/csz83wrm9JA3Z/jnMWtGtV96Baax5W6if5qIvYwS72aZ5HqOMcDbSM9yOe8Gyd WcJKrewz1Srkmm18W9bDB0sqj3M=</latexit>
k
<latexit sha1_base64="LHoD/5sJQKlSMn cK685/iXnXgek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUM nD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3 faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm +KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURa nDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW 6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3n om/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsX lrRSK/tMtQq5ZhfflvXwAU2Kj3Q=</latexit>
l
<latexit sha1_base64="Bf5QTwrBe2BBld S3qeNOUvm1yT4=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raG TB5OJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6iQhS5TivBWthcWl5pbhaWlvf2Nwqb+ +00ziTjLdYLGLZ9b2UiyDiLRUowbuJ5F7oC97xx+c63rnjMg3i6EpNEt4PvVEUDAPmKaKa 4qZccaqOWfY8cHNQQb4acfkF1xggBkOGEBwRFGEBDyk9PbhwkBDXx5Q4SSgwcY57lEibURa nDI/YMX1HtOvlbER77ZkaNaNTBL2SlDYOSBNTniSsT7NNPDPOmv3Ne2o89d0m9Pdzr5BYhV ti/9LNMv+r07UoDHFqagiopsQwujqWu2SmK/rm9peqFDkkxGk8oLgkzIxy1mfbaFJTu+6tZ +JvJlOzes/y3Azv+pY0YPfnOOdBu1Z1j6q15nGlfpaPuog97OOQ5nmCOi7RQMt4P+IJz9aF JazUyj5TrUKu2cW3ZT18AE/qj3U=</latexit>
p
<latexit sha1_base64="Mn edbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2N r1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVv E/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFd La+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6z jj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDW gArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4w z3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE 5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VID HGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21 ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlf mZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFt WQ8fWWqPeQ==</latexit>
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<latexit sha1_base64="ilWDRSN3Ol6sR+35+Iug3kdWrek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rdHJg8lEKEV/wK1+m/gH+hfeGVNQi+iEJGfOve fM3Hv9RASpcpzXgjU3v7C4VFwurayurW+UN7faaZxJxlssFrHs+l7KRRDxlgqU4N1Eci/0Be/4t6c63rnjMg3i6EKNE94PvVEUDAPmKaKaN1flilN1zLJngZuDCvLViMsvuMQAMRgyhOCIoAgLeEjp6cGFg4S4PibESUKBiXPco0TajLI4ZXjE3tJ3RLtezka0156pUTM6RdArSWljjzQx5UnC+jTbxDPjrNnfvCfGU99tTH8/9wqJVbgm9i/dNPO/Ol2LwhDHpoaAakoMo6tjuUtmu qJvbn+pSpFDQpzGA4pLwswop322jSY1teveeib+ZjI1q/csz83wrm9JA3Z/jnMWtGtV96Baax5W6if5qIvYwS72aZ5HqOMcDbSM9yOe8GydWcJKrewz1Srkmm18W9bDB0sqj3M=</latexit>
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<latexit sha1_base64="LHoD/5sJQKlSMncK685/iXnXgek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8 +Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm+KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV /TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAU2Kj3Q=</latexit>
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a<latexit sha1_base64="xfzo4pC5i9hvY1GJoNd4afFDOwE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg8xEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8 +Zuff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3faIsmzgLWChCdZ1/cE42HMWjKUnHXTjHmRz1nHH5+reOeOZSJM4is5SVk/8kZxOAwDTxLV9G7KFafq6GXPA9eACsxqJOUXXGOABAFyRGCIIQlzeBD09ODCQUpcH1PiMkKhjjPco0TanLIYZXjEjuk7ol3PsDHtlafQ6oBO4fRmpLRxQJqE8jLC6jRbx3PtrNjfvKfaU91tQn/feEXEStwS+5dulvlfnapFYohTXUNINaWaUdUFxiXXX VE3t79UJckhJU7hAcUzwoFWzvpsa43Qtaveejr+pjMVq/aByc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuLG4JK/9MtQpGs4tvy3r4ADXKj2o=</latexit>
b0
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s<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5I e/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iS UJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXW PK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
c<latexit sha1_base64="MbZtkCxYvjNLqnoWHExsO/V/xqc=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DYNMOs5rwVpYXFpeKa6W1tY3NrfK2zvtLMkF4y2WhIno+l7GwyDmLRnIkHdTwb3ID 3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4lqsptyxak6etnzwDWgArMaSfkF1xggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCa hPEFYnWbreK6dFfub91R7qrtN6O8br4hYiVti/9LNMv+rU7VIDHGqawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qt eVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqwQiuz8s9Uq2A0u/i2rIcPOoqPbA==</latexit>
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e<latexit sha1_base64="6KZw7wpfpv8bqOVAjQ83yFPVF7A=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5I e/443Md79xxIYMkvlKTlPcjbxQHw4B5iqgmvylXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iS UJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXW PK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPP0qPbg==</latexit> f
<latexit sha1_base64="AM23awNhDeoSfA3k/xryEQPpNCY=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS 97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm8KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCa ivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParW mseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUGqj28=</latexit>
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<latexit sha1_base64="RzTJ7tCNp4VxXFfbpFYSVV1prH8=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVRIVdFkUxGUL9gG1SJJO26F5kZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DbmQjvNasBYWl5ZXiqultfWNza3y9k5LJHkWsGaQhEnW8T3BQh6zpuQyZJ00Y17kh 6ztjy9UvH3HMsGT+FpOUtaLvGHMBzzwJFGN0W254lQdvex54BpQgVn1pPyCG/SRIECOCAwxJOEQHgQ9XbhwkBLXw5S4jBDXcYZ7lEibUxajDI/YMX2HtOsaNqa98hRaHdApIb0ZKW0ckCa hvIywOs3W8Vw7K/Y376n2VHeb0N83XhGxEiNi/9LNMv+rU7VIDHCma+BUU6oZVV1gXHLdFXVz+0tVkhxS4hTuUzwjHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdB66jqHleP GieV2rkZdRF72MchzfMUNVyhjqb2fsQTnq1LK7SElX+mWgWj2cW3ZT18AEZqj3E=</latexit>
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<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS 97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCa ivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParW mseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
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a<latexit sha1_base64="xfzo4pC5i9hvY1GJoNd4afFDOwE=">AAACxHicjVHLSsNAFD2 Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg8xEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3faIsmzgLWChCdZ1/cE42HMWjKUnHXTjHmRz 1nHH5+reOeOZSJM4is5SVk/8kZxOAwDTxLV9G7KFafq6GXPA9eACsxqJOUXXGOABAFyRGCIIQlzeBD09ODCQUpcH1PiMkKhjjPco0TanLIYZXjEjuk7ol3PsDHtlafQ6oBO4fRmpLRxQJq E8jLC6jRbx3PtrNjfvKfaU91tQn/feEXEStwS+5dulvlfnapFYohTXUNINaWaUdUFxiXXXVE3t79UJckhJU7hAcUzwoFWzvpsa43Qtaveejr+pjMVq/aByc3xrm5JA3Z/jnMetGtV96ha ax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuLG4JK/9MtQpGs4tvy3r4ADXKj2o=</latexit>
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<latexit sha1_base64="0LVCeZjLCVE+KKLG0BjJo2Q4pt8=">AAACxXicjVHLSsNAFD2 Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A8 3nLG57peGvEZSKi8FqNY94N3EEo+oK5iqgrb/+2WHLKjln2LKhkoIRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbUpZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUe aiPIkYX2abeKpcdbsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JTvOtb0oArP8c5C5rVcuWw XL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ALrsj5w=</latexit>
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<latexit sha1_base64="xC17a//CwrK9hoKsbBN6hvMQZY8=">AAACxXicjVHLSsNAFD2Nr1pfVZdug kV0VdIq6LLoQpdV7ANqkUk6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufe6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVHm94kR/JtssS7ouQN5RQPm/HkrPA9XnLHZ7peGvEZSKi8FqNY94N2CAUf eExRdQV278tlpyyY5Y9CyoZKCFb9aj4ghv0EMFDigAcIRRhHwwJPR1U4CAmrosJcZKQMHGOexRIm1IWpwxG7JC+A9p1MjakvfZMjNqjU3x6JSlt7JEmojxJWJ9mm3hqnDX7m/fEeOq7jenvZl4BsQp3xP6lm2b+V 6drUejjxNQgqKbYMLo6L3NJTVf0ze0vVSlyiInTuEdxSdgzymmfbaNJTO26t8zE30ymZvXey3JTvOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ALiLj 5s=</latexit>
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<latexit sha1_base64="y827ABaYisUeM/mF5aQ2Atv3B1g=">AAACxXicjVHLSsNAFD2 Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A8 3nLG57peGvEZSKi8FqNY94N3EEo+oK5iqgrtn9bLDllxyx7FlQyUEK26lHxBTfoIQJDigAcIRRhHy4SejqowEFMXBcT4iQhYeIc9yiQNqUsThkusUP6DmjXydiQ9tozMWpGp/j0SlLa2CN NRHmSsD7NNvHUOGv2N++J8dR3G9Pfy7wCYhXuiP1LN838r07XotDHialBUE2xYXR1LHNJTVf0ze0vVSlyiInTuEdxSZgZ5bTPttEkpnbdW9fE30ymZvWeZbkp3vUtacCVn+OcBc1quXJY rl4elWqn2ajz2MEuDmiex6jhAnU0yLuPRzzh2Tq3AktZo89UK5dptvFtWQ8fvU2PnQ==</latexit>
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<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4 Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zk z914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVE SDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbE J75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9 peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H /GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
s<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcM RTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit> a<latexit sha1_base64="xfzo4pC5i9hvY1GJoNd4afFDOwE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg8xEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3faIsmzgLWChCdZ1/cE42HMWjKUnHXTjHmRz1nHH5+reOeOZSJM4is5SVk/8kZxOAwDTxLV9G7KFafq6GXPA9eACsxqJOUXXGOABAFyRGCI IQlzeBD09ODCQUpcH1PiMkKhjjPco0TanLIYZXjEjuk7ol3PsDHtlafQ6oBO4fRmpLRxQJqE8jLC6jRbx3PtrNjfvKfaU91tQn/feEXEStwS+5dulvlfnapFYohTXUNINaWaUdUFxiXXXVE3t79UJckhJU7hAcUzwoFWzvpsa43Qtaveejr+pjMVq/aByc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuLG4JK/9MtQpGs4tvy3r4ADXKj2o=</latexit>
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<latexit sha1_base64="RzTJ7tCNp4VxXFfbpFYSVV1prH8=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIVdFkUxGUL9gG1SJJO26F5kZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DbmQjvNasBYWl5ZXiqultfWNza3y9k5LJHkWsGaQhEnW8T3BQh6zpuQyZJ00Y17kh6ztjy9UvH3HMsGT+FpOUtaLvGHMBzzwJFGN0W254lQdvex54BpQgVn1pPyCG/SRIECOCAwx JOEQHgQ9XbhwkBLXw5S4jBDXcYZ7lEibUxajDI/YMX2HtOsaNqa98hRaHdApIb0ZKW0ckCahvIywOs3W8Vw7K/Y376n2VHeb0N83XhGxEiNi/9LNMv+rU7VIDHCma+BUU6oZVV1gXHLdFXVz+0tVkhxS4hTuUzwjHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdB66jqHlePGieV2rkZdRF72MchzfMUNVyhjqb2fsQTnq1LK7SElX+mWgWj2cW3ZT18AEZqj3E=</latexit>
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<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwh FGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
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<latexit sha1_base64="ilWDRSN3Ol6sR+35+Iug3kdWrek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rdHJg8lEKEV/wK1+m/gH+hfeGVNQi+iEJGfOve fM3Hv9RASpcpzXgjU3v7C4VFwurayurW+UN7faaZxJxlssFrHs+l7KRRDxlgqU4N1Eci/0Be/4t6c63rnjMg3i6EKNE94PvVEUDAPmKaKaN1flilN1zLJngZuDCvLViMsvuMQAMRgyhOCIoAgLeEjp6cGFg4S4PibESUKBiXPco0TajLI4ZXjE3tJ3RLtezka0156pUTM6RdArSWljjzQx5UnC+jTbxDPjrNnfvCfGU99tTH8/9wqJVbgm9i/dNPO/Ol2LwhDHpoaAakoMo6tjuUtmu qJvbn+pSpFDQpzGA4pLwswop322jSY1teveeib+ZjI1q/csz83wrm9JA3Z/jnMWtGtV96Baax5W6if5qIvYwS72aZ5HqOMcDbSM9yOe8GydWcJKrewz1Srkmm18W9bDB0sqj3M=</latexit>
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<latexit sha1_base64="Bf5QTwrBe2BBldS3qeNOUvm1yT4=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raGTB5OJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6iQhS5TivBWthcWl5pbhaWlvf2Nwqb++00ziTjLdYLGLZ9b2UiyDiLRUowbuJ5F7oC97xx+c63rnjMg3i6EpNEt4PvVEUDAPmKaKa4qZccaqOWfY8cHNQQb4acfkF1xggBkOGEBwR FGEBDyk9PbhwkBDXx5Q4SSgwcY57lEibURanDI/YMX1HtOvlbER77ZkaNaNTBL2SlDYOSBNTniSsT7NNPDPOmv3Ne2o89d0m9Pdzr5BYhVti/9LNMv+r07UoDHFqagiopsQwujqWu2SmK/rm9peqFDkkxGk8oLgkzIxy1mfbaFJTu+6tZ+JvJlOzes/y3Azv+pY0YPfnOOdBu1Z1j6q15nGlfpaPuog97OOQ5nmCOi7RQMt4P+IJz9aFJazUyj5TrUKu2cW3ZT18AE/qj3U=</latexit>
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<latexit sha1_base64="rymcGjvIIxEC7PTPSX+unwktWIg=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VZIq6LLoQpdV7ANqkWQ6qaF5kUwKpYg/4FZ/TfwD/QvvjFNQi+iEJGfOvefM3HvdJPAzYVmvBWNufmFxqbhcWlldW98ob261sjhPGW+yOIjTjutkPPAj3hS+CHgnSbkTugFvu8MzGW+PeJr5cXQtxgnvhc4g8j2fOYKoK2//tlyxqpZa5iywNahAr0ZcfsEN+ojBkCME RwRBOICDjJ4ubFhIiOthQlxKyFdxjnuUSJtTFqcMh9ghfQe062o2or30zJSa0SkBvSkpTeyRJqa8lLA8zVTxXDlL9jfvifKUdxvT39VeIbECd8T+pZtm/lcnaxHwcKJq8KmmRDGyOqZdctUVeXPzS1WCHBLiJO5TPCXMlHLaZ1NpMlW77K2j4m8qU7Jyz3Rujnd5Sxqw/XOcs6BVq9qH1drlUaV+qkddxA52cUDzPEYdF2igSd4eHvGEZ+PcCA1hjD5TjYLWbOPbMh4+AMRwj6A=</latexit>
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<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW 7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSM IRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6 pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
h
<latexit sha1_base64="RzTJ7tCNp4VxXFfbpFYSVV1prH8=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIVdFkUxGUL9gG1SJJO26F5kZkIpegPuNVvE/9A/8I74xTUIjohyZlz7z kz914/DbmQjvNasBYWl5ZXiqultfWNza3y9k5LJHkWsGaQhEnW8T3BQh6zpuQyZJ00Y17kh6ztjy9UvH3HMsGT+FpOUtaLvGHMBzzwJFGN0W254lQdvex54BpQgVn1pPyCG/SRIECOCAwxJOEQHgQ9XbhwkBLXw5S4jBDXcYZ7lEibUxajDI/YMX2HtOsaNqa98hRaHdApIb0ZKW0ckCahvIywOs3W8Vw7K/Y376n2VHeb0N83XhGxEiNi/9LNMv+rU7VIDHCma+BUU6oZVV1gXHLdF XVz+0tVkhxS4hTuUzwjHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdB66jqHlePGieV2rkZdRF72MchzfMUNVyhjqb2fsQTnq1LK7SElX+mWgWj2cW3ZT18AEZqj3E=</latexit>
g
<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8 +Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV /TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
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<latexit sha1_base64="w6sBgl3rt8mDsD5cSGFQzbrysAU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUPzIpkIpegPuNVvE/9A/8I74xTUIjohyZlz7z kz914/CUQmHee1YC0sLi2vFFdLa+sbm1vl7Z12Fucp4y0WB3Ha9b2MByLiLSlkwLtJyr3QD3jHH5+reOeOp5mIoys5SXg/9EaRGArmSaKa4qZccaqOXvY8cA2owKxGXH7BNQaIwZAjBEcESTiAh4yeHlw4SIjrY0pcSkjoOMc9SqTNKYtThkfsmL4j2vUMG9FeeWZazeiUgN6UlDYOSBNTXkpYnWbreK6dFfub91R7qrtN6O8br5BYiVti/9LNMv+rU7VIDHGqaxBUU6IZVR0zLrnui rq5/aUqSQ4JcQoPKJ4SZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqwAiuz8s9Uq2A0u/i2rIcPSMqPcg==</latexit>
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<latexit sha1_base64="ilWDRSN3Ol6sR+35+Iug3kdWrek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rdHJg8lEKEV/wK1+m/gH+hfeGVNQi+iEJGfOve fM3Hv9RASpcpzXgjU3v7C4VFwurayurW+UN7faaZxJxlssFrHs+l7KRRDxlgqU4N1Eci/0Be/4t6c63rnjMg3i6EKNE94PvVEUDAPmKaKaN1flilN1zLJngZuDCvLViMsvuMQAMRgyhOCIoAgLeEjp6cGFg4S4PibESUKBiXPco0TajLI4ZXjE3tJ3RLtezka0156pUTM6RdArSWljjzQx5UnC+jTbxDPjrNnfvCfGU99tTH8/9wqJVbgm9i/dNPO/Ol2LwhDHpoaAakoMo6tjuUtmu qJvbn+pSpFDQpzGA4pLwswop322jSY1teveeib+ZjI1q/csz83wrm9JA3Z/jnMWtGtV96Baax5W6if5qIvYwS72aZ5HqOMcDbSM9yOe8GydWcJKrewz1Srkmm18W9bDB0sqj3M=</latexit>
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<latexit sha1_base64="LHoD/5sJQKlSMncK685/iXnXgek=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8 +Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm+KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV /TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAU2Kj3Q=</latexit>
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<latexit sha1_base64="Bf5QTwrBe2BBldS3qeNOUvm1yT4=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raGTB5OJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8 +Zuff6iQhS5TivBWthcWl5pbhaWlvf2Nwqb++00ziTjLdYLGLZ9b2UiyDiLRUowbuJ5F7oC97xx+c63rnjMg3i6EpNEt4PvVEUDAPmKaKa4qZccaqOWfY8cHNQQb4acfkF1xggBkOGEBwRFGEBDyk9PbhwkBDXx5Q4SSgwcY57lEibURanDI/YMX1HtOvlbER77ZkaNaNTBL2SlDYOSBNTniSsT7NNPDPOmv3Ne2o89d0m9Pdzr5BYhVti/9LNMv+r07UoDHFqagiopsQwujqWu2SmK /rm9peqFDkkxGk8oLgkzIxy1mfbaFJTu+6tZ+JvJlOzes/y3Azv+pY0YPfnOOdBu1Z1j6q15nGlfpaPuog97OOQ5nmCOi7RQMt4P+IJz9aFJazUyj5TrUKu2cW3ZT18AE/qj3U=</latexit>
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<latexit sha1_base64="xC17a//CwrK9hoKsbBN6hvMQZY8=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkUk6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufe6sS8S5TivOWtuf mFxKb9cWFldW98obm41kyiVHm94kR/JtssS7ouQN5RQPm/HkrPA9XnLHZ7peGvEZSKi8FqNY94N2CAUfeExRdQV278tlpyyY5Y9CyoZKCFb9aj4ghv0EMFDigAcIRRhHwwJPR1U4CAmrosJcZKQMHGOexRIm1IWpwxG7JC+A9p1MjakvfZMjNqjU3x6JSlt7JEmojxJWJ9mm3hqnDX7m/fEeOq7jenvZl4BsQp3xP6lm2b+V6drUejjxNQgqKbYMLo6L3NJTVf0ze0vVSlyiInTuEdxSdgzymmfbaNJTO26t8zE30ymZvXey3JTvOtb0 oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ALiLj5s=</latexit>
b0
<latexit sha1_base64="0LVCeZjLCVE+KKLG0BjJo2Q4pt8=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8 +Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqgrb/+2WHLKjln2LKhkoIRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbUpZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcdbsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSm q7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JTvOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ALrsj5w=</latexit>
c0
<latexit sha1_base64="y827ABaYisUeM/mF5aQ2Atv3B1g=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8 +Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqgrtn9bLDllxyx7FlQyUEK26lHxBTfoIQJDigAcIRRhHy4SejqowEFMXBcT4iQhYeIc9yiQNqUsThkusUP6DmjXydiQ9tozMWpGp/j0SlLa2CNNRHmSsD7NNvHUOGv2N++J8dR3G9Pfy7wCYhXuiP1LN838r07XotDHialBUE2xYXR1LHNJT Vf0ze0vVSlyiInTuEdxSZgZ5bTPttEkpnbdW9fE30ymZvWeZbkp3vUtacCVn+OcBc1quXJYrl4elWqn2ajz2MEuDmiex6jhAnU0yLuPRzzh2Tq3AktZo89UK5dptvFtWQ8fvU2PnQ==</latexit>
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<latexit sha1_base64="v7Ki9XAZrIWRhN5PspmVJCTs3zA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6raF5MZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8 +Zufd6SeCn0nFec9bc/MLiUn65sLK6tr5R3NxqpnEmGG+wOIhF23NTHvgRb0hfBrydCO6GXsBb3vBMxVsjLlI/jq7lOOHd0B1Eft9nriTqqrd/Wyw5ZUcvexZUDCjBrHpcfMENeojBkCEERwRJOICLlJ4OKnCQENfFhDhByNdxjnsUSJtRFqcMl9ghfQe06xg2or3yTLWa0SkBvYKUNvZIE1OeIKxOs3U8086K/c17oj3V3cb094xXSKzEHbF/6aaZ/9WpWiT6ONE1+FRTohlVHTMum e6Kurn9pSpJDglxCvcoLggzrZz22daaVNeueuvq+JvOVKzaM5Ob4V3dkgZc+TnOWdCsliuH5erlUal2akadxw52cUDzPEYNF6ijQd59POIJz9a5FVrSGn2mWjmj2ca3ZT18AL+uj54=</latexit>
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<latexit sha1_base64="8NpAd9TulQizdcemNYIcLPQJuB4=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8 +Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqgrvn9bLDllxyx7FlQyUEK26lHxBTfoIQJDigAcIRRhHy4SejqowEFMXBcT4iQhYeIc9yiQNqUsThkusUP6DmjXydiQ9tozMWpGp/j0SlLa2CNNRHmSsD7NNvHUOGv2N++J8dR3G9Pfy7wCYhXuiP1LN838r07XotDHialBUE2xYXR1LHNJT Vf0ze0vVSlyiInTuEdxSZgZ5bTPttEkpnbdW9fE30ymZvWeZbkp3vUtacCVn+OcBc1quXJYrl4elWqn2ajz2MEuDmiex6jhAnU0yLuPRzzh2Tq3AktZo89UK5dptvFtWQ8fwg+Pnw==</latexit>
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<latexit sha1_base64="rymcGjvIIxEC7PTPSX+unwktWIg=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VZIq6LLoQpdV7ANqkWQ6qaF5kUwKpYg/4FZ/TfwD/QvvjFNQi+iEJGfOve fM3HvdJPAzYVmvBWNufmFxqbhcWlldW98ob261sjhPGW+yOIjTjutkPPAj3hS+CHgnSbkTugFvu8MzGW+PeJr5cXQtxgnvhc4g8j2fOYKoK2//tlyxqpZa5iywNahAr0ZcfsEN+ojBkCMERwRBOICDjJ4ubFhIiOthQlxKyFdxjnuUSJtTFqcMh9ghfQe062o2or30zJSa0SkBvSkpTeyRJqa8lLA8zVTxXDlL9jfvifKUdxvT39VeIbECd8T+pZtm/lcnaxHwcKJq8KmmRDGyOqZdc tUVeXPzS1WCHBLiJO5TPCXMlHLaZ1NpMlW77K2j4m8qU7Jyz3Rujnd5Sxqw/XOcs6BVq9qH1drlUaV+qkddxA52cUDzPEYdF2igSd4eHvGEZ+PcCA1hjD5TjYLWbOPbMh4+AMRwj6A=</latexit>
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<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW 7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSM IRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6 pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
FIG. 11. Definition of the Bsp term in the Levin-Wen model where we use the Einstein summation convention, i.e., summation
is assumed for repeated indices. Bsp inserts an anyonic flux s around the plaquette p; we use a series of F -matrices to compute
the matrix element of Bsp. B
s
p is a 12-spin interaction in for a hexagonal plaquette p and it acts diagonally on states on external
legs denoted as states i, j, · · · , h in the figure.
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<latexit sha1_base64 ="shICAV8l6VLzaB1zEy6ZMl2FrLY=">AAACxnic jVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLIhiVGQRI kpB0GbBjapp1qCDHxB9zqpxn/QP/CO+OQqMToNG 3PnHvPmbn3+rEIUuk4rzlrYXFpeSW/Wlhb39jcKm 7vtNIoSxhvskhESdv3Ui6CkDdlIAVvxwn3xr7gV /6opuJXtzxJgyi8lJOYd8feMAwGAfMkURe1nugV S07Z0cueB64BJZjViIovuEYfERgyjMERQhIW8JDS 04ELBzFxXUyJSwgFOs5xjwJpM8rilOERO6LvkHY dw4a0V56pVjM6RdCbkNLGAWkiyksIq9NsHc+0s2J /855qT3W3Cf194zUmVuKG2L90s8z/6lQtEgOc6h oCqinWjKqOGZdMd0Xd3P5SlSSHmDiF+xRPCDOtn PXZ1ppU16566+n4m85UrNozk5vhXd2SBuz+HOc8a FXK7lG5cn5cqp6ZUeexh30c0jxPUEUdDTTJe4hH POHZqluhlVl3n6lWzmh28W1ZDx8dL5Ar</latex it>
=  a,1
<latexit sha1_base64="FDRH784JUV6y1H2WrgO7cZt3sVc="> AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCCymJCroRim5cVrAPaEuZpNMamhfJRCi1K3HrD7jVbxL/QP/CO2MKahGdkOTMuefcmXuvHXlu IkzzNafNzS8sLuWXCyura+tFfWOznoRp7PCaE3ph3LRZwj034DXhCo83o5gz3/Z4wx6ey3jjhseJGwZXYhTxjs8Ggdt3HSaI6urFU6P d455g3THbN6xJVy+ZZVMtYxZYGSghW9VQf0EbPYRwkMIHRwBB2ANDQk8LFkxExHUwJi4m5Ko4xwQF8qak4qRgxA7pO6BdK2MD2suciXI 7dIpHb0xOA7vkCUkXE5anGSqeqsyS/S33WOWUdxvR385y+cQKXBP7l2+q/K9P1iLQx4mqwaWaIsXI6pwsS6q6Im9ufKlKUIaIOIl7FI 8JO8o57bOhPImqXfaWqfibUkpW7p1Mm+Jd3pIGbP0c5yyoH5Stw/LB5VGpcpaNOo9t7GCP5nmMCi5QRU3N/BFPeNbq2q12p91/SrVc5t nCt6U9fADjbZS+</latexit>
⌘  a,1
<latexit sha1_base64="P63mjHvQa8f+6qLokVWh9jmJBV4=">AAAC2HicjVHLSsNAFD3GV62vaJdugkVwISWpgi6LblxWsCpaKZN0 qkPTJE4mhVIK7sStP+BWv0j8A/0L74wRfCA6IcmZc+85M/dePwlFqlz3ecwan5icmi7MFGfn5hcW7aXlozTOZMAbQRzG8sRnKQ9FxBtKqJCfJJKznh/yY7+7p+PHfS5TEUeHapDw8x67iERHBEwR1bJLTX6Vib7TbPNQsdaQbXijll12K65Zzk/g5aCMfNVj+wlNtBEjQIYeOCI owiEYUnrO4MFFQtw5hsRJQsLEOUYokjajLE4ZjNgufS9od5azEe21Z2rUAZ0S0itJ6WCNNDHlScL6NMfEM+Os2d+8h8ZT321Afz/36hGrcEnsX7qPzP/qdC0KHeyYGgTVlBhGVxfkLpnpir6586kqRQ4JcRq3KS4JB0b50WfHaFJTu+4tM/EXk6lZvQ/y3Ayv+pY0YO/7OH+Co2 rF26xUD7bKtd181AWsYBXrNM9t1LCPOhrkPcA9HvBonVrX1o11+55qjeWaEr4s6+4NvHCXDw==</latexit>
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<latexit sha1_base64= "22uoqd1OZvahmx3jzqLexr26+To=">AAAC6nicjVH LSsNAFD3Gd31VXboJlqJuSloFXZa6calgtWAfJHFa h04eZCZCKf0Cd+7ErT/gVj9E/AP9C++MEXwgOiGTM+ eeczJ3xosFl8pxnses8YnJqemZ2dzc/MLiUn555UR GaeKzuh+JKGl4rmSCh6yuuBKsESfMDTzBTr3+vq6fX rJE8ig8VoOYtQK3F/Iu911FVCdf3O8Iu+nx3qZd68 RtSfMw3hi1h3JjZPgtmxSdfMEpOWbYP0E5AwVk4zDK P6GJc0TwkSIAQwhFWMCFpOcMZTiIiWthSFxCiJs6w wg58qakYqRwie3T3KPVWcaGtNaZ0rh9+ougNyGnjSJ 5ItIlhPXfbFNPTbJmf8semky9twF9vSwrIFbhgti/ fB/K//p0Lwpd7JkeOPUUG0Z352cpqTkVvXP7U1eKEm LiND6nekLYN86Pc7aNR5re9dm6pv5ilJrVaz/Tpnj Vu6QLLn+/zp/gpFIqb5cqRzuFai276hmsYR2bdJ+7q OIAh6hT9hXu8YBHS1jX1o11+y61xjLPKr4M6+4N+l KczQ==</latexit>
=  a,1Cl
<latexit sha1_base64="4+aBb+7RslF1cX4lQ8ufCKE zqlc=">AAAC13icjVHLSsNAFD3G97vq0k2wCC6kJFXQjSC6calgtWJLmaTTGjpNwmQiliLuxK0/4Fb/SPwD/Qvvj FPwgeiEJGfOvefM3HuDVESZ8ryXIWd4ZHRsfGJyanpmdm6+sLB4kiW5DHklTEQiqwHLuIhiXlGREryaSs66geCnQW dfx08vucyiJD5WvZTXu6wdR60oZIqoRmFxx601uVCs0Wfr/rW73xCNQtEreWa5P4FvQRF2HSaFZ9TQRIIQObrgiKE ICzBk9JzDh4eUuDr6xElCkYlzXGOKtDllccpgxHbo26bduWVj2mvPzKhDOkXQK0npYpU0CeVJwvo018Rz46zZ37z 7xlPfrUf/wHp1iVW4IPYv3SDzvzpdi0IL26aGiGpKDaOrC61Lbrqib+5+qkqRQ0qcxk2KS8KhUQ767BpNZmrXvWUm /moyNav3oc3N8aZvSQP2v4/zJzgpl/yNUvlos7i7Z0c9gWWsYI3muYVdHOAQFfK+wgMe8eScOTfOrXP3keoMWc0S vizn/h3nDJXq</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfc KvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY 0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sb m1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxB HZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
p0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7dj yd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhkoIRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbUpZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcdbsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JTvOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
s0
<latexit sha1_base64="1UD655VZEBe8tgZpkCBgLUwO67g=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6raF5kZkUShF/wK3+mvgH+hfeGaegFtEJSc6c e8+Zufd6SeAL6TivOWtufmFxKb9cWFldW98obm41RZyljDdYHMRp23MFD/yIN6QvA95OUu6GXsBb3vBMxVsjngo/jq7lOOHd0B1Eft9nriTqSuzfFktO2dHLngUVA0owqx4XX3CDHmIwZAjBEUESDuBC0NNBBQ4S4rqYEJcS8nWc4x4F0maUxSnDJXZI3wHtOoaNaK88hVYzOiWgNyWljT3SxJSXElan2TqeaWfF/uY90Z7qbmP6e8YrJFbijti/dNPM/+pULRJ9nOgafKop0Yyq jhmXTHdF3dz+UpUkh4Q4hXsUTwkzrZz22dYaoWtXvXV1/E1nKlbtmcnN8K5uSQOu/BznLGhWy5XDcvXyqFQ7NaPOYwe7OKB5HqOGC9TRIO8+HvGEZ+vcCi1pjT5TrZzRbOPbsh4+AONdj60=</latexit>
=  a,1ClF
s⇤s1
s0⇤s0a0
<latexit sha1_base64="01jszIdOblhvAEmAPrfJT0HbwhQ=">AAAC73icjVHLSuRAFD1mxverHZduChtpEWkSHdC N0CiISwVbBR+hki41dHWSSVWEJvQ/zG524tYfcKt/If6B/oW3aiL4QLRCklPn3nOq7r1BKiOlXfehz/nxs39gcGh4ZHRsfGKyMvVrTyV5FopmmMgkOwi4EjKKRVNHWoqDNBO8E0ixH7Q3THz/QmQqSuJd3U3FcYefxdFpFHJNlF9ZWGNHLSE1 9wu+6PXYhi/Zpl+o2skCUzVe650UykDm9fxK1a27drGPwCtBFeXaTir3OEILCULk6EAghiYswaHoOYQHFylxxyiIywhFNi7Qwwhpc8oSlMGJbdP3jHaHJRvT3ngqqw7pFElvRkqGOdIklJcRNqcxG8+ts2E/8y6sp7lbl/5B6dUhVuOc2K90L 5nf1ZlaNE6xamuIqKbUMqa6sHTJbVfMzdmrqjQ5pMQZ3KJ4Rji0ypc+M6tRtnbTW27jjzbTsGYflrk5nswtacDe+3F+BHtLdW+5vrTzu9pYL0c9hBnMYp7muYIGtrCNJnn/xQ1ucef8cf45l87V/1Snr9RM481yrp8ByrGeMA==</latexit>
p0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rU PzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhkoIRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbU pZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcdbsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JTvOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj 3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LI oiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF 1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21 ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
s<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/ DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4I M6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit> s0<latexit sha1_base64="1UD655VZEBe8tgZpkCBgLUwO67g=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6raF5kZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+Zufd6SeAL6TivOWtufmFxKb9cWFldW98obm4 1RZyljDdYHMRp23MFD/yIN6QvA95OUu6GXsBb3vBMxVsjngo/jq7lOOHd0B1Eft9nriTqSuzfFktO2dHLngUVA0owqx4XX3CDHmIwZAjBEUESDuBC0NNBBQ4S4rqYEJcS8nWc4x4F0maUxSnDJXZI3wHtOoaNaK88hVYzOiWgNyWljT3SxJSXElan2TqeaWfF/uY90Z7qbmP6e8YrJFbijti/dNPM/+pULRJ9nOgafKop0YyqjhmXTHdF3dz+UpUkh4Q4hXsUTwkzrZz22dYaoWtXvXV1/E1nKlbtmcnN8K5uSQOu/BznLGhWy5XDcvXyqFQ7NaPOYwe7OKB5HqOGC9TRIO8+HvGEZ+vcC i1pjT5TrZzRbOPbsh4+AONdj60=</latexit>
|a0il
<latexit sha1_base64="Li0I4WXxGvLxPHlfqzT8/w/IaCA=">AAAC1nicjVHLSsQwFD3W9/gademmOIiuhlYFXQ66cang6IAjQ1rjGEwfpKkyDLoTt/6AW/0k8Q/0L7yJEXwgmtL25Nx7TnLvjXIpCh0EzwPe4NDwyOjYeGVicmp6pjo7d1BkpYp5M85kploRK7gUKW9qoSVv5Yqz JJL8MDrfNvHDC64KkaX7upfz44R1U3EqYqaJ6lRn2xTVPltuK5Z2Je/ITrUW1AO7/J8gdKAGt3az6hPaOEGGGCUScKTQhCUYCnqOECJATtwx+sQpQsLGOa5QIW1JWZwyGLHn9O3S7sixKe2NZ2HVMZ0i6VWk9LFEmozyFGFzmm/jpXU27G/efetp7tajf+S8EmI1zoj9S/eR+V+dqUXjFJu2BkE15ZYx1cXOpbRdMTf3P1WlySEnzuATiivCsVV+9Nm3msLWbnrLbPzFZhrW7GOXW+LV3JIGHH4f509wsFoP1+qre+u1xpYb9RgWsIgVmucGGtjBLprkfYl7PODRa3nX3o13+57qDTjNPL4s7+4NojaWPw==</latexit>
=  a,1Cl a0,1F
s⇤s1
s0⇤s0a0
<latexit sha1_base64="5 EC2OJetp4rWWYJlhpOdGQoIHTM=">AAAC/XicjVHLShxB FD3TMVEnGifJ0k2RIYyEMHSPgrMJiAPB5QQyKvhoqntKba b6QVd1YGiG/Ik7d5JtfiDbuBX/QP8it8oWXwStprtPnXv Pqbr3BpmMlHbdi5rzYurlq+mZ2frrufk3C4237zZVWuSh GISpTPPtgCsho0QMdKSl2M5yweNAiq1g1DPxrR8iV1Gaf NfjTOzF/DCJDqKQa6L8RvcL2x0Kqblf8s/ehPV8eUu0DPP VL1Vr/xNTLd6a7JfKQOZN/EbTbbt2scfAq0AT1eqnjXPs YogUIQrEEEigCUtwKHp24MFFRtweSuJyQpGNC0xQJ21BW YIyOLEj+h7SbqdiE9obT2XVIZ0i6c1JyfCRNCnl5YTNac zGC+ts2P95l9bT3G1M/6DyionVOCL2Kd1N5nN1phaNA3Rt DRHVlFnGVBdWLoXtirk5u1OVJoeMOIOHFM8Jh1Z502dmN crWbnrLbfzSZhrW7MMqt8CVuSUN2Hs4zsdgs9P2ltudby vNtfVq1DNYxAcs0TxXsYYN9DEg72P8wV+cOT+dE+fU+XW d6tQqzXvcW87vfxWeo34=</latexit>
=  a,1
1
ds
<latexit sha1_base64="cEu6N8Kt3xcMsLzRft9rTldilxU=">AAAC4XicjVHLSsNAFD3GV31XXeoiWAQXUpIq6EYou nGpYFVoS5lMpzWYJmEyEUroxp07cesPuNWfEf9A/8I7YwS1iE5Icubce87MvdeLAz9RjvMyYo2OjU9MFqamZ2bn5heKi0unSZRKLmo8CiJ57rFEBH4oaspXgTiPpWA9LxBn3uWBjp9dCZn4UXii+rFo9lg39Ds+Z4qoVnF1z260RaBYK2Ob7sBud CTjmTvI2q1k0CqWnLJjlj0M3ByUkK+jqPiMBtqIwJGiB4EQinAAhoSeOlw4iIlrIiNOEvJNXGCAadKmlCUogxF7Sd8u7eo5G9JeeyZGzemUgF5JShvrpIkoTxLWp9kmnhpnzf7mnRlPfbc+/b3cq0eswgWxf+k+M/+r07UodLBravCpptgwujqeu 6SmK/rm9peqFDnExGncprgkzI3ys8+20SSmdt1bZuKvJlOzes/z3BRv+pY0YPfnOIfBaaXsbpUrx9ul6n4+6gJWsIYNmucOqjjEEWrkfY0HPOLJ4taNdWvdfaRaI7lmGd+Wdf8OzjOajw==</latexit>
(a)
<latexit sha1_base64=" mZG0veSVT/l1SY6N0Qu+Y5xCeQg=">AAACz3icjVHL SsNAFD2Nr1pfVZdugkWom5KqoMuiG5ct2Ae0RZJ0Wo fmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7 rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gyuh t6oWg5dsw8HrC65NJjrUgw23c81nSGZyrevGYi5mFw IUcR6/r2IOB97tqSqE5Hslsp/HHR3p9c5gtWydLLnA XlFBSQrmqYf0EHPYRwkcAHQwBJ2IONmJ42yrAQEdfF mDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F55xlrt0i kevYKUJvZIE1KeIKxOM3U80c6K/c17rD3V3Ub0d1Iv n1iJK2L/0k0z/6tTtUj0caJr4FRTpBlVnZu6JLor6u bml6okOUTEKdyjuCDsauW0z6bWxLp21Vtbx990pmLV 3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmIHuy jSPI9RwTmqqJN3hEc84dmoGTfGnXH/mWpkUs02vi3j 4QMenZQh</latexit>
(b)
<latexit sh a1_base64="2L2wXQUm1e NYV0fd3OU7xwPSYGE=">A AACz3icjVHLSsNAFD2Nr1 pfVZdugkWom5KqoMuiG5c t2Ae0RZJ0WofmxWSillJx 6w+41b8S/0D/wjtjCmoRn ZDkzLn3nJl7rxN5PJaW9Z ox5uYXFpeyy7mV1bX1jfz mViMOE+Gyuht6oWg5dsw8 HrC65NJjrUgw23c81nSGZ yrevGYi5mFwIUcR6/r2IO B97tqSqE5Hslsp/HHR2Z9 c5gtWydLLnAXlFBSQrmqY f0EHPYRwkcAHQwBJ2IONm J42yrAQEdfFmDhBiOs4ww Q50iaUxSjDJnZI3wHt2ik b0F55xlrt0ikevYKUJvZI E1KeIKxOM3U80c6K/c17r D3V3Ub0d1Ivn1iJK2L/0k 0z/6tTtUj0caJr4FRTpBl VnZu6JLor6ubml6okOUTE KdyjuCDsauW0z6bWxLp21 Vtbx990pmLV3k1zE7yrW9 KAyz/HOQsaB6XyYemgdlSo nKajzmIHuyjSPI9RwTmqq JN3hEc84dmoGTfGnXH/mW pkUs02vi3j4QMg/5Qi</l atexit>
=  a,1
1
ds
Bspp0
<latexit sha1_base64="aepqf+q0jPUK0w3jmzR/JPyVRa0=">AAAC7HicjVHBTtwwEH0EaOmWlpQee7FYVdtDtUoAq VwqIbj0SKUui8RuI8fr3UZkk8h2kFCUT+DGDXHlB7jCd6D+QfsXHZusRIsqcJTk+c28Z89MXKSJNkHwc86bX1h89nzpRevl8qvXK/6b1X2dl0rInsjTXB3EXMs0yWTPJCaVB4WSfBqnsh8f7dp4/1gqneTZN3NSyOGUT7JknAhuiIr8zmc2GMnU8 KjiH8OaDcaKiyqsq1Gka7YTVQUrOvV3HfntoBu4xR6CsAFtNGsv928xwAg5BEpMIZHBEE7Boek5RIgABXFDVMQpQomLS9RokbakLEkZnNgj+k5od9iwGe2tp3ZqQaek9CpSMrwnTU55irA9jbl46Zwt+z/vynnau53QP268psQa/CD2Md0s86k6W 4vBGFuuhoRqKhxjqxONS+m6Ym/O7lVlyKEgzuIRxRVh4ZSzPjOn0a5221vu4r9cpmXtXjS5JX7bW9KAw3/H+RDsr3fDje7618329k4z6iW8wxo+0Dw/YRtfsIceeZ/iCte48TLvzDv3Lu5SvblG8xZ/Le/yD7hOnq4=</latexit>
|ail
<latexit sha1_base64="R2EooERn3x9ITV9hjSJDKvY/Rk4=">AAAC1XicjVHLSsNAFD2N73fUp ZtgEVyVVAVdim5cKtgH2FIm41iD0yRMJoVS3Ilbf8Ct/pL4B/oX3hmnoBbRCUnOnHvPmbn3RpmMcx2GryVvYnJqemZ2bn5hcWl5xV9dq+dpobio8VSmqhmxXMg4ETUdaymamRKsF0nRiG6OTbzRFyqP0 +RcDzLR7rFuEl/FnGmiOr7foqgOWEuxpCtFR3b8clgJ7QrGQdWBMtw6Tf0XtHCJFBwFehBIoAlLMOT0XKCKEBlxbQyJU4RiGxe4xTxpC8oSlMGIvaFvl3YXjk1obzxzq+Z0iqRXkTLAFmlSylOEzWmBjR fW2bC/eQ+tp7nbgP6R8+oRq3FN7F+6UeZ/daYWjSsc2BpiqimzjKmOO5fCdsXcPPhSlSaHjDiDLymuCHOrHPU5sJrc1m56y2z8zWYa1uy5yy3wbm5JA67+HOc4qO9UqruVnbO98uGRG/UsNrCJbZrnPg 5xglPUyLuPRzzh2Wt4t96dd/+Z6pWcZh3flvfwARuclg4=</latexit>
p0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">A AACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWt ufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhko IRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbUpZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcd bsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JT vOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
p
<latexit sha1_base64="M nedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNA FD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpe gPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0 sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxl xLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s 5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6en DhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0 OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br 5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9p eqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bz v6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdoo KW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</late xit>
b
<latexit sha1_base64="uWrQfXa9 HDUeWC/xu1WL1eYqRS0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6 LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/ i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLo ZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1/Ztyxak6etnzwDWgArM aafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/ qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br 5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgn HGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZ GXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fOCqPaw==</ latexit>
c
<latexit sha1_base64="MbZtkCx YvjNLqnoWHExsO/V/xqc=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZI q6LIoiMsW7ANqkWQ6raF5MZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz 914/DYNMOs5rwVpYXFpeKa6W1tY3NrfK2zvtLMkF4y2WhIno+l7GwyDmL RnIkHdTwb3ID3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4lqsptyxak6etn zwDWgArMaSfkF1xggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2 pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub9 1R7qrtN6O8br4hYiVti/9LNMv+rU7VIDHGqawioplQzqjpmXHLdFXVz+0t VkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQ rlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqwQiuz8s9Uq2A0u /i2rIcPOoqPbA==</latexit> d
<latexit sha1_base64="V1CeI+nXk2GFj6W+cA8d+ZKQKYk=">AAACxHic jVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raGTB8lEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6iQgy6TivBWthcWl5pbhaWlvf2Nwqb+ +0szhPGW+xWMRp1/cyLoKIt2QgBe8mKfdCX/COPz5X8c4dT7Mgjq7kJOH90BtFwTBgniSqObgpV5yqo5c9D1wDKjCrEZdfcI0BYjDkCMERQRIW8JDR04ML BwlxfUyJSwkFOs5xjxJpc8rilOERO6bviHY9w0a0V56ZVjM6RdCbktLGAWliyksJq9NsHc+1s2J/855qT3W3Cf194xUSK3FL7F+6WeZ/daoWiSFOdQ0B1Z RoRlXHjEuuu6Jubn+pSpJDQpzCA4qnhJlWzvpsa02ma1e99XT8TWcqVu2Zyc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuL GFlVv6ZahWMZhfflvXwATzqj20=</latexit>
e
<latexit sha1_base64="6KZw7wpfpv8bqOVAjQ83yFPVF7A=">AAACxHi cjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl 7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqgmvylXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lP Dy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaG gKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRz zh2bqwQkta2WeqVcg1u/i2rIcPP0qPbg==</latexit>
p0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rU PzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhkoIRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbU pZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcdbsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JTvOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj 3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkF k4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjoh yZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAj T5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2p yxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHG qawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15n GlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
b
<latexit sha1_base64="uWrQfXa9HDUeWC/xu1WL1eYqRS0=">AAACxHic jVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z 22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1/Ztyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDh ICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippk wzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCi ixh5Z+pVsFodvFtWQ8fOCqPaw==</latexit>
c
<latexit sha1_base64="MbZtkCxYvjNLqnoWHExsO/V/xqc=">AAACxH icjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DYNMOs5rwVpYXFpeKa6W1tY3N rfK2zvtLMkF4y2WhIno+l7GwyDmLRnIkHdTwb3ID3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4lqsptyxak6etnzwDWgArMaSfkF1xggAUOOCBwxJOE QHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiVti/9LNMv+rU7 VIDHGqawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9Qx yUaaGnvRzzh2bqwQiuz8s9Uq2A0u/i2rIcPOoqPbA==</latexit> d
<latexit sha1_base64="V1CeI+nXk2GFj6W+cA8d+ZKQKYk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raGTB8lEKEV/wK1 +m/gH+hfeGaegFtEJSc6ce8+Zuff6iQgy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xWMRp1/cyLoKIt2QgBe8mKfdCX/COPz5X8c4dT7Mgjq7kJOH90BtFwTBgniSqObgpV5yqo5c9D1wDKjCrEZdfcI0BYjDkCMERQRIW8JDR04MLBwlxfUyJSwkFOs5xjxJpc8rilOERO6bviHY9w0a0V56ZVjM6RdCbktLGAWl iyksJq9NsHc+1s2J/855qT3W3Cf194xUSK3FL7F+6WeZ/daoWiSFOdQ0B1ZRoRlXHjEuuu6Jubn+pSpJDQpzCA4qnhJlWzvpsa02ma1e99XT8TWcqVu2Zyc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuLGFlVv6ZahWMZhfflvXwATzqj20=</latexit>
e
<latexit sha1_base64="6KZw7wpfpv8bqOVAjQ83yFPVF7A=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfc KvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqgmvylXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0 D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPP0qPbg==</latexit>
b
<latexit sha1_base64="uWrQfXa9HDUeWC/xu1WL1eYqRS0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNV vE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1/Ztyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCa lPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fOCqPaw==</latexit>
c
<latexit sha1_base64="MbZtkCxYvjNLqnoWHExsO/V/xqc=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MZkIpeg PuNVvE/9A/8I74xTUIjohyZlz7zkz914/DYNMOs5rwVpYXFpeKa6W1tY3NrfK2zvtLMkF4y2WhIno+l7GwyDmLRnIkHdTwb3ID3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4lqsptyxak6etnzwDWgArMaSfkF1xggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQ noFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiVti/9LNMv+rU7VIDHGqawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqwQiuz8s9Uq2A0u/i2rIcPOoqPbA==</latexit>
pp0
<latexit sha1_base64="0Pn+r3V81P2Auh7PXT3W5dXZ0hc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV0VZIq6LLopsuK9gG1SJJO69A0CZOJUorgD7jVTxP /QP/CO+MU1CI6IcmZc+85M/dePwl5Kh3nNWfNzS8sLuWXCyura+sbxc2tZhpnImCNIA5j0fa9lIU8Yg3JZcjaiWDeyA9Zyx+eqXjrlomUx9GlHCesO/IGEe/zwJNEXSTJ/nWx5JQdvexZ4BpQgln1uPiCK/QQI0CGERgiSMIhPKT0dODCQUJcFxPiBCGu4wz3KJA2oyxGGR6xQ/oOaNcxbER75ZlqdUCnhPQKUtrYI01MeYKwOs3W 8Uw7K/Y374n2VHcb0983XiNiJW6I/Us3zfyvTtUi0ceJroFTTYlmVHWBccl0V9TN7S9VSXJIiFO4R3FBONDKaZ9trUl17aq3no6/6UzFqn1gcjO8q1vSgN2f45wFzUrZPSxXzo9K1VMz6jx2sIsDmucxqqihjgZ5D/CIJzxbNSuyMuvuM9XKGc02vi3r4QMM+pAk</latexit>
|ail
<latexit sha1_base64="R2EooERn3x9ITV9hjSJDKvY/Rk4=">AAAC1XicjVHLSsNAFD2N73fUp ZtgEVyVVAVdim5cKtgH2FIm41iD0yRMJoVS3Ilbf8Ct/pL4B/oX3hmnoBbRCUnOnHvPmbn3RpmMcx2GryVvYnJqemZ2bn5hcWl5xV9dq+dpobio8VSmqhmxXMg4ETUdaymamRKsF0nRiG6OTbzRFyqP0 +RcDzLR7rFuEl/FnGmiOr7foqgOWEuxpCtFR3b8clgJ7QrGQdWBMtw6Tf0XtHCJFBwFehBIoAlLMOT0XKCKEBlxbQyJU4RiGxe4xTxpC8oSlMGIvaFvl3YXjk1obzxzq+Z0iqRXkTLAFmlSylOEzWmBjR fW2bC/eQ+tp7nbgP6R8+oRq3FN7F+6UeZ/daYWjSsc2BpiqimzjKmOO5fCdsXcPPhSlSaHjDiDLymuCHOrHPU5sJrc1m56y2z8zWYa1uy5yy3wbm5JA67+HOc4qO9UqruVnbO98uGRG/UsNrCJbZrnPg 5xglPUyLuPRzzh2Wt4t96dd/+Z6pWcZh3flvfwARuclg4=</latexit>
p0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">A AACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWt ufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhko IRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbUpZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcd bsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JT vOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkF k4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjoh yZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAj T5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2p yxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHG qawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15n GlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rU PzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWtufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhkoIRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbU pZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcdbsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JTvOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj 3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LI oiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF 1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21 ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
p0
<latexit sha1_base64="vmsGvKoVgf5hrMefNdASL/sKEvA=">A AACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6rUPzYjIplCL+gFv9NfEP9C+8M6agFtEJSc6ce8+Zufd6sS8S5TivOWt ufmFxKb9cWFldW98obm41kyiVjDdY5Eey7bkJ90XIG0oon7djyd3A83nLG57peGvEZSKi8FqNY94N3EEo+oK5iqireP+2WHLKjln2LKhko IRs1aPiC27QQwSGFAE4QijCPlwk9HRQgYOYuC4mxElCwsQ57lEgbUpZnDJcYof0HdCuk7Eh7bVnYtSMTvHplaS0sUeaiPIkYX2abeKpcd bsb94T46nvNqa/l3kFxCrcEfuXbpr5X52uRaGPE1ODoJpiw+jqWOaSmq7om9tfqlLkEBOncY/ikjAzymmfbaNJTO26t66Jv5lMzeo9y3JT vOtb0oArP8c5C5rVcuWwXL08KtVOs1HnsYNdHNA8j1HDBepokHcfj3jCs3VuBZayRp+pVi7TbOPbsh4+ANw6j6o=</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkF k4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjoh yZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAj T5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2p yxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHG qawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15n GlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
s<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1 pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79 xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn /znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9Qxy UaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit> s0<latexit sha1_base64="1UD655VZEBe8tgZpkCBgLUwO67g=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6L LoQpdV7ANqkWQ6raF5kZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+Zufd6SeAL6TivOWtufmFxKb9cWFldW98obm41RZyljDdYHMRp23MFD/yIN6QvA95OUu6GXsBb3vBMxVsjngo/jq7lOOHd0B1Eft9nriTqSuzfFktO2dHLngUVA0owq x4XX3CDHmIwZAjBEUESDuBC0NNBBQ4S4rqYEJcS8nWc4x4F0maUxSnDJXZI3wHtOoaNaK88hVYzOiWgNyWljT3SxJSXElan2TqeaWfF/uY90Z7qbmP6e8YrJFbijti/dNPM/+pULRJ9nOgafKop0YyqjhmXTHdF3dz+UpUkh4Q4hXsUTwkz rZz22dYaoWtXvXV1/E1nKlbtmcnN8K5uSQOu/BznLGhWy5XDcvXyqFQ7NaPOYwe7OKB5HqOGC9TRIO8+HvGEZ+vcCi1pjT5TrZzRbOPbsh4+AONdj60=</latexit> s<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/ DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4I M6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
pp0
<latexit sha1_base64="0Pn+r3V81P2Auh7PXT3W5dXZ0hc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV0VZIq6LLopsuK9gG1SJJO69A0CZOJUorgD7jVTxP /QP/CO+MU1CI6IcmZc+85M/dePwl5Kh3nNWfNzS8sLuWXCyura+sbxc2tZhpnImCNIA5j0fa9lIU8Yg3JZcjaiWDeyA9Zyx+eqXjrlomUx9GlHCesO/IGEe/zwJNEXSTJ/nWx5JQdvexZ4BpQgln1uPiCK/QQI0CGERgiSMIhPKT0dODCQUJcFxPiBCGu4wz3KJA2oyxGGR6xQ/oOaNcxbER75ZlqdUCnhPQKUtrYI01MeYKwOs3W 8Uw7K/Y374n2VHcb0983XiNiJW6I/Us3zfyvTtUi0ceJroFTTYlmVHWBccl0V9TN7S9VSXJIiFO4R3FBONDKaZ9trUl17aq3no6/6UzFqn1gcjO8q1vSgN2f45wFzUrZPSxXzo9K1VMz6jx2sIsDmucxqqihjgZ5D/CIJzxbNSuyMuvuM9XKGc02vi3r4QMM+pAk</latexit>
pp0
<latexit sha1_base64="0Pn+r3V81P2Auh7PXT3W5dXZ0hc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkV0VZIq6LLopsuK9gG1SJJO69A0CZOJUorgD7jVTxP /QP/CO+MU1CI6IcmZc+85M/dePwl5Kh3nNWfNzS8sLuWXCyura+sbxc2tZhpnImCNIA5j0fa9lIU8Yg3JZcjaiWDeyA9Zyx+eqXjrlomUx9GlHCesO/IGEe/zwJNEXSTJ/nWx5JQdvexZ4BpQgln1uPiCK/QQI0CGERgiSMIhPKT0dODCQUJcFxPiBCGu4wz3KJA2oyxGGR6xQ/oOaNcxbER75ZlqdUCnhPQKUtrYI01MeYKwOs3W 8Uw7K/Y374n2VHcb0983XiNiJW6I/Us3zfyvTtUi0ceJroFTTYlmVHWBccl0V9TN7S9VSXJIiFO4R3FBONDKaZ9trUl17aq3no6/6UzFqn1gcjO8q1vSgN2f45wFzUrZPSxXzo9K1VMz6jx2sIsDmucxqqihjgZ5D/CIJzxbNSuyMuvuM9XKGc02vi3r4QMM+pAk</latexit>
FIG. 12. (a) For a link decimation Cl = 1, we polarize the spin state at l to the trivial state |1〉 and remove link l from the
lattice. Such link decimation naturally identifies the states b = e∗ and c = d∗ in the figure, where ∗ is due to the direction
of links. Accordingly, 4 adjacent links to l become 2 links after the identifications as described in the RHS of the figure. (b)
Computation of Cl
(
BspB
s′
p′
)
Cl on the C
a
l (≡ |a〉〈a|l) = 1 subspace. The summation over a′ is implicit in the RHS of the second
equality. As a result of computation, we get the plaqutte term Bspp′ associated with the larger plaquette pp
′.
is an external leg with respect to the plaquette p. As
a result, the gauge constraint at v dictates the relation
Cl1Cl2 = Cl3Cl2 . Hence, for such links, we get
Bp(Cl1Cl2)Bp = Bp(Cl3Cl2)Bp = Cl3Bp(Cl2)Bp
=
1
D2
Cl3Bp, (42)
where we used the fact that Bp acts diagonally on the
state at l3 and Eq. (40) to compute Bp(Cl2)Bp. There-
fore, restricting to the Bp = 1 subspace, the renormalized
link term is identified with a regular link term Cl3 .
On the other hand, for links l1 and l2 that do not
share any common vertex we must introduce a “long-
link” term:
Cl1,l2 ≡ D2Bp
(
Cl1Cl2
)
Bp, (43)
where D2 is a normalization factor enforcing the projec-
tion condition (Cl1,l2)
2 = Cl1,l2 , see Eq. (38). Note that
the plaquette p is implicit in the notation Cl1,l2 . More-
over, due to presence of Bp in the definition, Cl1,l2 acts
not only on links l1 and l2, but also on links on the bound-
ary of p and on external legs of p. Below, we will demon-
19
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqg IkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74 xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6 zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOu jylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br 5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+ Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqP eQ==</latexit>
|sil
<latexit sha1_base64="u/fVS7KltbXYccNE8+ivdcVefbE=">AAAC1nicjVHLS sNAFD2Nr1pfqS7dBIvgqiRV0GXRjcsK9gGtlCSd1tBpEiYTpRTdiVt/wK1+kvgH+hfeGVNQi+iEJGfOvefM3Hu9mAeJtO3XnDE3v7C4lF8urKyurW+Yxc1GEqXCZ3U/4 pFoeW7CeBCyugwkZ61YMHfkcdb0hicq3rxiIgmi8FyOY3Yxcgdh0A98VxLVNYsdikorsTrCDQecdXnXLNllWy9rFjgZKCFbtch8QQc9RPCRYgSGEJIwh4uEnjYc2IiJu8 CEOEEo0HGGGxRIm1IWowyX2CF9B7RrZ2xIe+WZaLVPp3B6BSkt7JImojxBWJ1m6XiqnRX7m/dEe6q7jenvZV4jYiUuif1LN838r07VItHHka4hoJpizajq/Mwl1V1RN7 e+VCXJISZO4R7FBWFfK6d9trQm0bWr3ro6/qYzFav2fpab4l3dkgbs/BznLGhUys5+uXJ2UKoeZ6POYxs72KN5HqKKU9RQJ+9rPOIJz0bLuDXujPvPVCOXabbwbRkPH7z Llko=</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqg IkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74 xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6 zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOu jylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br 5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+ Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqP eQ==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHL SsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK 6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlM UpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM 6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHL SsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK 6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlM UpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM 6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
b
<latexit sha1_base64="hQJNEJzxQ2f9xEFGDxqNDcZ4T0s=">AAAC73icjVHL SsNAFD3GV31HXboJFkFEyqT10e6KblxWsCrUIkkca2iaxMlEkNB/cOdO3PoDbvUvxD/Qv/DOGMEHohOSnHvuPWfmznXjwE8kY88DxuDQ8MhoYWx8YnJqesacndtPolR 4vOlFQSQOXSfhgR/ypvRlwA9jwZ2eG/ADt7ut8gcXXCR+FO7Jy5i3e04n9E99z5FEHZsr2ZE2aYmO285YiW2s1ypslZXWmb1ZqxFgbKNaKffd/rFZVJFa1k9g56CIfD Ui8wlHOEEEDyl64AghCQdwkNDTgg2GmLg2MuIEIV/nOfoYJ21KVZwqHGK79O1Q1MrZkGLlmWi1R7sE9ApSWlgiTUR1grDazdL5VDsr9jfvTHuqs13S3829esRKnBH7l +6j8r861YvEKaq6B596ijWjuvNyl1Tfijq59akrSQ4xcQqfUF4Q9rTy454trUl07+puHZ1/0ZWKVbGX16Z4VaekAdvfx/kT7JdLdqVU3l0r1rfyURewgEUs0zw3UccO GmiS9xXu8YBH49y4Nm6M2/dSYyDXzOPLMu7eAC5QnK8=</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHL SsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F+Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS 7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrc Mo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S /eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzg EDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZ Iq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6e tnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm 9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
b
<latexit sha1_base64="hQJNEJzxQ2f9xEFGDxqNDcZ4T0s=">AAAC73icjVHLSsNAFD3GV31HXboJFkFEyqT10e6KblxWsCrUIkkca2iaxMlEkNB/cOdO3PoDbvUv xD/Qv/DOGMEHohOSnHvuPWfmznXjwE8kY88DxuDQ8MhoYWx8YnJqesacndtPolR4vOlFQSQOXSfhgR/ypvRlwA9jwZ2eG/ADt7ut8gcXXCR+FO7Jy5i3e04n9E99z5FEHZsr2ZE2aYmO285YiW2s1ypslZXWmb1ZqxFgbKNaKffd/rFZVJFa1k9g56CIfDUi8wlHOEEEDyl64AghCQdwkNDTgg2GmLg2MuIEIV/nOfoYJ21KVZwqHGK79O1Q1M rZkGLlmWi1R7sE9ApSWlgiTUR1grDazdL5VDsr9jfvTHuqs13S3829esRKnBH7l+6j8r861YvEKaq6B596ijWjuvNyl1Tfijq59akrSQ4xcQqfUF4Q9rTy454trUl07+puHZ1/0ZWKVbGX16Z4VaekAdvfx/kT7JdLdqVU3l0r1rfyURewgEUs0zw3UccOGmiS9xXu8YBH49y4Nm6M2/dSYyDXzOPLMu7eAC5QnK8=</latexit> a
<latexit sha1_base64="UTK2HfrSxXQX/i7M+i3tE8UEzEg=">AAAC73icjVHLSsNAFD2Nr1pfVZdugkUQkTCptbY70Y1LBatCLZLEsYamSZxMBCn9B3fuxK0/4Fb/ QvwD/QvvjAnoQnRCkjvn3HNm7r1uHPiJZOytYIyMjo1PFCdLU9Mzs3Pl+YWjJEqFx1teFETixHUSHvghb0lfBvwkFtzpuwE/dnu7ij++5iLxo/BQ3sS803e6oX/he44k6Ky8NjjVJm3RdTsDZtU3WbPB1pll12tbrE4BazK7WR86w7NyJefNnDdz3rQtplcF2dqPyq84xTkieEjRB0cISXEABwk9bdhgiAnrYECYoMjXPMcQJdKmlMUpwyG0R9 8u7doZGtJeeSZa7dEpAb2ClCZWSBNRnqBYnWZqPtXOCv3Ne6A91d1u6O9mXn1CJS4J/UuXZ/5Xp2qRuEBD1+BTTbFGVHVe5pLqrqibm9+qkuQQE6bic+IFxZ5W5n02tSbRtaveOpp/15kKVXsvy03xoW5JA86naP4eHFUte8OqHtQq2zvZqItYwjJWaZ5b2MYe9tEi71s84RkvxpVxZ9wbD1+pRiHTLOLHMh4/AeddnP8=</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHLSsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F +Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrcMo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2 ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S/eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzgEDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHLSsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F +Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrcMo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2 ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S/eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzgEDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3 xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f 3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3 xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f 3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
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<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZ Iq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6e tnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm 9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
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<latexit sha1_base64="UTK2HfrSxXQX/i7M+i3tE8UEzEg=">AAAC73icjVHLSsNAFD2Nr1pfVZdugkUQkTCptbY70Y1LBatCLZLEsYamSZxMBCn9B3fuxK0/4Fb/ QvwD/QvvjAnoQnRCkjvn3HNm7r1uHPiJZOytYIyMjo1PFCdLU9Mzs3Pl+YWjJEqFx1teFETixHUSHvghb0lfBvwkFtzpuwE/dnu7ij++5iLxo/BQ3sS803e6oX/he44k6Ky8NjjVJm3RdTsDZtU3WbPB1pll12tbrE4BazK7WR86w7NyJefNnDdz3rQtplcF2dqPyq84xTkieEjRB0cISXEABwk9bdhgiAnrYECYoMjXPMcQJdKmlMUpwyG0R9 8u7doZGtJeeSZa7dEpAb2ClCZWSBNRnqBYnWZqPtXOCv3Ne6A91d1u6O9mXn1CJS4J/UuXZ/5Xp2qRuEBD1+BTTbFGVHVe5pLqrqibm9+qkuQQE6bic+IFxZ5W5n02tSbRtaveOpp/15kKVXsvy03xoW5JA86naP4eHFUte8OqHtQq2zvZqItYwjJWaZ5b2MYe9tEi71s84RkvxpVxZ9wbD1+pRiHTLOLHMh4/AeddnP8=</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHLSsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F +Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrcMo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2 ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S/eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzgEDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3 xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f 3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3 xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f 3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
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<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZ Iq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6e tnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm 9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3 xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f 3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3 xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f 3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHLSsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F +Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrcMo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2 ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S/eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzgEDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZ Iq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6e tnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm 9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
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<latexit sha1_base64="Rx5+VA3QuECzu6bI0BfszwRmrzw=">AAAC/HicjVFNT9tAEH1xKYXQFrccuVhESJwiO0UKl0oIeuAI EglIMUTrzQZW+EvrNRKy3H/SW29Vr/0DXOm54h/Qf9HZxZGgqCpr2X7zZt7bnZ0oj2Whff+25byYezn/amGxvfT6zdtl9937YZGViosBz+JMHUesELFMxUBLHYvjXAmWRLE4ii52Tf7oUqhCZumhvsrFScLOUjmVnGmixm7/Y1iUybhiXihTL0yYPucsrnbr2gunivFq MmZ19em0N4uD+2jsdvyub5f3FAQN6KBZ+5n7CyEmyMBRIoFACk04BkNBzwgBfOTEnaAiThGSNi9Qo03akqoEVTBiL+h7RtGoYVOKjWdh1Zx2ielVpPSwTpqM6hRhs5tn86V1Nuy/vCvrac52Rf+o8UqI1Tgn9n+6WeVzdaYXjSm2bA+SesotY7rjjUtpb8Wc3HvQlSa HnDiDJ5RXhLlVzu7Zs5rC9m7ultn8na00rIl5U1vitzklDTj4e5xPwbDXDT50ewebne2dZtQLWMUaNmiefWxjD/sYkPcXXOMGP53Pzlfnm/P9vtRpNZoVPFrOjz//BaXt</latexit>
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<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqg IkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74 xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6 zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOu jylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br 5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+ Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqP eQ==</latexit>
a
<latexit sha1_base64="UTK2HfrSxXQX/i7M+i3tE8UEzEg=">AAAC73icjVHL SsNAFD2Nr1pfVZdugkUQkTCptbY70Y1LBatCLZLEsYamSZxMBCn9B3fuxK0/4Fb/QvwD/QvvjAnoQnRCkjvn3HNm7r1uHPiJZOytYIyMjo1PFCdLU9Mzs3Pl+YWjJEq Fx1teFETixHUSHvghb0lfBvwkFtzpuwE/dnu7ij++5iLxo/BQ3sS803e6oX/he44k6Ky8NjjVJm3RdTsDZtU3WbPB1pll12tbrE4BazK7WR86w7NyJefNnDdz3rQtpl cF2dqPyq84xTkieEjRB0cISXEABwk9bdhgiAnrYECYoMjXPMcQJdKmlMUpwyG0R98u7doZGtJeeSZa7dEpAb2ClCZWSBNRnqBYnWZqPtXOCv3Ne6A91d1u6O9mXn1CJ S4J/UuXZ/5Xp2qRuEBD1+BTTbFGVHVe5pLqrqibm9+qkuQQE6bic+IFxZ5W5n02tSbRtaveOpp/15kKVXsvy03xoW5JA86naP4eHFUte8OqHtQq2zvZqItYwjJWaZ5b 2MYe9tEi71s84RkvxpVxZ9wbD1+pRiHTLOLHMh4/AeddnP8=</latexit>b
<latexit sha1_base64="hQJNEJzxQ2f9xEFGDxqNDcZ4T0s=">AAAC73icjVHL SsNAFD3GV31HXboJFkFEyqT10e6KblxWsCrUIkkca2iaxMlEkNB/cOdO3PoDbvUvxD/Qv/DOGMEHohOSnHvuPWfmznXjwE8kY88DxuDQ8MhoYWx8YnJqesacndtPolR 4vOlFQSQOXSfhgR/ypvRlwA9jwZ2eG/ADt7ut8gcXXCR+FO7Jy5i3e04n9E99z5FEHZsr2ZE2aYmO285YiW2s1ypslZXWmb1ZqxFgbKNaKffd/rFZVJFa1k9g56CIfD Ui8wlHOEEEDyl64AghCQdwkNDTgg2GmLg2MuIEIV/nOfoYJ21KVZwqHGK79O1Q1MrZkGLlmWi1R7sE9ApSWlgiTUR1grDazdL5VDsr9jfvTHuqs13S3829esRKnBH7l +6j8r861YvEKaq6B596ijWjuvNyl1Tfijq59akrSQ4xcQqfUF4Q9rTy454trUl07+puHZ1/0ZWKVbGX16Z4VaekAdvfx/kT7JdLdqVU3l0r1rfyURewgEUs0zw3UccO GmiS9xXu8YBH49y4Nm6M2/dSYyDXzOPLMu7eAC5QnK8=</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHL SsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK 6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlM UpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM 6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="5T9vG9fdbZzvXIME3cu+f7G8QhQ=">AAACxHicjVHL SsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBeIslYSK 6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIYMkvlKTlPcjbxQHw4B5iqimvClXnKpjlj0P3BxUkK9GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApMnOMeJdJmlM UpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gpY0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUqRQ4pcRoPKC4IM 6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSPE9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPYIqPfA==</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHL SsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F+Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS 7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrc Mo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S /eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzg EDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHL SsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F+Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS 7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrc Mo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S /eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzg EDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
=
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vsvb
<latexit sha1_base64="VQBUU1myPTpyTMBFfOJ6LG8fk1Q=">AAADKXicjVHPTxQxGH0MosgPXfXopXFDwmkzs5LgxYSIB4+QuEDC4 KTT7ULD/Erb2WQzmb/I/8SbJ5ErF7l51RNfy5CIhGgn03l933tv+rVplSljw/D7XDD/YOHho8XHS8srq0+e9p493zNlrYUciTIr9UHKjcxUIUdW2UweVFryPM3kfnq67er7U6mNKouPdlbJo5wfF2qiBLdEJb3x23iiuWiitnn/adiy2NR50qQsVgWLc25PBM+a7ZYKXjZO0ltCf p9wmvCWJsOm5Eh6/XAQ+sHugqgDfXRjp+x9Q4wxSgjUyCFRwBLOwGHoOUSEEBVxR2iI04SUr0u0WCJvTSpJCk7sKc3HtDrs2ILWLtN4t6C/ZPRqcjKskacknSbs/sZ8vfbJjr0vu/GZbm8z+qZdVk6sxQmx//LdKP/X53qxmOCN70FRT5VnXHeiS6n9qbidsz+6spRQEefwmOqas PDOm3Nm3mN87+5sua//8ErHurXotDUu3S7pgqO/r/Mu2BsOoteD4e5Gf+tdd9WLeIlXWKf73MQWPmAHI8r+gp/4hd/B5+BrcBacX0uDuc7zArdGcHEF4Lq4+w==</latexit>
=
1
D2
X
b2C
db
D2
<latexit sha1_base64="Yccxn WEbjRFD7Z+e1fW/fFOlESY=">AAAC/XicjVHNThsxGBy2tKXQlgD HXlZElThFu2ml5oIUEQ4cqdQkSCyNvI4TLPZPXm+laBX1TXrrreq VF+AK14o3oG/BZ2MkaFS1Xu3ueL6ZsT87LhJZ6iC4XvKeLD999nz lxeray1ev1xsbm4MyrxQXfZ4nuTqKWSkSmYm+ljoRR4USLI0TMYz PeqY+/CJUKfPsk54V4iRl00xOJGeaqFGjsxtNFON1OK/3P7fnflR W6aiO/UhmfpQyfcpZUvfmVLCy8Sh2wlGjGbQCO/xFEDrQhBuHeeM XIoyRg6NCCoEMmnAChpKeY4QIUBB3gpo4RUjausAcq+StSCVIwYg 9o++UZseOzWhuMkvr5rRKQq8ip4+35MlJpwib1Xxbr2yyYf+WXdt Ms7cZ/WOXlRKrcUrsv3z3yv/1mV40JujYHiT1VFjGdMddSmVPxez cf9CVpoSCOIPHVFeEuXXen7NvPaXt3Zwts/UbqzSsmXOnrfDb7JI uOPzzOhfBoN0K37XaH983u3vuqlfwBtvYofv8gC4OcIg+ZX/DBS5 x5X31vns/vJ93Um/JebbwaHjnt4H+phk=</latexit>
=
1
D2
Bp
<latexit sha1_base64="S2c3BSWyyu3zLNxCQ1SKd14Exsg="> AAAC13icjVHLSsNAFD2Nr1pftS7dBIvgqiRV0I0g6sJlBfuQWksyTjU0TcJkIpZS3Ilbf8Ct/pH4B/oX3hlTUIvohCRnzr3nzNx73c j3YmlZrxljYnJqeiY7m5ubX1hcyi8XanGYCMarLPRD0XCdmPtewKvSkz5vRII7Pdfndbd7oOL1ay5iLwxOZD/irZ5zGXgdjzmSqHa+s HvWEQ4b2MPB4Xl5aO63o3a+aJUsvcxxYKegiHRVwvwLznCBEAwJeuAIIAn7cBDT04QNCxFxLQyIE4Q8HecYIkfahLI4ZTjEdul7Sbtm yga0V56xVjM6xadXkNLEOmlCyhOE1WmmjifaWbG/eQ+0p7pbn/5u6tUjVuKK2L90o8z/6lQtEh3s6Bo8qinSjKqOpS6J7oq6ufmlKk kOEXEKX1BcEGZaOeqzqTWxrl311tHxN52pWLVnaW6Cd3VLGrD9c5zjoFYu2Zul8vFWcW8/HXUWq1jDBs1zG3s4QgVV8r7BI57wbJwat 8adcf+ZamRSzQq+LePhA7VUlj8=</latexit>
=
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<latexit sha1_base64="/kTwVg HQZi/69eBqRNbHxx7YZMA=">AAADF3icjVFNaxRBEH0Zo4nxI6sec2m yCBJkmdkE4kUIRiTHKG4SyGSXnt7epMl80d0jhGF+iP/Emzfx6km8e E3yL6xuO6AG0R5mpurVe6+7urI6V8bG8be56Mb8zVsLi7eX7ty9d3+5 9+DhnqkaLeRIVHmlDzJuZK5KObLK5vKg1pIXWS73s9NtV99/J7VRVfn WntXyqODHpZopwS1Bk96b5+lMc9EmXftyPOxYappi0vKnLGOpKllac HsieN5ud1TzzOmEB+4rIo7XGGfZeK0bt4YZypJu0uvHg9gvdj1IQtBH WLtV7ytSTFFBoEEBiRKW4hwchp5DJIhRE3aEljBNkfJ1iQ5LpG2IJYn BCT2l7zFlhwEtKXeexqsF7ZLTq0nJ8Jg0FfE0xW435uuNd3bo37xb7 +nOdkb/LHgVhFqcEPov3RXzf3WuF4sZnvkeFPVUe8R1J4JL42/FnZz9 0pUlh5owF0+prikWXnl1z8xrjO/d3S339QvPdKjLReA2uHSnpAEnf47 zerA3HCTrg+Hrjf7WizDqRaxgFU9onpvYwg52MSLvD/iOc1xE76OP0a fo809qNBc0j/Dbir78ALXnrw8=</latexit>
=
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a,b2C
da
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vb
vsva
<latexit sha1_base64="H4VxPTqs3yYXRtg7Oh/gjh1LZBw=">AA ADE3icjVFNaxRBEH0ZjeZT13j00rgEPMgyswp6EYLx4EkScJNAJg49vb1Jk/miu2chDPMz/Ce5eROvnkWv5pD8i1S3s5AYgvYwPVWv3nvT1Z VWmTI2DH/OBXfuzt+7v7C4tLyy+uBh79HajilrLeRIlFmp91JuZKYKObLKZnKv0pLnaSZ30+NNV9+dSm1UWXy0J5U8yPlhoSZKcEtQ0vvwJ p5oLpqobd59GrYsNnWeNPw5S1msChbn3B4JnjWbLdU8c5zwGdfn0yRtaTNsSoWk1w8HoV/sZhB1QR/d2ip7PxBjjBICNXJIFLAUZ+Aw9Owj QoiKsAM0hGmKlK9LtFgibU0sSQxO6DHth5Ttd2hBufM0Xi3oLxm9mpQM66Qpiacpdn9jvl57Z4fe5t14T3e2E/qmnVdOqMURof/SzZj/q3O9 WEzw2vegqKfKI6470bnU/lbcydmVriw5VIS5eEx1TbHwytk9M68xvnd3t9zXzz3ToS4XHbfGhTslDTj6e5w3g53hIHoxGG6/7G+87Ua9gCd 4imc0z1fYwHtsYUTep/iF3zgLPgdfgq/Btz/UYK7TPMa1FXy/BNXlr14=</latexit>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZ Iq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6e tnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm 9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexit>
b
<latexit sha1_base64="hQJNEJzxQ2f9xEFGDxqNDcZ4T0s=">AAAC73icjVHLSsNAFD3GV31HXboJFkFEyqT10e6KblxWsCrUIkkca2iaxMlEkNB/cOdO3PoDbvUv xD/Qv/DOGMEHohOSnHvuPWfmznXjwE8kY88DxuDQ8MhoYWx8YnJqesacndtPolR4vOlFQSQOXSfhgR/ypvRlwA9jwZ2eG/ADt7ut8gcXXCR+FO7Jy5i3e04n9E99z5FEHZsr2ZE2aYmO285YiW2s1ypslZXWmb1ZqxFgbKNaKffd/rFZVJFa1k9g56CIfDUi8wlHOEEEDyl64AghCQdwkNDTgg2GmLg2MuIEIV/nOfoYJ21KVZwqHGK79O1Q1M rZkGLlmWi1R7sE9ApSWlgiTUR1grDazdL5VDsr9jfvTHuqs13S3829esRKnBH7l+6j8r861YvEKaq6B596ijWjuvNyl1Tfijq59akrSQ4xcQqfUF4Q9rTy454trUl07+puHZ1/0ZWKVbGX16Z4VaekAdvfx/kT7JdLdqVU3l0r1rfyURewgEUs0zw3UccOGmiS9xXu8YBH49y4Nm6M2/dSYyDXzOPLMu7eAC5QnK8=</latexit> a
<latexit sha1_base64="UTK2HfrSxXQX/i7M+i3tE8UEzEg=">AAAC73icjVHLSsNAFD2Nr1pfVZdugkUQkTCptbY70Y1LBatCLZLEsYamSZxMBCn9B3fuxK0/4Fb/QvwD/QvvjAnoQnRCkjvn3HNm7r1uHPiJZOytYIyMjo1PFCdLU9Mzs3Pl+YWjJEqFx1teFETixHUSHvghb0lfBvwkFtzpuwE/dnu7ij++5iLxo/BQ3sS803e6oX/he44 k6Ky8NjjVJm3RdTsDZtU3WbPB1pll12tbrE4BazK7WR86w7NyJefNnDdz3rQtplcF2dqPyq84xTkieEjRB0cISXEABwk9bdhgiAnrYECYoMjXPMcQJdKmlMUpwyG0R98u7doZGtJeeSZa7dEpAb2ClCZWSBNRnqBYnWZqPtXOCv3Ne6A91d1u6O9mXn1CJS4J/UuXZ/5Xp2qRuEBD1+BTTbFGVHVe5pLqrqibm9+qkuQQE6bic+IFxZ5W5n02tSbRtaveOpp/15kKVXsvy03xoW5JA86naP4eHFUte8OqHtQq2zvZqItYwjJWaZ5b2MYe9tEi71s84RkvxpVxZ9wbD1+pRiHTLOLHMh4/AeddnP8=</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHLSsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F+Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg 6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrcMo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S/eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzgEDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
s
<latexit sha1_base64="d1NBHzMAc118Py3Ho4tYUkXrSK0=">AAAC73icjVHLSsNAFD3GV31XXboJFkFEShJbbXeiG5cK1hbaIkk61tC8nEyEUvoP7tyJW3/Arf6F+Af6F94ZI/hAdEKSM+fec2buvU7se4kwjOcRbXRsfGIyNzU9Mzs3v5BfXDpJopS7rOZGfsQbjp0w3wtZTXjCZ42YMztwfFZ3evsyXr9kPPGi8Fj0Y9YO7G7onXmuLYg 6zW8MWsqkybtOe2AUDatSLlmbRtEqG1WzSqBsmNXt0jAZnuYLFFdL/wnMDBSQrcMo/4QWOojgIkUAhhCCsA8bCT1NmDAQE9fGgDhOyFNxhiGmSZtSFqMMm9gefbu0a2ZsSHvpmSi1S6f49HJS6lgjTUR5nLA8TVfxVDlL9jfvgfKUd+vT38m8AmIFzon9S/eR+V+drEXgDBVVg0c1xYqR1bmZS6q6Im+uf6pKkENMnMQdinPCrlJ+9FlXmkTVLntrq/iLypSs3LtZbopXeUsasPl9nD/BiVU0t4rWUamwu5eNOocVrGKd5rmDXRzgEDXyvsI9HvCoXWjX2o12+56qjWSaZXxZ2t0bVAycvw==</latexit>
s
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FIG. 13. The proof of Eq. (40) on Csl (≡ |s〉〈s|l) = 1 subspace. Since s is arbitrary, Eq. (40) holds in general. In the proof, we
use the fact that F b
∗b1
a∗as =
vs
vavb
where vs =
√
ds and employ a handle slide from 3-manifold theory [70] in the second line.
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FIG. 14. A configuration with a square plaquette p together
with four boundary legs l1, l2, l3, and l4, and four external
legs. This configuration serves as a minimal example where
long-link terms do not commute, see the main text for more
details.
strate that the long-link terms in the Levin-Wen model
do not commute with each other, i.e., [Cl1l2 , Cl3l4 ] 6= 0,
in the general case.
As a concrete example for this effect, we focus on the
doubled Fibonacci phase. We consider a square plaqutte
with four external legs as depicted in Fig. 14. This choice
admits the minimal instance of having non-commuting
long-link terms. We will now explicitly construct the
matrix representation of Cl1,l3 and Cl2,l4 . To facilitate
this procedure, we first note that long-link terms act di-
agonally on states at external legs, denoted by |α〉, |β〉,
|γ〉, |δ〉 in Fig. 14. In particular, we fix the quantum
states of external legs to be |α, β, γ, δ〉 = |τ, τ, τ, τ〉. We
label states of the dynamical part of the remaining 7-
dimensional Hilbert space, with an orthogonal basis
{|a, b, c, d〉} = {|1, τ, 1, τ〉, |τ, 1, τ, 1〉, |1, τ, τ, τ〉, |τ, 1, τ, τ〉,
|τ, τ, 1, τ〉, |τ, τ, τ, 1〉, |τ, τ, τ, τ〉}. (44)
Here, a, b, c, d label states at l1, l2, l3, and l4, respec-
tively, see Fig. 14. In this basis, we can write,
[
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and
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,
which indeed gives [Cl1,l3 , Cl2,l4 ] 6= 0.
To see how the above affects our RSRG scheme, sup-
pose that we wish to decimate the long link term Cl1,l3 .
Unlike in previous cases, such a decimation not only
renormalizes plaquette terms but can potentially gener-
ate contributions from link terms. Indeed, we find that
already in first-order perturbation theory we obtain non-
trivial terms. Explicitly, the following non-vanishing con-
tribution
Cl1,l3
(
Cl2,l4
)
Cl1,l3 (45)
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cannot be proportional to Cl1,l3 . To see why this is
the case, observe that on the subspace |α, β, γ, δ〉 =
|1, 1, 1, 1〉, Cl1,l3 and Cl2,l4 are identical, while on the
|α, β, γ, δ〉 = |τ, τ, τ, τ〉 subspace they are different and
do not commute.
Although there is great similarity between the RSRG
scheme for the Levin-Wen model that results from the
above approach, and the one we presented earlier for dis-
crete gauge theories, they still differ non-trivially. Phys-
ically, the non-commutative nature of link terms in the
Levin-Wen model means that the operation of generating
two distinct anyon pairs does not necessarily commute.
We note that in all previous cases, both for untwisted
and twisted gauge theories, we did not encounter this
issue. Therefore, we can not directly generalize our su-
peruniversality claim to the Levin-Wen case. We leave
the interesting question of the IR behavior that results
from applying RSRG to these models to a future study.
IX. EXCITED-STATE CRITICALITY IN
ABELIAN TOPOLOGICAL PHASES VIA RSRG-X
Lastly, we consider extending our RSRG procedure be-
yond ground state physics to quantum phase transitions
between trivial and topologically ordered excited eigen-
states [71]. To probe the excited state physics, we employ
the RSRG for excited states (RSRG-X) scheme, which
extends the RSRG method beyond ground state prop-
erties [16–19]. Crucially, we will demonstrate that that
set of RSRG-X decimation rules is identical to RSRG
rules derived in Sec. III and Sec. VI. In the following, we
will focus solely on Abelian lattice gauge theories with
a discrete gauge group. The reason for this restriction
is twofold. First, non-Abelian gauge symmetry is incom-
patible with full MBL, owing to the extensive degeneracy
of highly-excited eigenstates [49]. Second, although non-
Abelian theories can nevertheless exhibit non-trivial IR
behavior in the presence of strong randomness, such as
putative ‘quantum critical glass’ phases [17, 19], under-
standing such structure introduces additional difficulties,
as we show below.
The RSRG-X scheme attempts to construct an approx-
imate eigenstate “sampled” from the Hamiltonian with
an appropriate ‘Boltzmann weight’ corresponding to its
energy, just as RSRG attempts to construct an approx-
imate T = 0 ground state. To that end, rather than
always projecting to the ground state of the subsystem
being decimated in an RG step, in RSRG-X one ran-
domly projects onto an excited subspace chosen at ran-
dom, appropriately weighted by a thermal Boltzmann
factor [16, 17, 19] that accounts for the fraction of final
eigenstates of the whole system that descend from the
specified decimation outcome.
As it stands, the model of Eq. (1) has an extensive
degeneracy to all excited states, except in the simplest
case G = Z2. To split these degeneracies, we consider the
generalized Hamiltonian, see Eq. (20), introduced in our
stability analysis. Since we are focusing on an Abelian G,
every irreducible representation is one dimensional, i.e.,
dΓ = 1 for all Γ ∈ irrep(G) and every conjugacy class
is a singleton, i.e., [g] = {g}. Note that every discrete
Abelian groupG is isomorphic to a direct product of Zn’s,
i.e., G = Zn1 ×Zn2 × · · · ×Znk for some n1, n2, · · · , nk ∈
Z+. The set of irreducible representations of G also forms
a dual Abelian group, generated by a discrete Fourier
transform. With the above definitions, the Hamiltonian
in Eq. (20) reduces to:
H = −
∑
v∈V,
Γ∈irrep(G)
JΓv AΓv −
∑
l∈LV ,
g∈G
hglC
g
l , (46)
where C[g]l = Cgl = |g〉〈g|l, and we also allow for long link
terms. In addition, we assume that the coupling con-
stants JΓv and h
g
l are random. In the following, we derive
the RSRG-X rules by constructing unitary transforma-
tions which directly map to the RSRG rules previously
derived in the context of ground state properties.
Suppose that the dominant term in the Hamiltonian
is a link term hhl C
h
l . We decimate this term by project-
ing onto the subspace defined by the projector Cgl with
a group element g that is possibly distinct from h. Let
us now introduce the unitary transformation Ugv ≡ Ag
−1
v ,
acting locally on a vertex v from which the link l is di-
rected. A link term, Cg
′
l , transforms under U
g
v as,
Ugv
(
Cg
′
l
)
(Ugv )
† = Cg
−1·g′
l (47)
and in particular Ugv
(
Cgl
)
(Ugv )
† = Cel , as desired. More-
over, vertex terms, defined on v, are invariant under the
unitary transformation:
Ugv
(
AΓv
)
(Ugv )
† =
dΓ
|G|
∑
h∈G
χ∗Γ(h)U
g
v
(
Ahv
)
(Ugv )
†
=
dΓ
|G|
∑
h∈G
χ∗Γ(h)A
g−1·h·g
v =
dΓ
|G|
∑
h′∈G
χ∗Γ(g · h′ · g−1)Ah
′
v
=
dΓ
|G|
∑
h′∈G
χ∗Γ(h
′)Ah
′
v = A
Γ
v . (48)
where in the second line, we introduced the dummy vari-
able h′ via h ≡ g · h′ · g−1 and in going from the second
line to the third line, we used the fact that the character
is a constant function on a conjugacy class. Therefore,
applying the unitary transformation Ugv induces the fol-
lowing mapping:
Cgl
(AΓvAΓ′v′ )Cgl 7→ (Ugv )†Cel (AΓvAΓ′v′ )Cel Ugv . (49)
The above relation maps the excited state projection to
an equivalent ground state projection, for which we al-
ready derived the corresponding RSRG rules appearing
in Eq. (23).
Next, suppose that the dominant term in the Hamil-
tonian is the vertex term J Γ˜v AΓ˜v for some vertex v and
21
irrep Γ˜. We decimate this term by projecting onto the
subspace defined by the projector AΓv with the same v
but possibly distinct irrep Γ. As before, we seek to find a
local unitary transformation which maps AΓv to a vertex
term with a trivial representation AΓ=1v (= Av). To this
end, we take a link l in L connected to the vertex v, which
without loss of generality can be written as l = 〈v, v′〉,
i.e., directed from v, and consider the unitary transfor-
mation, UΓl ≡
∑
g∈G χΓ(g)C
g
l . This operator represents
a unitary transformation since the characters χΓ(g) of an
Abelian group are always a pure phase and
∑
g∈G C
g
l is
the identity operator. We first note that the local uni-
tary transformation UΓl leaves the link terms invariant.
Acting with UΓl on a vertex operators at v gives
UΓl
(
AΛv
)
(UΓl )
† =
1
|G|
∑
h,g,g′∈G
χΓ(g
′)χ∗Λ(h)χ
∗
Γ(g)C
g′
l
(
Ahv
)
Cgl
=
1
|G|
∑
h,g∈G
χΓ(h · g)χ∗Λ(h)χ∗Γ(g)AhvCgl
=
1
|G|
∑
h,g∈G
χΓ(h · g)χ∗Λ(h)χΓ(g−1)AhvCgl
=
1
|G|
∑
h,g∈G
χΓ(h · g · g−1)χ∗Λ(h)AhvCgl
=
( 1
|G|
∑
h
χ∗Γ−1·Λ(h)A
h
v
)(∑
g∈G
Cgl
)
= AΓ
−1·Λ
v . (50)
In going from the first line to the second line of the
above series of equations, we used Cg
′
l A
h
v = A
h
vC
h−1·g′
l
and the fact that Cgl is a projector. To go from the
second line to the fifth line we use several properties of
the group characters of an Abelian group: (i) χ∗Γ(g) =
χΓ(g
−1) = χΓ−1(g), (ii) χΓ(g1 · g2) = χΓ(g1)χΓ(g2), and
(iii) χΓ(g)χΓ′(g) = χΓ·Γ′(g). Similarly, one can also show
that for the complementary vertex v′, the following holds,
UΓl
(
AΛv′
)
(UΓl )
† = AΓ·Λv′ . By applying the transforma-
tion UΓl prior to the vertex decimation step (similarly to
Eq. (49)), the RSRG-X rules reduce to the RSRG dec-
imation rules derived in Sec. VI. In summary, we have
established an equivalence between RSRG-X and RSRG
rules, which implies that the universal properties associ-
ated with ground- and excited-states criticality are iden-
tical. This result further extends our superuniversality
claim.
As a concluding remark, we comment on the applica-
tion of the RSRG-X procedure in the non-Abelian case.
When the dimension of the irrep Γ is non-trivial, i.e.
dΓ > 1, during the decimation step a vertex term can-
not be simply removed because we have to take into ac-
count the inherent degeneracy (quantum dimension) of a
non-Abelian anyon. Keeping track of all possible assign-
ments of non-Abelian anyons rapidly renders the RSRG-
X procedure challenging to analyze. This observation is
in accord with the no-go theorems of Ref. 49. We note
that excited states at finite density accommodate a finite
density of non-Abelian anyons on plaquettes, reminiscent
of interacting anyons in (2+1)D with random couplings
considered in Ref. 50 and 51.
X. SUMMARY AND DISCUSSION
In this work, we have studied the fate of confinement-
deconfinement phase transitions of two-dimensional dis-
crete lattice gauge theories in the presence of strong
quenched disorder. Our key result is that for a large class
of models, the confinement transition are controlled by an
infinite-disorder fixed point. Remarkably, the associated
critical properties are predicted to exhibit a ‘superuniver-
sal’ behavior that is independent of the underlying gauge
group structure. This is in stark contrast with the clean
limit, where the order of the transition and critical prop-
erties (in the case of a continuous transition) sensitively
depend on the specific form of the gauge symmetry under
consideration.
To derive these results, we have constructed a novel
RSRG scheme, specifically tailored for the renormal-
ization of lattice gauge theories. Through an exact
duality mapping between our gauge theory model and
the quantum Potts model, we have shown that the re-
spective disorder driven confinement-deconfinement and
order-disorder transitions belong to the same universality
class. We tested our predictions using a numerically ex-
act large-scale quantum Monte Carlo simulations on the
random quantum Potts model for Q = 2 and Q = 3. We
found numerical evidence for a flow to an infinite disor-
der fixed-point. At this fixed point we find that, within
our numerical precision, the critical properties are inde-
pendent of Q, thereby further substantiating our supe-
runiversality claim.
We have explored the generality of our RSRG scheme,
by examining several extensions of our results to a
broader class of models. Specifically, we showed that
our RSRG rules naturally carry over to twisted lattice
gauge theories within the Dijkgraaf-Witten formalism.
On the other hand, for the case of Levin-Wen models,
while the resulting set of RSRG rules exhibits some uni-
versal features, the specific structure of the theory en-
tails non-trivial modifications that deviate from our orig-
inal construction. Lastly, for Abelian topological orders,
we derived an exact mapping between the ground state
(RSRG) and excited state (RSRG-X) decimation rules,
allowing us to also treat confinement phase transitions of
highly-excited topologically ordered states,
In the remaining, we highlight several future lines of
research suggested by this work, some of which were al-
ready mentioned in the main text. As previously dis-
cussed, the Hamiltonian in Eq. (1) describes a high-
symmetry point in parameter space that is invariant
with respect to arbitrary permutations among the dif-
ferent gauge charges. While this choice is natural, terms
breaking it cannot be excluded without resorting to fine-
tuning. In that regard, it would be interesting to ex-
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plore the relevance of such perturbations by a numer-
ical simulation of the generalized RSRG rules outlined
in Sec. VI. Crucially, if such terms prove to be irrel-
evant in the RG sense, this would not only indicate
that the infinite-disorder fixed point is stable, but also
flag the emergence of an enlarged permutation symme-
try at criticality. One can also envisage numerical tests
of stability using QMC. However, permutation symme-
try proved crucial in devising efficient cluster updates
based on the Fortuin-Kasteleyn representation; it is un-
clear if such updates can be devised in general away from
the permutation-symmetric point. Nevertheless, we note
that for the specific case of G = S3 such a representation
is still possible [72].
In the SPT/SET setting, the RSRG framework we
have introduced also suggests possible new directions,
of which we now flag one in particular. So far we
have focused primarily on the superuniversality of scal-
ing properties in the bulk. Owing to the topological
‘twist’ in their definition, the DW models (resp. their
un-gauged magnetic counterparts) represent confinement
(resp. symmetry-breaking) phase transitions in sys-
tems that host topologically-protected gapless surfaces
on manifolds with boundaries. These surface degrees
of freedom have been argued to lead to distinct bound-
ary scaling properties in clean systems in both one and
two dimensions [36–38]. Very recently, they have also
been shown to modify the boundary criticality in one
dimensional infinite-randomness critical points of SPT
phases [69]. In all these instances, the bulk scaling struc-
ture is indistinguishable from the non-twisted situation.
It may therefore be fruitful to explore the boundary crit-
ical behaviour of the 2D transitions in this paper, extract
scaling exponents, and determine the implications (if
any) of superuniversality for this ‘critical’ bulk-boundary
correspondence.
Our results for excited-state criticality between dis-
tinct (Abelian) MBL phases also raises the possibility
that similar techniques can be used to study transitions
between distinct periodically driven (Floquet) phases dis-
tinguished either by symmetry-breaking or topology. In
this setting, disorder is essential even to stabilize Flo-
quet phase structure, since in the absence of MBL,
periodically driven systems would heat to the infinite-
temperature Gibbs state where there is no applicable no-
tion of phase structure. Various examples of Floquet-
SPTs and Floquet-SETs have been explored [73–81], in-
cuding several that have no equilibrium analog. The
RSRG techniques used to study 1D eigenstate transi-
tions have been successfully applied to disordered Flo-
quet transitions in 1D systems [79, 80], suggesting that
a similar extension may be possible in 2D systems.
In all cases considered in this work, we have explic-
itly expelled flux excitations by enforcing a zero-flux
constraint on each plaquette. Relaxing this restriction
allows richer anyon content including non-trivial fluxes
and even dyonic bound states. Confinement transitions
driven by condensing fluxes are potentially distinct from
those driven by charge condensation. For that reason, we
cannot extend our superuniversality claim to an arbitrary
anyon condensation pattern. A natural future line of re-
search is therefore to devise a generalized RSRG scheme
that can capture these effects, which could potentially
result in novel critical behavior. As noted above, for
the Abelian case, duality arguments can be used to infer
properties of flux driven confinement transitions from the
corresponding dual electric-charge description. However,
our results do not directly apply in self-dual systems,
since, there, electric charge and magnetic flux excitations
must condense simultaneously. Understanding the fate
of the disorder-driven confinement transition along such
self-dual lines is particularly interesting, since even the
clean limit is not fully understood [82].
We also comment on links between our results and the
efficient representation of quantum states using unitary
circuits. Our RG can be framed as an algorithm for
constructing an approximate ground state by iteratively
applying a projection at each RG step (recall that the
projections from different RG steps commute). As the
RG progresses, the projections become highly non-local
in terms of the microscopic (UV) degrees of freedom.
A corollary of the RG scheme is that highly entangled
(approximate) ground states of disordered gauge theories
can be successively disentangled by application of these
projections encoded in terms of unitary gates. In other
words, starting from a trivial product state (where the
degrees of freedom encode the states of each decimated
cluster), an approximate gauge theory ground state can
be constructed by running the RG in reverse, successively
applying unitary gates that implement the projections
from each RG step [18]. This is reminiscent of the multi-
scale entanglement renormalization ansatz (MERA) [83].
At the critical point, the approximate ground state thus
constructed becomes asymptotically exact, although for-
mally this is also the limit where the circuit depth di-
verges (logarithmically). Although implementing non-
local gates can be challenging, we flag this as a possi-
ble route to constructing approximate ground states in
strongly-correlated 2D topological phases.
Finally, it is interesting to consider possible experi-
mental signatures of the infinite-disorder fixed point in
the setting of lattice gauge theories, and in particular
when the latter are viewed as low-energy descriptions
of strongly-correlated quantum materials. However, di-
rectly probing confinement experimentally is challenging,
due to the inherently non-local description of topological
order, which necessitates subtle diagnostics [53]. Never-
theless, in the presence of matter fields (either dynam-
ical or static) or when topological order is symmetry-
enriched, confinement typically intertwines with conven-
tional symmetry-breaking phenomena [54, 84]. In such
cases, we expect that critical exponents associated with
the scaling behavior of the symmetry-breaking order pa-
rameter, which is typically more accessible experimen-
tally, are also controlled by universal properties of the
confinement transition. However, the best probes with
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which to access the topological phase transition must
be tailored to the specific experimental setting; we de-
fer such a study to future work.
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Appendix A: Group Cohomology and Topological
Dijkgraaf-Witten Models
In this Appendix, we review several topological aspects
of the group cohomology [ω] ∈ H3(G,U(1)) that provide
a more topological intuition and will be relevant to our
discussion below. Explicitly, we describe how to assign
the U(1) phase factor to a given 3-manifold and describe
its invariance under the so-called 1-4 and 2-3 Pachner
moves [33, 85].
Although the detailed mathematical steps in order to
prove the various equivalence relations and determine the
diffferent RG rules are complicated, they are straightfor-
ward to implement using standard techniques of topo-
logical quantum field theory once a graphical argument
is provided. Accordingly, throughout this work we sim-
ply give the relevant graphical arguments, and provide
the background necessary to understand why they work.
We emphasize that the graphical arguments themselves
are nontrivial, and are intimately linked to the strong-
disorder RG decimation procedure. A key aspect of
Dijkgraaf-Witten models is that they are restricted to
theories defined on planar triangulations. As emphasized
in the main text, the phase factor of each vertex term, is
associated to a “tent” 3-manifold constructed from that
vertex (see Fig. 8). We now discuss how to assign and
manipulate these phase factors, as they will be central to
our analysis.
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FIG. 15. (a) 1-4 Pachner move. The 3-manifold on the left is
a single tetrahedron [v1, v2, v3, v4] and the 3-manifold on the
right is obtained by gluing four tetrahedrons [w, v1, v2, v3],
[w, v1, v2, v4], [w, v1, v3, v4], and [w, v2, v3, v4]. (b) 2-3 Pach-
ner move. The 3-manifold on the left is obtained by gluing
two tetrahedrons [v1, v2, v3, v4] and [v1, v2, v3, v5] and the 3-
manifold on the right is obtained by gluing three tetrahe-
drons [v1, v2, v4, v5], [v1, v3, v4, v5], and [v2, v3, v4, v5]. The
U(1) phase factors associated with the 3-manifolds on the left
and right are identical in both 1-4 and 2-3 Pachner moves.
In the Appendices only, we denote a link l (tetra-
hedron T ) by an ordered set of vertices, l = [v1, v2]
(T = [v1, v2, v3, v4]), which is not necessarily ordered
according to predefined vertex indices. We will typi-
cally omit the orientation of links whenever the result
holds independent of the vertex ordering. We denote
the group element on a link l = [v1, v2] as gv1v2 , where
gv1v2 = (gv2v1)
−1 holds, and T [{g}] as the tetrahedron
T equipped with the set of group elements {g} on links
satisfying the zero-flux constraints on each plaquette.
For each tetrahedron, we assign a U(1) phase factor
according to its orientation and the group elements on
its links, as shown in Fig. 16 (a) and (b). Note that two
tetrahedrons in Fig. 16 are mirror images of each other,
and accordingly, their respective U(1) phase factors are
a complex conjugate pair. The U(1) phase factor of a
3-manifold composed of tetrahedrons is defined by the
product of the U(1) phase factors over all tetrahedrons,
as shown in Fig. 16 (c) .
The U(1) phase factor is invariant under the so-called
1-4 and 2-3 “Pachner moves”, depicted in Fig. 15. The
proof directly follows from the defining properties of
group cohomology:
ω(g0, g1, g2)ω(g0, g1 · g2, g3)ω(g1, g2, g3)
ω(g0 · g1, g2, g3)ω(g0, g1, g2 · g3) = 1, (A1)
where g0, g1, g2, g3 ∈ G, and the zero flux constraint im-
posed on every plaquette. We remark that in the 1-4
Pachner move, no averaging over a group element, say,
gv1ω is required. Using a series of 2-3 Pachner moves, one
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g34
<latexit sha1_base64="5EdnaAfPaLkA+pVqJ7DvReizHF0="> AAACyXicjVHLTsJAFD3UF+ILdemmkZi4Ii2Q6JLoxsQNJgImSEg7DFgpbW2nRiSs/AG3+mPGP9C/8M44JCoxOk3bM+fec2buvW7ke4 mwrNeMMTe/sLiUXc6trK6tb+Q3txpJmMaM11noh/GF6yTc9wJeF57w+UUUc2fo+rzpDo5lvHnL48QLg3Mxinh76PQDr+cxRxDV6HfG 5cqkky9YRUstcxbYGhSgVy3Mv+ASXYRgSDEERwBB2IeDhJ4WbFiIiGtjTFxMyFNxjglypE0pi1OGQ+yAvn3atTQb0F56JkrN6BSf3p iUJvZIE1JeTFieZqp4qpwl+5v3WHnKu43o72qvIbECV8T+pZtm/lcnaxHo4VDV4FFNkWJkdUy7pKor8ubml6oEOUTESdyleEyYKeW0 z6bSJKp22VtHxd9UpmTlnuncFO/yljRg++c4Z0GjVLTLxdJZpVA90qPOYge72Kd5HqCKE9RQJ+9rPOIJz8apcWPcGfefqUZGa7bxbR kPHynzkWA=</latexit>
 
<latexit sha1_base64="QYxkTKQlVMMtLFeUJBkDsn9tvSU="></latexit>
- g12
<latexit sha1_base64="j7hoWhiOx9la/G6g1fC4dfRDTPE="> AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLoRnBTwT6gSkmm0xqbl8lErKUrf8Ct/pj4B/oX3hmnoBbRCUnOnHvPmbn3urHvpc KyXnPGzOzc/EJ+sbC0vLK6VlzfaKRRljBeZ5EfJS3XSbnvhbwuPOHzVpxwJ3B93nQHxzLevOVJ6kXhuRjG/DJw+qHX85gjiGr0OyO7 Mu4US1bZUsucBrYGJehVi4ovuEAXERgyBOAIIQj7cJDS04YNCzFxlxgRlxDyVJxjjAJpM8rilOEQO6Bvn3ZtzYa0l56pUjM6xac3Ia WJHdJElJcQlqeZKp4pZ8n+5j1SnvJuQ/q72isgVuCK2L90k8z/6mQtAj0cqho8qilWjKyOaZdMdUXe3PxSlSCHmDiJuxRPCDOlnPTZ VJpU1S5766j4m8qUrNwznZvhXd6SBmz/HOc0aFTK9l65crZfqh7pUeexhW3s0jwPUMUJaqiT9zUe8YRn49S4Me6M+89UI6c1m/i2jI cPIG2RXA==</latexit>
g23
<latexit sha1_base64="15X2T+hXbgxBcL42rJfNHPUEThA="> AAACyXicjVHLTsJAFD3UF+ILdemmkZi4Ii2Y6JLoxsQNJvJIkJB2GLBS2tpOjUhY+QNu9ceMf6B/4Z1xSFRidJq2Z86958zce93I9x JhWa8ZY25+YXEpu5xbWV1b38hvbtWTMI0Zr7HQD+Om6yTc9wJeE57weTOKuTN0fd5wBycy3rjlceKFwYUYRbw9dPqB1/OYI4iq9zvj UnnSyResoqWWOQtsDQrQqxrmX3CJLkIwpBiCI4Ag7MNBQk8LNixExLUxJi4m5Kk4xwQ50qaUxSnDIXZA3z7tWpoNaC89E6VmdIpPb0 xKE3ukCSkvJixPM1U8Vc6S/c17rDzl3Ub0d7XXkFiBK2L/0k0z/6uTtQj0cKRq8KimSDGyOqZdUtUVeXPzS1WCHCLiJO5SPCbMlHLa Z1NpElW77K2j4m8qU7Jyz3Ruind5Sxqw/XOcs6BeKtrlYun8oFA51qPOYge72Kd5HqKCU1RRI+9rPOIJz8aZcWPcGfefqUZGa7bxbR kPHyUwkV4=</latexit>
g34
<latexit sha1_base64="5EdnaAfPaLkA+pVqJ7DvReizHF0="> AAACyXicjVHLTsJAFD3UF+ILdemmkZi4Ii2Q6JLoxsQNJgImSEg7DFgpbW2nRiSs/AG3+mPGP9C/8M44JCoxOk3bM+fec2buvW7ke4 mwrNeMMTe/sLiUXc6trK6tb+Q3txpJmMaM11noh/GF6yTc9wJeF57w+UUUc2fo+rzpDo5lvHnL48QLg3Mxinh76PQDr+cxRxDV6HfG 5cqkky9YRUstcxbYGhSgVy3Mv+ASXYRgSDEERwBB2IeDhJ4WbFiIiGtjTFxMyFNxjglypE0pi1OGQ+yAvn3atTQb0F56JkrN6BSf3p iUJvZIE1JeTFieZqp4qpwl+5v3WHnKu43o72qvIbECV8T+pZtm/lcnaxHo4VDV4FFNkWJkdUy7pKor8ubml6oEOUTESdyleEyYKeW0 z6bSJKp22VtHxd9UpmTlnuncFO/yljRg++c4Z0GjVLTLxdJZpVA90qPOYge72Kd5HqCKE9RQJ+9rPOIJz8apcWPcGfefqUZGa7bxbR kPHynzkWA=</latexit>
(c)
<latexit sha1_base 64="0C6JDjLpefYLOt+TcNmFX8fgOek="> AAACz3icjVHLSsNAFD2Nr1pfVZdugkWom5 KqoMuiG5ct2Ae0RZLptIbmxWSillJx6w+4 1b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5bi wt6zVjzM0vLC5ll3Mrq2vrG/nNrUYcJoLx Ogu9ULQcO+aeG/C6dKXHW5Hgtu94vOkMz1 S8ec1F7IbBhRxFvOvbg8Dtu8yWRHU6kt9K 4Y+LbH9ymS9YJUsvcxaUU1BAuqph/gUd9B CCIYEPjgCSsAcbMT1tlGEhIq6LMXGCkKvjH BPkSJtQFqcMm9ghfQe0a6dsQHvlGWs1o1M 8egUpTeyRJqQ8QVidZup4op0V+5v3WHuqu 43o76RePrESV8T+pZtm/lenapHo40TX4FJ NkWZUdSx1SXRX1M3NL1VJcoiIU7hHcUGYa eW0z6bWxLp21Vtbx990pmLVnqW5Cd7VLWn A5Z/jnAWNg1L5sHRQOypUTtNRZ7GDXRRpn seo4BxV1Mk7wiOe8GzUjBvjzrj/TDUyqWY b35bx8AEjYZQj</latexit>
!
" #
= !(g12, g23, g34)
<latexit sha1_base64 ="du5+3mzAaW/MoiKgjKXzKe8b7UU=">AAADEXi cjVHLTttAFD2YtqT05dIlmxFRpSBVke0glQ0SCp suugCJAFISRWNn4o7iF/YYCUX5iv4JO3aILR8A XdIV/AV3JkZqg6oyln3vnHvO8dy5fhbJQjnOrwV r8cXLV0u118tv3r57/8H+uHJQpGUeiE6QRml+5P NCRDIRHSVVJI6yXPDYj8ShP97R9cMTkRcyTfbVa Sb6MQ8TOZIBVwQN7O+9NBYhZ722DMMu6x0fl3w4 H3Stz7bYjNtg4WDietMvOnqtWWxtTNn6wK47Tcc s9jRxq6SOau2m9jV6GCJFgBIxBBIoyiNwFPR04 cJBRlgfE8JyyqSpC0yxTNqSWIIYnNAxfUPadSs0 ob32LIw6oL9E9OakZPhMmpR4OeX6b8zUS+Os0X9 5T4ynPtspRb/yiglV+EHo/3SPzOfqdC8KI2yaHi T1lBlEdxdULqW5FX1y9kdXihwywnQ+pHpOeWCUj /fMjKYwveu75aZ+Z5ga1fug4pa416ekAbvz43ya HHhNt9X09jbq2+1q1DWsYg0NmudXbOMbdtEh7z Pc4Ba/rZ/WuXVhXc6o1kKl+YS/lnX1APOWq2s=< /latexit>
!
" #
=
1
!(g12, g23, g34)
<latexit sha1_base64 ="mCWqZ/eGWERcKb2y+4Apdzo/pp8=">AAADGnic jVFdaxQxFD2dVq31a62PvoQuQgVZZnYL+iKU+uJ jC922sLMsmWx2DJ2vZjJCGeaf+E988630VRAffbP tn+hNZgpqEc0wuSfn3nOSm0RFokrj+9+XvOWVO3 fvrd5fe/Dw0eMnvafrB2VeaSHHIk9yfRTxUiYqk2 OjTCKPCi15GiXyMDp+Z/OHH6UuVZ7tm9NCTlMeZ 2qhBDdEzXrjME9lzFm4o+J4wsKTk4rPKbRzG2xq yt6ycKG5qIOmbjWbLJ7VwbB5ZeNw1MbRVsNeNrNe 3x/4brDbIOhAH93YzXvfEGKOHAIVUkhkMIQTcJT 0TRDAR0HcFDVxmpByeYkGa6StqEpSBSf2mOaYVpO OzWhtPUunFrRLQr8mJcML0uRUpwnb3ZjLV87Zsn /zrp2nPdspxajzSok1+EDsv3Q3lf+rs70YLPDG9a Cop8IxtjvRuVTuVuzJ2S9dGXIoiLN4TnlNWDjlz T0zpyld7/Zuucv/dJWWtWvR1Va4sKekBw7+fM7b4 GA4CEaD4d5Wf3une+pVPMcGNuk9X2Mb77GLMXl/ xg9c4sr75H3xzrzzttRb6jTP8Nvwvl4DAjmvbQ== </latexit>
!
" #
=
Y
!
⇥ ⇤
<latexit sha1_base 64="ZxeLUnXPa28syGimxmYOEc0hyAg="> AAADD3icjVHLTtwwFD2ktKX0lcKSjcWoUl ejzLRSu6mEYINYUYkBpMkIORmTWpPEwXGQ RiM+on/CrruqW34AxKos6V9wbYwYOqpaR7 HPPfeca187qXJZmyi6nAsezT9+8nTh2eLz Fy9fvQ7fLO3WqtGp6KUqV3o/4bXIZSl6Rp pc7Fda8CLJxV4y2rD5vWOha6nKHTOuxKDg WSkPZcoNUQfhVqwKkXEWr8ss67P46Kjhw/ vFzTY1YJ9ZXGlFoTckckpPweAgbEXtyA02 CzoetODHtgovEGMIhRQNCgiUMIRzcNT09d FBhIq4ASbEaULS5QVOsEjehlSCFJzYEc0Z RX3PlhTbmrVzp7RLTr8mJ8Nb8ijSacJ2N+ byjats2b/Vnria9mxjWhNfqyDW4Cux//Ld Kf/XZ3sxOMQn14OknirH2O5SX6Vxt2JPzq a6MlShIs7iIeU14dQ57+6ZOU/terd3y13+ 2ikta+PUaxv8tqekB+78+ZyzYLfb7rxvd7 98aK2t+6dewApW8Y7e8yPWsIlt9Kj2Kc7x C1fBt+B78CP4eSsN5rxnGQ9GcHYDhfKsMQ ==</latexit>
1<latexit sha1_base64="oU ia0qInSK3saNye7yiRnX2IFlc=">AAACxHicjVHLSsNAFD2N r1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVv E/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdL a+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zj j89VvHPHuAjT5EpOMtaPvVESDsPAk0Q13Ztyxak6etnzwDWg ArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3 KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5Y nWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGq awippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghd u+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZG XcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8f w7uPOg==</latexit>
1<latexit sha1_base64="oU ia0qInSK3saNye7yiRnX2IFlc=">AAACxHicjVHLSsNAFD2N r1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVv E/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdL a+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlxLoZZ17sR6zj j89VvHPHuAjT5EpOMtaPvVESDsPAk0Q13Ztyxak6etnzwDWg ArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3 KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5Y nWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGq awippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghd u+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZG XcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8f w7uPOg==</latexit>
2<latexit sha1_base64="wn as4x/PkqxoBRDFHz5Y3+7ja1Q=">AAACxHicjVHLSsNAFD2N r1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9 NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwt ra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97x x+c63rnjSSqi8EpNYt4PvFEohoJ5iqhm7aZccaqOWfY8cHNQ Qb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57 lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISw Ps028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSp qUFQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN 7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+ 6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXw AcYbjzs=</latexit>
2<latexit sha1_base64="wnas4x/PkqxoBRDFHz5Y3+7ja1 Q=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Z uff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEo hoJ5iqhm7aZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh7 7ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbFhdHUsd8lMV/TN7S9V KXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/Ygn PFsXlrRSK/tMtQq5ZhfflvXwAcYbjzs=</latexit>
3
<latexit sha1_base64="ZH1DW1omvJy51tC53CfBd1bIr3s= ">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg5mJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6KQ +lcpzXgrWwuLS8Ulwtra1vbG6Vt3faMslEwFpBwhPR9T3JeBizlgoVZ91UMC/yOev443Md79wxIcMkvlKTlPUjbxSHwzDwFFHNo5 tyxak6ZtnzwM1BBflqJOUXXGOABAEyRGCIoQhzeJD09ODCQUpcH1PiBKHQxBnuUSJtRlmMMjxix/Qd0a6XszHttac06oBO4fQKU to4IE1CeYKwPs028cw4a/Y376nx1Heb0N/PvSJiFW6J/Us3y/yvTteiMMSpqSGkmlLD6OqC3CUzXdE3t79UpcghJU7jAcUF4cAoZ 322jUaa2nVvPRN/M5ma1fsgz83wrm9JA3Z/jnMetGtV96haax5X6mf5qIvYwz4OaZ4nqOMSDbSM9yOe8GxdWNySVvaZahVyzS6+L evhA8h7jzw=</latexit>
3
<latexit sha1_base64="ZH1 DW1omvJy51tC53CfBd1bIr3s=">AAACxHicjVHLSsNAFD2Nr1p fVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg5mJUIr+gFv9NvEP9 C+8M6agFtEJSc6ce8+Zuff6KQ+lcpzXgrWwuLS8Ulwtra1vbG6 Vt3faMslEwFpBwhPR9T3JeBizlgoVZ91UMC/yOev443Md79wxI cMkvlKTlPUjbxSHwzDwFFHNo5tyxak6ZtnzwM1BBflqJOUXXGO ABAEyRGCIoQhzeJD09ODCQUpcH1PiBKHQxBnuUSJtRlmMMjxix /Qd0a6XszHttac06oBO4fQKUto4IE1CeYKwPs028cw4a/Y376 nx1Heb0N/PvSJiFW6J/Us3y/yvTteiMMSpqSGkmlLD6OqC3CUz XdE3t79UpcghJU7jAcUF4cAoZ322jUaa2nVvPRN/M5ma1fsgz8 3wrm9JA3Z/jnMetGtV96haax5X6mf5qIvYwz4OaZ4nqOMSDbSM 9yOe8GxdWNySVvaZahVyzS6+LevhA8h7jzw=</latexit>
4<latexit sha1_base64="RAJkk7KM2wZee/rO0m7FTXIFdt U=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrktSCLouCuGzBPqAWSabTGpoXMxOhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz 7/XTMJDKcV4L1sLi0vJKcXVtfWNza7u0s9uWSSYYb7EkTETX9yQPg5i3VKBC3k0F9yI/5B1/fK7jnTsuZJDEV2qS8n7kjeJg GDBPEdWs3ZTKTsUxy54Hbg7KyFcjKb3gGgMkYMgQgSOGIhzCg6SnBxcOUuL6mBInCAUmznGPNdJmlMUpwyN2TN8R7Xo5G9Ne e0qjZnRKSK8gpY1D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUq RQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxoVyvucaXarJXrZ/moi9jHAY5onieo4xINtIz3I57w bF1YoSWt7DPVKuSaPXxb1sMHytuPPQ==</latexit>
4<latexit sha1_base64="RAJkk7KM2wZee/rO0m7FTXIFdt U=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrktSCLouCuGzBPqAWSabTGpoXMxOhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz 7/XTMJDKcV4L1sLi0vJKcXVtfWNza7u0s9uWSSYYb7EkTETX9yQPg5i3VKBC3k0F9yI/5B1/fK7jnTsuZJDEV2qS8n7kjeJg GDBPEdWs3ZTKTsUxy54Hbg7KyFcjKb3gGgMkYMgQgSOGIhzCg6SnBxcOUuL6mBInCAUmznGPNdJmlMUpwyN2TN8R7Xo5G9Ne e0qjZnRKSK8gpY1D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4ZbYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aUq RQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71mem+Fd35IG7P4c5zxoVyvucaXarJXrZ/moi9jHAY5onieo4xINtIz3I57w bF1YoSWt7DPVKuSaPXxb1sMHytuPPQ==</latexit>
FIG. 16. We assign U(1) phase factors for tetrahedrons with
(a) positive orientation and (b) negative orientation accord-
ing to the group elements on links. In the figure, we denote
each vertex as its vertex index, which induces the link orien-
tations and the tetrahedron orientation. (c) The U(1) phase
factor associated with a triangulated 3-manifold is given by
the product of the U(1) phase factors of individual tetrahe-
drons in the triangulation.
can show that the vertex operators appearing in the DW
model satisfy Ag,ωv A
g′,ω
v = A
g·g′,ω
v and [A
g,ω
v , A
g′,ω
v′ ] = 0
for all distinct vertices v, v′ and group elements g, g′ ∈ G.
Appendix B: Lattice Isomorphisms
In this section, we introduce a set of lattice isomor-
phisms, denoted by Tˆ . Each lattice isomorphism de-
fines a mapping between the planar graphs G → G′
that is accompanied by unitary transformations between
Hilbert spaces, Tˆ : HG → HG′ and Hamiltonian terms,
HG′ = TˆHG Tˆ−1. In our discussion below, we first define
the basic local building blocks used to construct various
lattice isomorphisms and then demonstrate how they are
implemented during the various link and vertex term dec-
imation steps. Due to the inherent difference between
twisted and untwisted gauge theories, we discuss each
case separately, starting with the former. Note that the
lattice isomorphisms (since they are fully invertible) may
be implemented in either direction; as will be evident,
this freedom is crucial in defining a sensible RSRG deci-
mation scheme.
Tˆ1
<latexit sha1_base64="7wJSwX6uJ7i98Vl9iksH5ZIJ7gY=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLoxpVU6 ENpS5lMp21oXiQToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3PvdSLPTaRlveaMpeWV1bX8emFjc2t7p7i710zCNOaiwUMvjG8dlgjPDURDutITt1EsmO94ouWML1W8dS/ixA2DupxEouuzYeAOXM4kUXedEZPT+qxn94olq2zpZS4COwMlZKsWFl/QQR8hO FL4EAggCXtgSOhpw4aFiLgupsTFhFwdF5ihQNqUsgRlMGLH9B3Srp2xAe2VZ6LVnE7x6I1JaeKINCHlxYTVaaaOp9pZsb95T7WnutuE/k7m5RMrMSL2L9088786VYvEAOe6BpdqijSjquOZS6q7om5ufqlKkkNEnMJ9iseEuVbO+2xqTaJrV71lOv6mMxWr9 jzLTfGubkkDtn+OcxE0K2X7pFy5OS1VL7JR53GAQxzTPM9QxRVqaJC3j0c84dm4NqQxNWafqUYu0+zj2zIePgDCfZLO</latexit>
(a)
<latexit sha1_base64="mZG0veSVT/l1SY6N0Qu+Y5xCeQg=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkWom5K qoMuiG5ct2Ae0RZJ0WofmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gyuht6oWg5dsw8HrC65NJjrUgw23c81nSGZyrevGYi5mFwIUcR6/r2IOB97tqSqE5Hslsp/HHR3 p9c5gtWydLLnAXlFBSQrmqYf0EHPYRwkcAHQwBJ2IONmJ42yrAQEdfFmDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F55xlrt0ikevYKUJvZIE1KeIKxOM3U80c6K/c17rD3V3Ub0d1Ivn1iJK2L/0k0z/6tTtUj0caJr4FRTpBlVnZ u6JLor6ubml6okOUTEKdyjuCDsauW0z6bWxLp21Vtbx990pmLV3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmIHuyjSPI9RwTmqqJN3hEc84dmoGTfGnXH/mWpkUs02vi3j4QMenZQh</latexit>
(b)
<latexit sha1_base64="2L2wXQUm1eNYV0fd3OU7xwPSYGE=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkWom5K qoMuiG5ct2Ae0RZJ0WofmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gyuht6oWg5dsw8HrC65NJjrUgw23c81nSGZyrevGYi5mFwIUcR6/r2IOB97tqSqE5Hslsp/HHR2 Z9c5gtWydLLnAXlFBSQrmqYf0EHPYRwkcAHQwBJ2IONmJ42yrAQEdfFmDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F55xlrt0ikevYKUJvZIE1KeIKxOM3U80c6K/c17rD3V3Ub0d1Ivn1iJK2L/0k0z/6tTtUj0caJr4FRTpBlVnZ u6JLor6ubml6okOUTEKdyjuCDsauW0z6bWxLp21Vtbx990pmLV3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmIHuyjSPI9RwTmqqJN3hEc84dmoGTfGnXH/mWpkUs02vi3j4QMg/5Qi</latexit>
Tˆ2
<latexit sha1_base64="WE4W8suSzNYVZli/8DrEnVJpdRc=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLoxpVU6 ENpS0nSaRuaF5OJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3PvdZPAT4VlveaMpeWV1bX8emFjc2t7p7i710zjjHus4cVBzG9dJ2WBH7GG8EXAbhPOnNANWMsdX8p4657x1I+jupgkrBs6w8gf+J4jiLrrjBwxrc96lV6xZJUttcxFYGtQgl61uPiCDvqI4 SFDCIYIgnAAByk9bdiwkBDXxZQ4TshXcYYZCqTNKItRhkPsmL5D2rU1G9FeeqZK7dEpAb2clCaOSBNTHicsTzNVPFPOkv3Ne6o85d0m9He1V0iswIjYv3TzzP/qZC0CA5yrGnyqKVGMrM7TLpnqiry5+aUqQQ4JcRL3Kc4Je0o577OpNKmqXfbWUfE3lSlZu fd0boZ3eUsasP1znIugWSnbJ+XKzWmpeqFHnccBDnFM8zxDFVeooUHeIR7xhGfj2hDG1Jh9pho5rdnHt2U8fADE3ZLP</latexit>
(c)
<latexit sha1_base64="0C6JDjLpefYLOt+TcNmFX8fgOek=">AAACz3icjVHLSsNAFD2Nr1pfVZd ugkWom5KqoMuiG5ct2Ae0RZLptIbmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5biwt6zVjzM0vLC5ll3Mrq2vrG/nNrUYcJoLxOgu9ULQcO+aeG/C6dKXHW5Hgtu94vOkMz1S8ec1F7IbBhRxF vOvbg8Dtu8yWRHU6kt9K4Y+LbH9ymS9YJUsvcxaUU1BAuqph/gUd9BCCIYEPjgCSsAcbMT1tlGEhIq6LMXGCkKvjHBPkSJtQFqcMm9ghfQe0a6dsQHvlGWs1o1M8egUpTeyRJqQ8QVidZup4op0V+5v3WHuqu 43o76RePrESV8T+pZtm/lenapHo40TX4FJNkWZUdSx1SXRX1M3NL1VJcoiIU7hHcUGYaeW0z6bWxLp21Vtbx990pmLVnqW5Cd7VLWnA5Z/jnAWNg1L5sHRQOypUTtNRZ7GDXRRpnseo4BxV1Mk7wiOe8GzUjB vjzrj/TDUyqWYb35bx8AEjYZQj</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBX LZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfcoI8YD BlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956J v5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
Tˆ3
<latexit sha1_base64="9AnpNWCarRCfbJXfvpthlUT7OIs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVZJW0GXRjSup0Je0 pSTTaRuaF8lEKKFbf8Ctfpf4B/oX3hlTUIvohCRnzr3nzNx77dB1YmEYrzltZXVtfSO/Wdja3tndK+4ftOIgiRhvssANoo5txdx1fN4UjnB5J4y45dkub9vTKxlv3/ModgK/IWYh73vW2HdGDrMEUXe9iSXSxnxQHRRLRtlQS18GZgZKyFY9KL6ghyECMCTwwOFDEH ZhIaanCxMGQuL6SImLCDkqzjFHgbQJZXHKsIid0ndMu27G+rSXnrFSMzrFpTcipY4T0gSUFxGWp+kqnihnyf7mnSpPebcZ/e3MyyNWYELsX7pF5n91shaBES5UDQ7VFCpGVscyl0R1Rd5c/1KVIIeQOImHFI8IM6Vc9FlXmljVLntrqfibypSs3LMsN8G7vCUN2Pw5 zmXQqpTNarlye1aqXWajzuMIxzileZ6jhmvU0SRvD494wrN2owkt1eafqVou0xzi29IePgDHPZLQ</latexit>
g
<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6 KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbF hdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
g 1
<latexit sha1_base64="JuUGFswor8T4uWPYFcPrt18M5Xk=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwY0mqoMuiG8FNB fuAWiVJp3VsmsTJRKylK3/Arf6Y+Af6F94ZU1CL6IQkZ86958zce93I57G0rNeMMTU9MzuXnc8tLC4tr+RX12pxmAiPVb3QD0XDdWLm84BVJZc+a0SCOX3XZ3W3d6Ti9VsmYh4GZ3IQsVbf6Qa8wz1HElXrXgx37NFlvmAVLb3MSWCnoIB0VcL8C87RRggPCf pgCCAJ+3AQ09OEDQsRcS0MiROEuI4zjJAjbUJZjDIcYnv07dKumbIB7ZVnrNUeneLTK0hpYos0IeUJwuo0U8cT7azY37yH2lPdbUB/N/XqEytxRexfunHmf3WqFokODnQNnGqKNKOq81KXRHdF3dz8UpUkh4g4hdsUF4Q9rRz32dSaWNeueuvo+JvOVKzae2lu gnd1Sxqw/XOck6BWKtq7xdLpXqF8mI46iw1sYpvmuY8yjlFBlbyv8YgnPBsnxo1xZ9x/phqZVLOOb8t4+AASIJFW</latexit>
g
<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6 KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbF hdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
g1
<latexit sha1_base64="08NDOa5U5joy+PKjup8ru6vT618=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lC SdxtC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6aRhkwrJeC8bC4tLySnG1tLa+sblV3t5pZ0nOPdbykjDhXdfJWBjErCUCEbJuypkTuSHruONzGe/cMp4FSXwlJinrR44fB6PAcwRRl/7AHpQrVtVSy5wHtgYV6NVMyi+4xhAJPOSIwBBDEA7hIKOnBxsWUuL6mB LHCQUqznCPEmlzymKU4RA7pq9Pu55mY9pLz0ypPTolpJeT0sQBaRLK44TlaaaK58pZsr95T5WnvNuE/q72iogVuCH2L90s8786WYvACKeqhoBqShUjq/O0S666Im9ufqlKkENKnMRDinPCnlLO+mwqTaZql711VPxNZUpW7j2dm+Nd3pIGbP8c5zxo16r2UbV2cVypn+lRF7 GHfRzSPE9QRwNNtMjbxyOe8Gw0jNjIjbvPVKOgNbv4toyHD+bIkBQ=</latexit>
g2
<latexit sha1_base64="iuxxwDO4elC0jL/8fgSgbCzuFtg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lCSdxq F5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6ScAzYVmvBWNhcWl5pbhaWlvf2Nwqb++0szhPPdby4iBOu66TsYBHrCW4CFg3SZkTugHruONzGe/csjTjcXQlJgnrh44f8RH3HEHUpT+oDcoVq2qpZc4DW4MK9GrG5RdcY4gYHnKEYIggCAdwkNHTgw0LCXF9TIlLCXEVZ7hHi bQ5ZTHKcIgd09enXU+zEe2lZ6bUHp0S0JuS0sQBaWLKSwnL00wVz5WzZH/znipPebcJ/V3tFRIrcEPsX7pZ5n91shaBEU5VDZxqShQjq/O0S666Im9ufqlKkENCnMRDiqeEPaWc9dlUmkzVLnvrqPibypSs3Hs6N8e7vCUN2P45znnQrlXto2rt4rhSP9OjLmIP+zikeZ6gjgaaaJG3 j0c84dloGJGRG3efqUZBa3bxbRkPH+kokBU=</latexit>
g1
<latexit sha1_base64="08NDOa5U5joy+PKjup8ru6vT618=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lCSdxtC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6aRhkwrJeC8bC4tLySnG1tLa+sblV3t5pZ0nOPdbykjDhXdfJWBjErCUC EbJuypkTuSHruONzGe/cMp4FSXwlJinrR44fB6PAcwRRl/7AHpQrVtVSy5wHtgYV6NVMyi+4xhAJPOSIwBBDEA7hIKOnBxsWUuL6mBLHCQUqznCPEmlzymKU4RA7pq9Pu55mY9pLz0ypPTolpJeT0sQBaRLK44TlaaaK58pZsr95T5WnvNuE/q72iogVuCH2L90s8786WYvACKeqhoBqShUjq/O0S666Im9ufqlKkENKnMRDinPCnlLO+mwqTaZql711VPxNZUpW7j2dm+Nd3pIGbP8c5zxo16r2UbV2cVypn+lRF7GHfRzSPE9QRwNNtMjbxyOe8Gw0jNjIjbvPVKOgNbv4toyHD+bIkBQ=</latexit>
g2
<latexit sha1_base64="iuxxwDO4elC0jL/8fgSgbCzuFtg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lCSdxqF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6ScAzYVmvBWNhcWl5pbhaWlvf2Nwqb++0szhPPdby4iBOu66TsYBHrCW4CFg3SZk TugHruONzGe/csjTjcXQlJgnrh44f8RH3HEHUpT+oDcoVq2qpZc4DW4MK9GrG5RdcY4gYHnKEYIggCAdwkNHTgw0LCXF9TIlLCXEVZ7hHibQ5ZTHKcIgd09enXU+zEe2lZ6bUHp0S0JuS0sQBaWLKSwnL00wVz5WzZH/znipPebcJ/V3tFRIrcEPsX7pZ5n91shaBEU5VDZxqShQjq/O0S666Im9ufqlKkENCnMRDiqeEPaWc9dlUmkzVLnvrqPibypSs3Hs6N8e7vCUN2P45znnQrlXto2rt4rhSP9OjLmIP+zikeZ6gjgaaaJG3j0c84dloGJGRG3efqUZBa3bxbRkPH+kokBU=</latexit>
g
<latexit sha1_base64="VxPmFfNEd5f0tJio+fzhDeejRxU=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkV wVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iqjm6 KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqUFQTbF hdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUQKj3A=</latexit>
g1
<latexit sha1_base64="08NDOa5U5joy+PKjup8ru6vT618=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lC SdxtC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6aRhkwrJeC8bC4tLySnG1tLa+sblV3t5pZ0nOPdbykjDhXdfJWBjErCUCEbJuypkTuSHruONzGe/cMp4FSXwlJinrR44fB6PAcwRRl/7AHpQrVtVSy5wHtgYV6NVMyi+4xhAJPOSIwBBDEA7hIKOnBxsWUuL6mB LHCQUqznCPEmlzymKU4RA7pq9Pu55mY9pLz0ypPTolpJeT0sQBaRLK44TlaaaK58pZsr95T5WnvNuE/q72iogVuCH2L90s8786WYvACKeqhoBqShUjq/O0S666Im9ufqlKkENKnMRDinPCnlLO+mwqTaZql711VPxNZUpW7j2dm+Nd3pIGbP8c5zxo16r2UbV2cVypn+lRF7 GHfRzSPE9QRwNNtMjbxyOe8Gw0jNjIjbvPVKOgNbv4toyHD+bIkBQ=</latexit>
g2
<latexit sha1_base64="iuxxwDO4elC0jL/8fgSgbCzuFtg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lCSdxq F5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6ScAzYVmvBWNhcWl5pbhaWlvf2Nwqb++0szhPPdby4iBOu66TsYBHrCW4CFg3SZkTugHruONzGe/csjTjcXQlJgnrh44f8RH3HEHUpT+oDcoVq2qpZc4DW4MK9GrG5RdcY4gYHnKEYIggCAdwkNHTgw0LCXF9TIlLCXEVZ7hHi bQ5ZTHKcIgd09enXU+zEe2lZ6bUHp0S0JuS0sQBaWLKSwnL00wVz5WzZH/znipPebcJ/V3tFRIrcEPsX7pZ5n91shaBEU5VDZxqShQjq/O0S666Im9ufqlKkENCnMRDiqeEPaWc9dlUmkzVLnvrqPibypSs3Hs6N8e7vCUN2P45znnQrlXto2rt4rhSP9OjLmIP+zikeZ6gjgaaaJG3 j0c84dloGJGRG3efqUZBa3bxbRkPH+kokBU=</latexit>
g3
<latexit sha1_base64="VjPKUNQbYrWHL6aeBQ441z/eWSU=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lC SdxqF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6ScAzYVmvBWNhcWl5pbhaWlvf2Nwqb++0szhPPdby4iBOu66TsYBHrCW4CFg3SZkTugHruONzGe/csjTjcXQlJgnrh44f8RH3HEHUpT84GpQrVtVSy5wHtgYV6NWMyy+4xhAxPOQIwRBBEA7gIKOnBxsWEuL6mB KXEuIqznCPEmlzymKU4RA7pq9Pu55mI9pLz0ypPToloDclpYkD0sSUlxKWp5kqnitnyf7mPVWe8m4T+rvaKyRW4IbYv3SzzP/qZC0CI5yqGjjVlChGVudpl1x1Rd7c/FKVIIeEOImHFE8Je0o567OpNJmqXfbWUfE3lSlZufd0bo53eUsasP1znPOgXavaR9XaxXGlfqZHXc Qe9nFI8zxBHQ000SJvH494wrPRMCIjN+4+U42C1uzi2zIePgDriJAW</latexit>
g4
<latexit sha1_base64="4y6FW6QSu98EUujT7HGfAUEhTAA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJa0GXRTZcVbS3UUp J0GofmRTJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5t7rJgHPhGW9FoyFxaXlleJqaW19Y3OrvL3TyeI89Vjbi4M47bpOxgIesbbgImDdJGVO6Absyh2fyfjVLUszHkeXYpKwfuj4ER9xzxFEXfiD+qBcsaqWWuY8sDWoQK9WXH7BNYaI4SFHCIYIgnAABxk9PdiwkBDXx5 S4lBBXcYZ7lEibUxajDIfYMX192vU0G9FeemZK7dEpAb0pKU0ckCamvJSwPM1U8Vw5S/Y376nylHeb0N/VXiGxAjfE/qWbZf5XJ2sRGOFE1cCppkQxsjpPu+SqK/Lm5peqBDkkxEk8pHhK2FPKWZ9NpclU7bK3joq/qUzJyr2nc3O8y1vSgO2f45wHnVrVPqrWzuuVxqkedR F72MchzfMYDTTRQpu8fTziCc9G04iM3Lj7TDUKWrOLb8t4+ADt6JAX</latexit>
g5
<latexit sha1_base64="pEhutT/rJ94lC4NoAcn1/0VOuSA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIf6LLopsuK9gG1lC SdxqF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zufe6ScBTaVmvBWNufmFxqbhcWlldW98ob2610jgTHmt6cRCLjuukLOARa0ouA9ZJBHNCN2Btd3Su4u1bJlIeR1dynLBe6PgRH3LPkURd+v3jfrliVS29zFlg56CCfDXi8guuMUAMDxlCMESQhAM4SOnpwoaFhLgeJs QJQlzHGe5RIm1GWYwyHGJH9PVp183ZiPbKM9Vqj04J6BWkNLFHmpjyBGF1mqnjmXZW7G/eE+2p7jamv5t7hcRK3BD7l26a+V+dqkViiFNdA6eaEs2o6rzcJdNdUTc3v1QlySEhTuEBxQVhTyunfTa1JtW1q946Ov6mMxWr9l6em+Fd3ZIGbP8c5yxoHVTtw+rBxVGldpaPuo gd7GKf5nmCGupooEnePh7xhGejbkRGZtx9phqFXLONb8t4+ADwSJAY</latexit>
g1
<latexit sha1_base64="08NDOa5U5joy+PKjup8ru6vT618=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lC SdxtC8mEyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6aRhkwrJeC8bC4tLySnG1tLa+sblV3t5pZ0nOPdbykjDhXdfJWBjErCUCEbJuypkTuSHruONzGe/cMp4FSXwlJinrR44fB6PAcwRRl/7AHpQrVtVSy5wHtgYV6NVMyi+4xhAJPOSIwBBDEA7hIKOnBxsWUuL6mB LHCQUqznCPEmlzymKU4RA7pq9Pu55mY9pLz0ypPTolpJeT0sQBaRLK44TlaaaK58pZsr95T5WnvNuE/q72iogVuCH2L90s8786WYvACKeqhoBqShUjq/O0S666Im9ufqlKkENKnMRDinPCnlLO+mwqTaZql711VPxNZUpW7j2dm+Nd3pIGbP8c5zxo16r2UbV2cVypn+lRF7 GHfRzSPE9QRwNNtMjbxyOe8Gw0jNjIjbvPVKOgNbv4toyHD+bIkBQ=</latexit>
g2
<latexit sha1_base64="iuxxwDO4elC0jL/8fgSgbCzuFtg=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lCSdxqF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6ScAzYVmvBWNhcWl5pbhaWlvf2Nwqb++0szhPPdby4iBOu66TsYBHrCW4CFg3SZk TugHruONzGe/csjTjcXQlJgnrh44f8RH3HEHUpT+oDcoVq2qpZc4DW4MK9GrG5RdcY4gYHnKEYIggCAdwkNHTgw0LCXF9TIlLCXEVZ7hHibQ5ZTHKcIgd09enXU+zEe2lZ6bUHp0S0JuS0sQBaWLKSwnL00wVz5WzZH/znipPebcJ/V3tFRIrcEPsX7pZ5n91shaBEU5VDZxqShQjq/O0S666Im9ufqlKkENCnMRDiqeEPaWc9dlUmkzVLnvrqPibypSs3Hs6N8e7vCUN2P45znnQrlXto2rt4rhSP9OjLmIP+zikeZ6gjgaaaJG3j0c84dloGJGRG3efqUZBa3bxbRkPH+kokBU=</latexit>
g3
<latexit sha1_base64="VjPKUNQbYrWHL6aeBQ441z/eWSU=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLopsuK9gG1lCSdxqF5kUyUUgR/wK1+mvgH+hfeGaegFtEJSc6ce8+Zufe6ScAzYVmvBWNhcWl5pbhaWlvf2Nwqb++0szhPPdby4iBOu66TsYBHrCW4 CFg3SZkTugHruONzGe/csjTjcXQlJgnrh44f8RH3HEHUpT84GpQrVtVSy5wHtgYV6NWMyy+4xhAxPOQIwRBBEA7gIKOnBxsWEuL6mBKXEuIqznCPEmlzymKU4RA7pq9Pu55mI9pLz0ypPToloDclpYkD0sSUlxKWp5kqnitnyf7mPVWe8m4T+rvaKyRW4IbYv3SzzP/qZC0CI5yqGjjVlChGVudpl1x1Rd7c/FKVIIeEOImHFE8Je0o567OpNJmqXfbWUfE3lSlZufd0bo53eUsasP1znPOgXavaR9XaxXGlfqZHXcQe9nFI8zxBHQ000SJvH494wrPRMCIjN+4+U42C1uzi2zIePgDriJAW</latexit>
g4
<latexit sha1_base64="4y6FW6QSu98EUujT7HGfAUEhTAA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJa0GXRTZcVbS3UUp J0GofmRTJRShH8Abf6aeIf6F94Z5yCWkQnJDlz7j1n5t7rJgHPhGW9FoyFxaXlleJqaW19Y3OrvL3TyeI89Vjbi4M47bpOxgIesbbgImDdJGVO6Absyh2fyfjVLUszHkeXYpKwfuj4ER9xzxFEXfiD+qBcsaqWWuY8sDWoQK9WXH7BNYaI4SFHCIYIgnAABxk9PdiwkBDXx5 S4lBBXcYZ7lEibUxajDIfYMX192vU0G9FeemZK7dEpAb0pKU0ckCamvJSwPM1U8Vw5S/Y376nylHeb0N/VXiGxAjfE/qWbZf5XJ2sRGOFE1cCppkQxsjpPu+SqK/Lm5peqBDkkxEk8pHhK2FPKWZ9NpclU7bK3joq/qUzJyr2nc3O8y1vSgO2f45wHnVrVPqrWzuuVxqkedR F72MchzfMYDTTRQpu8fTziCc9G04iM3Lj7TDUKWrOLb8t4+ADt6JAX</latexit>
g5
<latexit sha1_base64="pEhutT/rJ94lC4NoAcn1/0VOuSA=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVRIf6LLopsuK9gG1lC SdxqF5MZkopQj+gFv9NPEP9C+8M6agFtEJSc6ce8+Zufe6ScBTaVmvBWNufmFxqbhcWlldW98ob2610jgTHmt6cRCLjuukLOARa0ouA9ZJBHNCN2Btd3Su4u1bJlIeR1dynLBe6PgRH3LPkURd+v3jfrliVS29zFlg56CCfDXi8guuMUAMDxlCMESQhAM4SOnpwoaFhLgeJs QJQlzHGe5RIm1GWYwyHGJH9PVp183ZiPbKM9Vqj04J6BWkNLFHmpjyBGF1mqnjmXZW7G/eE+2p7jamv5t7hcRK3BD7l26a+V+dqkViiFNdA6eaEs2o6rzcJdNdUTc3v1QlySEhTuEBxQVhTyunfTa1JtW1q946Ov6mMxWr9l6em+Fd3ZIGbP8c5yxoHVTtw+rBxVGldpaPuo gd7GKf5nmCGupooEnePh7xhGejbkRGZtx9phqFXLONb8t4+ADwSJAY</latexit>
1p|G|X
g2G
|g; g1, g2, . . .i
<latexit sha1_base64="uaojW/ODKBLLoZHR7TmR+v9cnJI=">AAADCnicjVHLahRBFD1pX0l8jWbppnAQXISheyIouAkGicsEMkkgHYbqmpq 2SPXDqmohdOYP8ifZZSfZ+gOuxOQH9C9yq+yAGkSr6epzz73ndN26Wa2VdXH8bS66cfPW7TvzC4t3791/8LD36PG2rRoj5EhUujK7GbdSq1KOnHJa7tZG8iLTcic7WPP5nY/SWFWVW+6wlvsFz0s1VYI7osa9t+nUcNEmsza1H4xrj9aPZjOW2qYYtzlLVcnWKSQHx/LXLB8ny7QNl1mqJ5WzLDW8 zLUc9/rxIA6LXQdJB/ro1kbV+4oUE1QQaFBAooQjrMFh6dlDghg1cftoiTOEVMhLzLBI2oaqJFVwYg9ozyna69iSYu9pg1rQXzS9hpQMz0hTUZ0h7P/GQr4Jzp79m3cbPP3ZDumbdV4FsQ7vif2X7qryf3W+F4cpXoUeFPVUB8Z3JzqXJtyKPzn7pStHDjVxHk8obwiLoLy6ZxY0NvTu75aH/PdQ6V kfi662wQ9/Shpw8uc4r4Pt4SBZGQw3X/RX33SjnscTPMVzmudLrOIdNjAi7xN8wTkuouPoNPoUnf0sjeY6zRJ+W9HnS4Ioqr4=</latexit>
|g1, g2, . . .i
<latexit sha1_base64="ZSuDGcy9wzQM4l+dogbkhGE6h2k=">AAAC43icjVHLSsNAFD2Nr1pfVZeCBIvgopS kCrosunFZwT6gLSVJpzU4TcJkIpTizp07cesPuNV/Ef9A/8I7YwpqEZ2QmTPn3nNm7lw34n4sLes1Y8zMzs0vZBdzS8srq2v59Y16HCbCYzUv5KFouk7MuB+wmvQlZ81IMGfoctZwL09UvHHFROyHwbkcRawzdAaB3/c9RxLVzW+3K SrNQdcu0lQumm3eC2VstoUTDDjr5gtWydLDnAZ2CgpIRzXMv6CNHkJ4SDAEQwBJmMNBTF8LNixExHUwJk4Q8nWc4Ro50iaUxSjDIfaS5gHtWikb0F55xlrt0SmcfkFKE7ukCSlPEFanmTqeaGfF/uY91p7qbiNa3dRrSKzEBbF/6S aZ/9WpWiT6ONI1+FRTpBlVnZe6JPpV1M3NL1VJcoiIU7hHcUHY08rJO5taE+va1ds6Ov6mMxWr9l6am+Bd3ZIabP9s5zSol0v2fql8dlCoHKetzmILO9ijfh6iglNUUSPvGzziCc8GM26NO+P+M9XIpJpNfBvGwwcKy5qX</latexi t>
7!
<latexit sha1_base64="OZ0DauN2GnWT+vOPPgktCo9VlLE=">AAACynicjVHLS sNAFD2Nr1pfVZdugkVwVZIq6LLoxoWLCvYBbZFJOq2heTGZCKW48wfc6oeJf6B/4Z1xCmoRnZDkzLnn3Jl7r5eGQSYd57VgLSwuLa8UV0tr6xubW+XtnVaW5MLnTT8JE9H xWMbDIOZNGciQd1LBWeSFvO2Nz1W8fcdFFiTxtZykvB+xURwMA59Jotq9iKWZTG7KFafq6GXPA9eACsxqJOUX9DBAAh85InDEkIRDMGT0dOHCQUpcH1PiBKFAxznuUSJvT ipOCkbsmL4j2nUNG9Ne5cy026dTQnoFOW0ckCchnSCsTrN1PNeZFftb7qnOqe42ob9nckXEStwS+5dvpvyvT9UiMcSpriGgmlLNqOp8kyXXXVE3t79UJSlDSpzCA4oLwr 52zvpsa0+ma1e9ZTr+ppWKVXvfaHO8q1vSgN2f45wHrVrVParWro4r9TMz6iL2sI9DmucJ6rhAA01d5SOe8GxdWsKaWNNPqVUwnl18W9bDBzTokjU=</latexit>
2 <latexit sha1_base64="AKWXD9wPtFVRTj3/iOFmDmRfkXs="></latexit> 2 <latexit sha1_base64="AKWXD9wPtFVRTj3/iOFmDmRfkXs="></latexit>
HG0
<latexit sha1_base64="DbgHS0ESiLGHdNJtDqZzlsumgIQ=">AAAC33icjVHLS sRAEKyN73fUm16Ci+hpSVTQo+hBjwruuqCyTMZRg3kxmQgSAt68iVd/wKv+jfgH+hf2jFnxgeiEJNXVXTXT034aBply3eea1dPb1z8wODQ8Mjo2PmFPTrWyJJdcNHkSJrL ts0yEQSyaKlChaKdSsMgPxb5/vqnz+xdCZkES76nLVBxF7DQOTgLOFFEde+YwYuqMs7DYLjvFR7BVLpQdu+42XLOcn8CrQB3V2knsJxziGAk4ckQQiKEIh2DI6DmABxcpc UcoiJOEApMXKDFM2pyqBFUwYs/pe0rRQcXGFGvPzKg57RLSK0npYJ40CdVJwno3x+Rz46zZ37wL46nPdkl/v/KKiFU4I/YvXbfyvzrdi8IJ1kwPAfWUGkZ3xyuX3NyKPr nzqStFDilxGh9TXhLmRtm9Z8doMtO7vltm8i+mUrM65lVtjld9Shqw932cP0FrqeEtN5Z2V+rrG9WoBzGLOSzSPFexjm3soEneV7jHAx4tZl1bN9bte6lVqzTT+LKsuzfT q5qd</latexit>
HG |Av=1
<latexit sha1_base64="mwPqjbh5S8QtRhhVE/JDqNIVNIA=">AAAC7nicjVHLS sRAECzj+73q0UtwEfSyJCroRfBxcI8ruCrsLmEyO2owL5KJICHf4M2bePUHvOpniH+gf2HPGEVdRCckqa7uqpmedmPfS6VlPfcZ/QODQ8Mjo2PjE5NT05WZ2cM0yhIumjz yo+TYZanwvVA0pSd9cRwnggWuL47c812VP7oQSepF4YG8jEUnYKehd+JxJolyKsvtgMkzzvy8Xjj5Z7BXFGabdNLJt50Lc9O0C6dStWqWXmYvsEtQRbkaUeUJbXQRgSNDA IEQkrAPhpSeFmxYiInrICcuIeTpvECBMdJmVCWoghF7Tt9TilolG1KsPFOt5rSLT29CShOLpImoLiGsdjN1PtPOiv3NO9ee6myX9HdLr4BYiTNi/9J9VP5Xp3qROMGG7s GjnmLNqO546ZLpW1EnN790JckhJk7hLuUTwlwrP+7Z1JpU967ulun8i65UrIp5WZvhVZ2SBmz/HGcvOFyp2au1lf216tZOOeoRzGMBSzTPdWyhjgaa5H2Fezzg0YiNa+PG uH0vNfpKzRy+LePuDSk2oGQ=</latexit>
FIG. 17. (a) Lattice isomorphism Tˆ1 amounts to inverting
the direction of a link. Accordingly, the basis element of the
corresponding link gets inverted. (b) Lattice isomorphism
Tˆ2 amounts to removing/adding a link. Due to gauge con-
straints, Tˆ2 does not change the dimension of the Hilbert
space. For example, the basis element g is completely fixed
by g1 and g2, the states on neighboring links, via g = g1 · g2.
(c) Lattice isomorphism Tˆ3 relates the lattice with a vertex
v (left column) and the lattice without the vertex v and the
links connected to v (right column). Tˆ3 induces a mapping
between Av = 1 subspace of the Hilbert space on the left lat-
tice and the Hilbert space on the right lattice. To find such
mapping, we pick a representative link (colored link in the
figure) and define the preferred basis in the left lattice. The
preferred basis is mapped to the computational basis on the
right lattice via Tˆ3.
1. Untwisted Gauge Theory
In the context of untwisted gauge theories, we consider
three lattice isomorphisms, defined pictorially in Fig. 17.
The first lattice isomorphism, Tˆ1, amounts to revesing the
direction of a link l and simultaneously changing the link
variable on l, from g, to its inverse, g−1. This operation
trivially maps link terms and vertex terms defined in G
to their corresponding terms in G′.
The second lattice isomorphism Tˆ2, see Fig. 17 (b),
amounts to removing (adding) a link, l, from (to) G. At
first sight, this operation may appear to reduce (enlarge)
the Hilbert space dimension. However, by virtue of the
25
v
<latexit sha1_base64="eBXglw +tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQTLI KrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSn Dn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNO O70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpoh rj21LZqThm2fPAzUEZ+arHpRfcoI8YDBlCcERQhAN4kPR04cJBQlwP U+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDH lpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MD YJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5 mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Q p1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
w
<latexit sha1_base64="IUlkzc MuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugk VwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5 My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiT r+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kq jm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWu hwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5q E8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjX QOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1 /05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6j hHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAA CxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXml uLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfco I8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n 7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX 3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAA CxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tL xeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK /SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH /feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rW qe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAA CxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXml uLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfco I8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n 7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX 3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAA CxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tL xeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK /SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH /feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rW qe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXm UmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfcoI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6Du kXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaP Xxb1sMHZ6qPfw==</latexit>
w
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FIG. 18. A series of support deformations of a long link term,
where the red links denote the support of (or equivalently, the
directed path associated with) the link term. The deforma-
tions can be implemented by invoking the zero-flux constraint
on each plaquette. Note that the end points are fixed during
the deformation.
zero-flux constraint, the state at l is completely fixed by
the states on neighboring links. It is therefore convenient
to label HG using the degrees of freedom on links other
than l, e.g., g1 and g2 in Fig. 17 (b). With this choice,
Tˆ2 induces a direct mapping between the computational
bases of G and G′.
Next, we must specify how Hamiltonian terms trans-
form under Tˆ2. Vertex terms in G simply map to the
corresponding vertex terms in G′. This result can be ver-
ified directly by comparing between the operators AgvTˆ2
(first mapping to G′ and only then applying Agv in G′)
and Tˆ2A
g
v (first applying A
g
v in G and only then mapping
to G′). Indeed, a straightforward calculation reveals that
the above two operations yield precisely the same quan-
tum states. In the case of the link terms, we have to
account for instances where the associated directed path
pi passes through the removed link l. The defining path
pi can be freely deformed locally such that no link terms
passes through l, see Fig. 18. Following these deforma-
tions, we can safely remove l from the planar graph and
directly map between link terms in G and G′.
The third lattice isomorphism, Tˆ3, involves removing
a vertex v and its adjacent links from G, as described in
Fig. 17 (c). Note that here, unlike for the Tˆ2 isomor-
phism, since G has an additional vertex relative to G′,
HG has additional degrees of freedom relative to HG′ ,
even after taking into account the zero-flux constraints.
For this reason, we must supplement this move with an
additional constraint, Av = 1, imposed on the Hilbert
space HG . Projecting to the subspace with Av = 1 arises
naturally during a vertex decimation step. The subspace
defined by imposing Av = 1 on HG is isomorphic to the
Hilbert space HG′ on the target graph G′, where the ver-
tex v and its adjacent links were removed.
Operationally, we define Tˆ3 : HG |Av=1 → HG′ by
choosing a preferred basis for states belonging to the
Av = 1 subspace, and mapping it to the computational
basis in G′. To define the preferred basis, we first pick a
representative link l among the links adjacent to v. The
zero-flux constraints fixes the rest of the link variables.
Thus, we can label states in HG as |g; g1, g2, . . .〉, where
g is the state on l and {g1, g2, . . .} are the collection of
states on links that are not connected to v. We define
v
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FIG. 19. A procedure which maps a long-link term to a short-
link term. We employ a series of support deformation of a
link term and a series of lattice isomorphism Tˆ2 during the
procedure.
the preferred basis as
1√
G
∑
g∈G
|g; g1, g2, · · · 〉, (B1)
which indeed spans the Av = 1 subspace. We note
that Eq. (B1) is also an eigenstate of Ahv , under which
|g; g1, g2, · · · 〉 maps to |h ·g; g1, g2, · · · 〉, for all h ∈ G with
the corresponding eigenvalue 1. Under Tˆ3, the preferred
basis in Eq. (B1) is simply mapped to |g1, g2, . . .〉, the
computational basis states in HG′ .
We now argue that Tˆ3 correctly maps both link and
vertex terms. We must assume that the Hamiltonian
does not contain link terms that either end or begin on a
link connected to v. In the context of our RSRG scheme,
this assumption is always satisfied during a vertex term
decimation, since such link terms are never a part of the
renormalized Hamiltonian. On the other hand, long-link
terms whose defining path pi passes thorough links adja-
cent to v are allowed. For such long-link terms, we em-
ploy the procedure described in Fig. 18, which deforms
the path pi, so that it does not act directly on links adja-
cent to v. Following the above step, we conclude that link
terms on G are directly mapped to their corresponding
ones G via Tˆ3.
Moving to vertex terms, we only need to examine
terms, Ahw, defined on a vertex w adjacent to v and
an arbitrary group element h ∈ G. As before, we com-
pare between the operations Tˆ3A
h
w and A
h
wTˆ3, acting on
the preferred basis states, previously defined in Eq. (B1).
A straight forward calculation, using the rearrangement
theorem, shows that the above two operations yield the
identical result. This means that every vertex term in G
is simply mapped to the corresponding vertex term in G′.
In Fig. 19, we demonstrate an important application
of lattice isomorphism, used in the main text during a
of long-link decimation step. Explicitly, we show that a
long-link term Cgl for some long-link l = 〈v, w〉 and g ∈ G
can be mapped to a short-link term by first deforming the
defining path of Cgl and following it with a series of Tˆ2
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<latexit sha 1_base64="2L2wXQUm1eNYV 0fd3OU7xwPSYGE=">AAACz3 icjVHLSsNAFD2Nr1pfVZdug kWom5KqoMuiG5ct2Ae0RZJ0W ofmxWSillJx6w+41b8S/0D/ wjtjCmoRnZDkzLn3nJl7rxN 5PJaW9Zox5uYXFpeyy7mV1b X1jfzmViMOE+Gyuht6oWg5d sw8HrC65NJjrUgw23c81nSG ZyrevGYi5mFwIUcR6/r2IOB 97tqSqE5Hslsp/HHR2Z9c5g tWydLLnAXlFBSQrmqYf0EHPY RwkcAHQwBJ2IONmJ42yrAQE dfFmDhBiOs4wwQ50iaUxSjD JnZI3wHt2ikb0F55xlrt0ik evYKUJvZIE1KeIKxOM3U80c 6K/c17rD3V3Ub0d1Ivn1iJK 2L/0k0z/6tTtUj0caJr4FRT pBlVnZu6JLor6ubml6okOUT EKdyjuCDsauW0z6bWxLp21Vt bx990pmLV3k1zE7yrW9KAyz /HOQsaB6XyYemgdlSonKajz mIHuyjSPI9RwTmqqJN3hEc8 4dmoGTfGnXH/mWpkUs02vi3 j4QMg/5Qi</latexit>
v
<latexit sha1_base64="eBXgl w+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQ TLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEt ohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb 7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0h pEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfcoI8YDBlCcERQhAN4kP R04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4 J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7p Z5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO +mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5 /moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ 6qPfw==</latexit> v0
<latexit sha1_base64="yTJQAoICIzvF+QFLFtBV/r5CYr E=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6raF5MZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ Zufd6SeCn0nFec9bc/MLiUn65sLK6tr5R3NxqpnEmGG+wOIhF23NTHvgRb0hfBrydCO6GXsBb3vBMxVsjLlI/jq7lOOHd0B 1Eft9nriTqarR/Wyw5ZUcvexZUDCjBrHpcfMENeojBkCEERwRJOICLlJ4OKnCQENfFhDhByNdxjnsUSJtRFqcMl9ghfQe06 xg2or3yTLWa0SkBvYKUNvZIE1OeIKxOs3U8086K/c17oj3V3cb094xXSKzEHbF/6aaZ/9WpWiT6ONE1+FRTohlVHTMume6K urn9pSpJDglxCvcoLggzrZz22daaVNeueuvq+JvOVKzaM5Ob4V3dkgZc+TnOWdCsliuH5erlUal2akadxw52cUDzPEYNF6i jQd59POIJz9a5FVrSGn2mWjmj2ca3ZT18AOqAj7A=</latexit>
w
<latexit sha1_base64="IUlkz cMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZd ugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpq EZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLW CtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3 jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHg Q9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUC nhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5d umvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UAr p322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9 RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4A GoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYc kBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0oc sq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzX nDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU 51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgM KQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxK gZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpd i0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10Tfz OZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7 eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">A AACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2 FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ +arHpRfcoI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs 795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPzf Cub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit> v0
<latexit sha1_base64="yTJQAoICIzvF+QFLFtBV/r5CYrE=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpd V7ANqkWQ6raF5MZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+Zufd6SeCn0nFec9bc/MLiUn65sLK6tr5R3NxqpnEmGG+wOIhF23NTHvgRb0hfBrydCO6GXsBb3vBMxVsjLlI/jq7lOOHd0B1Eft9nriTqarR/Wyw5ZUcvexZUDCjBrHpcfMENeojBkCEER wRJOICLlJ4OKnCQENfFhDhByNdxjnsUSJtRFqcMl9ghfQe06xg2or3yTLWa0SkBvYKUNvZIE1OeIKxOs3U8086K/c17oj3V3cb094xXSKzEHbF/6aaZ/9WpWiT6ONE1+FRTohlVHTMume6Kurn9pSpJDglxCvcoLggzrZz22daaVNeueuvq+JvOVKzaM5O b4V3dkgZc+TnOWdCsliuH5erlUal2akadxw52cUDzPEYNF6ijQd59POIJz9a5FVrSGn2mWjmj2ca3ZT18AOqAj7A=</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69 C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2 pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/Yg nPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+ hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ3 7zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
v
<latexit sha1_base64="eBXgl w+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQ TLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEt ohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb 7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0h pEYCOYpohrj21LZqThm2fPAzUEZ+arHpRfcoI8YDBlCcERQhAN4kP R04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4 J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7p Z5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO +mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5 /moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ 6qPfw==</latexit> v0
<latexit sha1_base64="yTJQAoICIzvF+QFLFtBV/r5CYr E=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpdV7ANqkWQ6raF5MZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ Zufd6SeCn0nFec9bc/MLiUn65sLK6tr5R3NxqpnEmGG+wOIhF23NTHvgRb0hfBrydCO6GXsBb3vBMxVsjLlI/jq7lOOHd0B 1Eft9nriTqarR/Wyw5ZUcvexZUDCjBrHpcfMENeojBkCEERwRJOICLlJ4OKnCQENfFhDhByNdxjnsUSJtRFqcMl9ghfQe06 xg2or3yTLWa0SkBvYKUNvZIE1OeIKxOs3U8086K/c17oj3V3cb094xXSKzEHbF/6aaZ/9WpWiT6ONE1+FRTohlVHTMume6K urn9pSpJDglxCvcoLggzrZz22daaVNeueuvq+JvOVKzaM5Ob4V3dkgZc+TnOWdCsliuH5erlUal2akadxw52cUDzPEYNF6i jQd59POIJz9a5FVrSGn2mWjmj2ca3ZT18AOqAj7A=</latexit>
w
<latexit sha1_base64="IUlkz cMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZd ugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpq EZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLW CtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3 jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHg Q9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUC nhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5d umvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UAr p322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9 RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4A GoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYc kBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0oc sq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzX nDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU 51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgM KQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxK gZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpd i0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10Tfz OZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7 eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">A AACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2 FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ +arHpRfcoI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs 795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPzf Cub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit> v0
<latexit sha1_base64="yTJQAoICIzvF+QFLFtBV/r5CYrE=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VdIq6LLoQpd V7ANqkWQ6raF5MZkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+Zufd6SeCn0nFec9bc/MLiUn65sLK6tr5R3NxqpnEmGG+wOIhF23NTHvgRb0hfBrydCO6GXsBb3vBMxVsjLlI/jq7lOOHd0B1Eft9nriTqarR/Wyw5ZUcvexZUDCjBrHpcfMENeojBkCEER wRJOICLlJ4OKnCQENfFhDhByNdxjnsUSJtRFqcMl9ghfQe06xg2or3yTLWa0SkBvYKUNvZIE1OeIKxOs3U8086K/c17oj3V3cb094xXSKzEHbF/6aaZ/9WpWiT6ONE1+FRTohlVHTMume6Kurn9pSpJDglxCvcoLggzrZz22daaVNeueuvq+JvOVKzaM5O b4V3dkgZc+TnOWdCsliuH5erlUal2akadxw52cUDzPEYNF6ijQd59POIJz9a5FVrSGn2mWjmj2ca3ZT18AOqAj7A=</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69 C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2 pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/Yg nPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+ hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ3 7zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAF D2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1 ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxK gZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe 3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNA FD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3I Zsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2yl NodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5 OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
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FIG. 20. Tˆ2 lattice isomorphism acting on a computational
basis state. Here, group elements (which are not shown ex-
plicitly) are placed on each link and satisfy the zero-flux
constraint on each plaquette. Note that group elements on
colored links are completely fixed by the group elements on
neighboring links. Compared to the untwisted case, Tˆ2 carries
additional U(1) phase factor in the twisted case.
lattice isomorphisms.
2. Twisted Gauge Theory
We now turn our attention to constructing lattice iso-
morphisms in the context of DW models [33, 40]. Cru-
cially, in this case, we must take into account the trans-
formation of the U(1) phase factors, originating from a
group cohomology element [ω] ∈ H3(G,U(1)), under the
various lattice isomorphisms.
In the DW model, reversing a link orientation during
a Tˆ1 lattice isomorphism, translates into exchanging a
pair of vertex indices. However, such a reordering can be
consistently implemented in only a few special cases [39]
and hence to maintain full generality, we will not employ
Tˆ1 in the following discussion.
The second lattice isomorphism Tˆ2 involves deforming
the link configuration. Unlike the untwisted case, we can-
not freely add or remove a link from the planar graph G,
as this operation can potentially generate non-triangular
plaquettes, which are disallowed in DW models. Instead,
we redefine Tˆ2, so that the resulting link configuration
is compatible with the triangulation structure, as shown
in Fig. 20 (a) and (b). As before, due to the zero-flux
constraints, states on modified links are completely fixed
by states on neighboring links. Unlike before, Tˆ2 must
be accompanied by a U(1) phase factor, which is picto-
rially defined in Fig. 20 (a) and (b). Note that the two
operations appearing in Fig. 20 are inverses of each other
since the two associated tetrahedrons are mirror images
of each other.
We now argue that Tˆ2 properly maps the Hamiltonian
terms. By following the path deformation procedures
used in the untwisted case, link terms in G are mapped
to the corresponding link terms in G′ under Tˆ2. In the
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FIG. 21. The 3-manifold in the left (right) column appears
in the phase factor of Ah,ωv Tˆ2 (Tˆ2A
h,ω
v ) in Fig. 20 (a) and
(b). More explicitly for case (a), the left panel consists of
two tetrahedrons [v, v′, w, w′] and [v−, v, w,w′]. The former
accounts from the phase factor accompanying the Tˆ2 transfor-
mation and the latter arises from the tent construction. The
right panel compromises three tetrahedrons, [v−, v′, w, w′],
[v−, v, v′, w], and [v−, v, v′, w′]. The first tetrahedron origi-
nates from the Tˆ2 transformation and the last two tetrahe-
drons originate from the tent construction. Similar consider-
ations lead to the 3-manifold construction corresponding to
(b). In each case, using a 2-3 Pachner move, the phase factors
of Ah,ωv Tˆ2 and Tˆ2A
h,ω
v acting on a computational basis state
can be shown to be identical.
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FIG. 22. Lattice isomorphism Tˆ3 is defined for a vertex v.
We map the preferred basis vector, shown in the left column,
on Aωv = 1 subspace on the graph with the vertex v to the
computational basis |g1, g2, · · · 〉 on the graph where the vertex
v and adjacent links are removed.
case of the vertex terms, it is crucial to check whether
the phase factors associated with vertex terms map faith-
fully under Tˆ2. Since Tˆ2 modifies the lattice locally, we
only need to consider the vertex operators acting on v in
Fig. 20 (a) and (b). Specifically, we compare the U(1)
phase factors associated with the operations Ah,ωv Tˆ2 and
Tˆ2A
h,ω
v for an arbitrary h ∈ G when acting on a com-
putational basis element in HG . Since all other U(1)
phase factors (coming from the remaining plaquettes)
trivially cancel with each other, we only need to compare
the U(1) phase factors assigned to the 3-manifolds shown
in Fig. 21. Using a 2-3 Pachner move presented in Ap-
pendix A, it follows immediately that the two associated
U(1) phase factors are identical. Note that the additional
phase factor introduced in Fig. 20 precisely compensates
for the otherwise non-vanishing phase difference.
Finally, we define the third lattice isomorphism Tˆ3,
27
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FIG. 23. Using a series of Tˆ2 lattice isomorphisms, one can
isolate a vertex v in such a way that it is surrounded by a
triangle. We colored the links which are affected by Tˆ2.
which amounts to removing a vertex v and the adjacent
links from G. Since only triangular plaquettes are al-
lowed in the DW models, we assume that the vertex is
surrounded by a triangle, such as the one in the left col-
umn of Fig. 22. In general, we can isolate a vertex in this
manner by employing a series of Tˆ2 lattice isomorphisms
as depicted in Fig. 23.
Similarly to the untwisted case, Tˆ3 induces an isomor-
phism between HG |Aωv=1 and HG′ . To define Tˆ3, we first
choose a preferred basis for the Aωv = 1 subspace of HG .
Tˆ3 maps the preferred basis to the computational basis
in HG′ . To this end, we first pick a representative link,
that we denote [v, w], among the links adjacent to v.8 As
before, we denote a computational basis state in HG as
|g; g1, g2, . . .〉, where g is the state on the representative
link [v, w] and {g1, g2, . . .} are the states on links that
are not adjacent to v (states defined on adjacent links
other than [v, w] are fixed by the zero-flux constraints).
The preferred basis is constructed by taking superposi-
tions of |g; g1, g2, . . .〉 with amplitudes fixed by the group
cohomology element:
1√
G
∑
g∈G
ω
[
T [{g, g1, g2}]
]|g; g1, g2, . . .〉, (B2)
where T = [v, w,w′, w′′] is the tetrahedron shown in
Fig. 22. We first demonstrate that the preferred basis
vectors are eigenstates of Ah,ωv with an eigenvalue 1 for
all h ∈ G, and hence belong to Aωv = 1 subspace. To
this end, we first note that, as with the untwisted case,
acting with Ah,ωv only shuffles the computational basis in
Eq. (B2), |g; g1, g2, . . .〉 7→ |h·g; g1, g2, . . .〉. In the twisted
case, we also have to make sure that the additional U(1)
phases transform correctly; under the operation of Ah,ωv ,
we accumulate the phase factor eiφh(ω), which must sat-
isfy the condition
ω
[
T [{h · g, g1, g2}] = eiφh(ω)ω
[
T [{g, g1, g2}]
]
, (B3)
in order for Eq. (B2) belongs to Ah,ωv = 1 subspace. The
above identity is proven pictorially in Fig. 24 using a 1-4
Pachner move.
8 The representative link is fixed once and for all, and in particular
is independent of the group elements on links.
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FIG. 24. Graphical proof of Eq. (B3). The 3-manifold on the
left is obtained by gluing the tetrahedron associated with the
U(1) phase factors appearing in the amplitude of |g; g1, g2〉
in Eq. (B2) and the 3-manifold from the tent construction
of Ah,ωv . The 3-manifold on the right is associated with the
phase factor of the amplitude of |h ·g; g1, g2〉 in Eq. (B2). The
U(1) phase factors associated with the above two 3-manifolds
are identified by a 1-4 Pachner move.
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<latexit sha1_base64="cPEqpFGTyteARVulRZCu+W9zl7I=">AAACz3icjVHLTsJAFD3UF+ILdemmkZi4kRQw0SXRjUtIBEyAmLYMOKGvTKcqIRi 3/oBb/SvjH+hfeGcsiUqMTtP2zLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmVjMOE+Gyhht6obhw7Jh5PGANyaXHLiLBbN/xWMsZnqp465qJmIfBuRxFrOvbg4D3uWtLojrljmS3Uvjjg0nlMl+wipZe5iwopaCAdNXC/As66CGEiwQ+GAJIwh5sxPS0UYKFiLguxsQJQlzHGSbIkTahLEYZNrFD+g5 o107ZgPbKM9Zql07x6BWkNLFHmpDyBGF1mqnjiXZW7G/eY+2p7jaiv5N6+cRKXBH7l26a+V+dqkWij2NdA6eaIs2o6tzUJdFdUTc3v1QlySEiTuEexQVhVyunfTa1Jta1q97aOv6mMxWr9m6am+Bd3ZIGXPo5zlnQLBdLlWK5flionqSjzmIHu9ineR6hijPU0CDvCI94wrNRN26MO+P+M9XIpJptfFvGwwf QrZQB</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LI oiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPy CK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp32 2tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0 ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1y jiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTm Np1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXR TZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfE F1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bS pOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0V BXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRf coI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mw bjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
w 
<latexit sha1_base64="LAqmb5be5GjDXXo85C5m3BlMQzc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwY0mqoMuimy4r 2gfUKkk6rUPzYjKxlCL4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rxj5PpGW95oy5+YXFpfxyYWV1bX2juLnVTKJUeKzhRX4k2q6TMJ+HrCG59Fk7FswJXJ+13OGZirfumEh4FF7Kccy6gTMIeZ97jiTqYnR9cFMsWWVLL3MW2BkoIVv1qPiCK/QQwUOKAA whJGEfDhJ6OrBhISauiwlxghDXcYZ7FEibUhajDIfYIX0HtOtkbEh75ZlotUen+PQKUprYI01EeYKwOs3U8VQ7K/Y374n2VHcb09/NvAJiJW6J/Us3zfyvTtUi0ceJroFTTbFmVHVe5pLqrqibm1+qkuQQE6dwj+KCsKeV0z6bWpPo2lVvHR1/05mKVXsvy 03xrm5JA7Z/jnMWNCtl+7BcOT8qVU+zUeexg13s0zyPUUUNdTTIe4BHPOHZqBmhkRqjz1Qjl2m28W0ZDx8BFpAf</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LI oiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPy CK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp32 2tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZR Kxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZ hPflvXwAezhj7E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXR TZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfE F1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bS pOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
w 
<latexit sha1_base64="LAqmb5be5GjDXXo85C5m3BlMQzc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwY0mqoMuimy4r 2gfUKkk6rUPzYjKxlCL4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rxj5PpGW95oy5+YXFpfxyYWV1bX2juLnVTKJUeKzhRX4k2q6TMJ+HrCG59Fk7FswJXJ+13OGZirfumEh4FF7Kccy6gTMIeZ97jiTqYnR9cFMsWWVLL3MW2BkoIVv1qPiCK/QQwUOKAA whJGEfDhJ6OrBhISauiwlxghDXcYZ7FEibUhajDIfYIX0HtOtkbEh75ZlotUen+PQKUprYI01EeYKwOs3U8VQ7K/Y374n2VHcb09/NvAJiJW6J/Us3zfyvTtUi0ceJroFTTbFmVHVe5pLqrqibm1+qkuQQE6dwj+KCsKeV0z6bWpPo2lVvHR1/05mKVXsvy 03xrm5JA7Z/jnMWNCtl+7BcOT8qVU+zUeexg13s0zyPUUUNdTTIe4BHPOHZqBmhkRqjz1Qjl2m28W0ZDx8BFpAf</latexit>
v
<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrklRBl0V BXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAzUEZ+arHpRf coI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+mw bjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
FIG. 25. Graphical proof of Eq. (B6). The 3-manifold on the
left is given by the gluing of tetrahedron [v, w,w′, w′′], origi-
nating from the phase factor of |g; g1, g2〉 in Eq. (B2), with two
relevant tetrahedrons, [w−, w, v, w′] and [w−, w, v, w′′], orig-
inating from the tent construction of Ah,ωw (shown as three
distinct tetrahedrons, for clarity). The associated U(1) phase
factor for the latter two tetrahedrons corresponds to eiφ
G
h
(ω)
in Eq. (B5). The 3-manifold on the right is obtained by
gluing the tetrahedron [v, w−, w′, w′′], originating from the
phase factor of |h · g;h · g1, g2〉 in Eq. (B2), and the tetrahe-
dron [w−, w, w′, w′′], with which the phase factor eiφ
G′
h
(ω) in
Eq. (B4) is associated. Two 3-manifolds are related by a 2-3
Pachner move and, importantly, the group elements on links
of [w−, w, w′, w′′] are independent of g.
Next, we show that Tˆ3 also correctly maps Hamiltonian
terms. We first consider the mapping of link terms. As
before, if necessary, we employ a preliminary path defor-
mation step such that all link terms never pass through
removed links. Following this operation, link terms ap-
pearing in G are directly mapped to the corresponding
ones in G′, similarly to the untwisted case. As for vertex
terms, we only need to consider vertex terms Aωw, where
w is a vertex adjacent to v (see Fig. 22), since other vertex
terms are unaffected by Tˆ3. In the calculation below we
ignore phase factors arising from plaquettes untouched
by the mapping Tˆ3, since they trivially cancel out. We
begin by considering the case where we first apply the
isomorphism Tˆ3 and only then act with A
h,ω
w for some
h ∈ G. The resulting state is,
eiφ
G′
h (ω)|h · g1, g2, . . .〉, (B4)
28
Tˆ2
<latexit sha1_base64="WE4W 8suSzNYVZli/8DrEnVJpdRc=">AAACzHicjVHLSsNAFD2Nr1pfVZ dugkVwVZIq6LLoxpVU6ENpS0nSaRuaF5OJUEq3/oBb/S7xD/Qvv DNOQS2iE5KcOfeeM3PvdZPAT4VlveaMpeWV1bX8emFjc2t7p7i7 10zjjHus4cVBzG9dJ2WBH7GG8EXAbhPOnNANWMsdX8p4657x1I+j upgkrBs6w8gf+J4jiLrrjBwxrc96lV6xZJUttcxFYGtQgl61uPi CDvqI4SFDCIYIgnAAByk9bdiwkBDXxZQ4TshXcYYZCqTNKItRhk PsmL5D2rU1G9FeeqZK7dEpAb2clCaOSBNTHicsTzNVPFPOkv3Ne6 o85d0m9He1V0iswIjYv3TzzP/qZC0CA5yrGnyqKVGMrM7TLpnqi ry5+aUqQQ4JcRL3Kc4Je0o577OpNKmqXfbWUfE3lSlZufd0boZ3e UsasP1znIugWSnbJ+XKzWmpeqFHnccBDnFM8zxDFVeooUHeIR7x hGfj2hDG1Jh9pho5rdnHt2U8fADE3ZLP</latexit>
v1
<latexit sha1_ba se64="Tm9/Px11UbZH2+yTJErEdROh sE0=">AAACxnicjVHLTsJAFD3UF+IL demmkZi4Ii2a6JLohiVGQRIkpC0DTi htM51iCDHxB9zqpxn/QP/CO+OQqMTo NG3PnHvPmbn3+knIU+k4rzlrYXFpeS W/Wlhb39jcKm7vNNM4EwFrBHEYi5bv pSzkEWtILkPWSgTzRn7Irv3huYpfj5 lIeRxdyUnCOiNvEPE+DzxJ1OW463aL Jafs6GXPA9eAEsyqx8UX3KCHGAEyjM AQQRIO4SGlpw0XDhLiOpgSJwhxHWe4 R4G0GWUxyvCIHdJ3QLu2YSPaK89Uqw M6JaRXkNLGAWliyhOE1Wm2jmfaWbG/ eU+1p7rbhP6+8RoRK3FL7F+6WeZ/da oWiT5OdQ2cako0o6oLjEumu6Jubn+p SpJDQpzCPYoLwoFWzvpsa02qa1e99X T8TWcqVu0Dk5vhXd2SBuz+HOc8aFbK 7lG5cnFcqp6ZUeexh30c0jxPUEUNdT TIe4BHPOHZqlmRlVl3n6lWzmh28W1Z Dx8KlZAj</latexit>
v2
<latexit sha1_base64="ZN6TkHlWr h1spjwBH5COPe4M9og=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JL ohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nE gEuU4rzlrYXFpeSW/Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm 9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdm qR8UX3KCHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk 7oF07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8xo Rq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwsw oZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUee xh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuyHj4ADPWQJA==</l atexit>
v1
<latexit sha1_base64="Tm9/Px11UbZH2+yTJErEdROhsE0=">AAACxnicj VHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpC0DTihtM51iCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+knIU+k4rzlrYXFpeSW/Wlhb39jcKm7vN NM4EwFrBHEYi5bvpSzkEWtILkPWSgTzRn7Irv3huYpfj5lIeRxdyUnCOiNvEPE+DzxJ1OW463aLJafs6GXPA9eAEsyqx8UX3KCHGAEyjMAQQRIO4SGlpw0XD hLiOpgSJwhxHWe4R4G0GWUxyvCIHdJ3QLu2YSPaK89UqwM6JaRXkNLGAWliyhOE1Wm2jmfaWbG/eU+1p7rbhP6+8RoRK3FL7F+6WeZ/daoWiT5OdQ2cako0o 6oLjEumu6Jubn+pSpJDQpzCPYoLwoFWzvpsa02qa1e99XT8TWcqVu0Dk5vhXd2SBuz+HOc8aFbK7lG5cnFcqp6ZUeexh30c0jxPUEUNdTTIe4BHPOHZqlmRl Vl3n6lWzmh28W1ZDx8KlZAj</latexit>
v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAACxnicj VHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW/Wlhb39jcKm7vN JMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3KCHCAwpRuAIoQgH8JDQ04YLB zFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8xoRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo 6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhl Vp3n6lWLtPs4tuyHj4ADPWQJA==</latexit>
Tˆ2
<latexit sha1_base64="WE4W8suSzNYVZli/8DrEnVJpdRc="> AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LLoxpVU6ENpS0nSaRuaF5OJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3PvdZPAT4V lveaMpeWV1bX8emFjc2t7p7i710zjjHus4cVBzG9dJ2WBH7GG8EXAbhPOnNANWMsdX8p4657x1I+jupgkrBs6w8gf+J4jiLrrjBwxr c96lV6xZJUttcxFYGtQgl61uPiCDvqI4SFDCIYIgnAAByk9bdiwkBDXxZQ4TshXcYYZCqTNKItRhkPsmL5D2rU1G9FeeqZK7dEpAb2c lCaOSBNTHicsTzNVPFPOkv3Ne6o85d0m9He1V0iswIjYv3TzzP/qZC0CA5yrGnyqKVGMrM7TLpnqiry5+aUqQQ4JcRL3Kc4Je0o577O pNKmqXfbWUfE3lSlZufd0boZ3eUsasP1znIugWSnbJ+XKzWmpeqFHnccBDnFM8zxDFVeooUHeIR7xhGfj2hDG1Jh9pho5rdnHt2U8fA DE3ZLP</latexit>
v1
<latexit sha1_base64="Tm9/Px11UbZH2+yTJErEdROhsE0=">AAACxnicj VHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpC0DTihtM51iCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+knIU+k4rzlrYXFpeSW/Wlhb39jcKm7vN NM4EwFrBHEYi5bvpSzkEWtILkPWSgTzRn7Irv3huYpfj5lIeRxdyUnCOiNvEPE+DzxJ1OW463aLJafs6GXPA9eAEsyqx8UX3KCHGAEyjMAQQRIO4SGlpw0XD hLiOpgSJwhxHWe4R4G0GWUxyvCIHdJ3QLu2YSPaK89UqwM6JaRXkNLGAWliyhOE1Wm2jmfaWbG/eU+1p7rbhP6+8RoRK3FL7F+6WeZ/daoWiT5OdQ2cako0o 6oLjEumu6Jubn+pSpJDQpzCPYoLwoFWzvpsa02qa1e99XT8TWcqVu0Dk5vhXd2SBuz+HOc8aFbK7lG5cnFcqp6ZUeexh30c0jxPUEUNdTTIe4BHPOHZqlmRl Vl3n6lWzmh28W1ZDx8KlZAj</latexit>
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FIG. 26. A series of Tˆ2 lattice isomorphisms that moves two
distant vertices v1 and v2 until they are nearest neighbors.
We colored the links which are affected by Tˆ2.
where the phase factor is evaluated in G′ after the re-
moval of the vertex v and hence include a single relevant
tetrahedron [w−, w, w′, w′′]. Next, acting first with Ah,ωw
on a preferred basis state appearing in Eq. (B2) gives
1√
G
∑
g∈G
eiφ
G
h(ω)ω
[
T [{g, g1, g2}]
]
ω
[
T [{h · g, h · g1, g2}]
]
× ω[T [{h · g, h · g1, g2}]]|h · g;h · g1, g2, . . .〉,
(B5)
where eiφ
G
h(ω) is evaluated by a tent construction on G
comprising two relevant tetrahedrons [w−, w, v, w′] and
[w−, w, v, w′′], ω
[
T [{g, g1, g2}]
]
originates from the U(1)
weights in Eq. (B2), and for convenience we multiply and
divide by ω
[
T [{h · g, h · g1, g2}]
]
to comply with the U(1)
weights associated with the states |h ·g;h ·g1, g2, . . .〉. Fi-
nally, we apply the Tˆ3 transformation on Eq. (B5). In
order for the two operations to agree and Eq. (B5) be-
longs to Aωv = 1 subspace, we must have that,
eiφ
G′
h (ω) =
eiφ
G
h(ω)ω
[
T [{g, g1, g2}]
]
ω
[
T [{h · g, h · g1, g2}]
] , (B6)
which, crucially, is g-independent. We give a graphical
proof of Eq. (B6) in Fig. 25, using a 2-3 Pachner move.
Finally, we extend Tˆ3 to remove not only a single ver-
tex but also a set of vertices associated with a general-
ized vertex term Aωv1v2...vk =
1
|G|
∑
g∈GA
g,ω
v1 A
g,ω
v2 · · ·Ag,ωvk .
In order for the DW models to be well-defined after
the vertices removal, we first bring a set of vertices
{v1, v2, · · · , vk} locally in space by employing a series of
Tˆ2 lattice isomorphisms as described in Fig. 26. Next,
we use Tˆ2 lattice isomorphisms to make a configuration
shown in Fig. 27, where the vertices in {v1, v2, · · · , vk}
are surrounded by a triangle. This configuration can
be constructed by following the procedure described in
Fig. 23.
For concreteness, we also examine the Tˆ3 lattice iso-
morphism for the two-vertex case. It is straightforward
to generalize this construction to an arbitrary number of
w
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FIG. 27. A configuration where the vertices v1, v2, · · · , and
vk associated with the vertex operator A
ω
v1v2...vk are located
locally in space and surrounded by the triangle formed by
vertices w, w′, and w′′. Since the vertex operator Aωv1v2...vk is
generated from link term projections, all the group elements
on links [v1, v2], [v2, v3], · · · , and [vk−1, vk] are trivial.
w
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FIG. 28. The preferred basis vector for Aωv1v2 = 1 subspace.
As in the single vertex case, we fix the representative link,
denoted as [v1, w] in this case, at the outset of the calcula-
tion. The phase factor is given by the U(1) phase factor of a
3-manifold obtained by gluing two tetrahedrons. For k ver-
tices, the corresponding 3-manifold is obtained by gluing k
tetrahedrons.
vertices. As before, we first identify the preferred ba-
sis spanning the Aωv1v2 = 1 subspace, defined in Fig. 28.
Note that since the vertex operator Aωv1v2 is generated
from the link term C[v1,v2] decimation, the state on the
link [v1, v2] is trivial. We denote the preferred basis as
1√|G|∑
g∈G
ω
[
M [{g, g1, g2}]
]|g; g1, g2, . . .〉, (B7)
where g is the basis element on the representative link
[v1, w], {g1, g2, . . .} is the set of states on links that are
not adjacent to either v1 or v2, and M is the three
manifold, obtained by gluing two tetrahedrons, shown in
Fig. 28. We now show that the preferred basis Eq. (B7)
indeed belongs to Aωv1v2 = 1 subspace by proving that it
is an eigenstate of Ah,ωv1 A
h,ω
v2 with the eigenvalue 1. As
in the proof for Eq. (B2), we show that the amplitude
of |g; g1, g2, . . .〉 in Eq. (B7) maps to the amplitude of
|h · g; g1, g2, . . .〉 in Eq. (B7) under Ah,ωv1 Ah,ωv2 . The proof
is given in Fig. 29.
Finally, we show that the Tˆ3 lattice isomorphism asso-
ciated with two-vertex removal correctly maps link and
vertex terms in G to the corresponding ones in G′. Note
that the link terms are mapped to each other as in the
single vertex removal. As for vertex terms, we only need
to consider terms acting on vertices adjacent to v1 and
29
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<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwsp Qj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2 Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I /i</latexit>
v1
<latexit sha1_base64="Tm9/Px11UbZH2+yTJErEdROhsE0=">AAAC xnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpC0DTihtM51iCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+knIU+k4rzlrYXFpeSW /Wlhb39jcKm7vNNM4EwFrBHEYi5bvpSzkEWtILkPWSgTzRn7Irv3huYpfj5lIeRxdyUnCOiNvEPE+DzxJ1OW463aLJafs6GXPA9eAEsyqx8UX3K CHGAEyjMAQQRIO4SGlpw0XDhLiOpgSJwhxHWe4R4G0GWUxyvCIHdJ3QLu2YSPaK89UqwM6JaRXkNLGAWliyhOE1Wm2jmfaWbG/eU+1p7rbhP6+8R oRK3FL7F+6WeZ/daoWiT5OdQ2cako0o6oLjEumu6Jubn+pSpJDQpzCPYoLwoFWzvpsa02qa1e99XT8TWcqVu0Dk5vhXd2SBuz+HOc8aFbK7lG5c nFcqp6ZUeexh30c0jxPUEUNdTTIe4BHPOHZqlmRlVl3n6lWzmh28W1ZDx8KlZAj</latexit>
v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAAC xnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW /Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3K CHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8x oRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcu TguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuyHj4ADPWQJA==</latexit>
v 1<latexit sha1_base64="xslJwliIHQ4KSgGpr2j3glxVfFk=">AA ACyHicjVHLTsJAFD3UF+ILdemmkZi4kbRookuiG+MKEwskiKQdBpxQ2qadYghx4w+41S8z/oH+hXfGkqjE6DRtz5x7z5m593qRLxJpWa85Y 25+YXEpv1xYWV1b3yhubtWTMI0Zd1joh3HTcxPui4A7UkifN6OYu0PP5w1vcKbijRGPExEGV3Ic8fbQ7QeiJ5griXJGHfvmoFMsWWVLL3MW 2BkoIVu1sPiCa3QRgiHFEBwBJGEfLhJ6WrBhISKujQlxMSGh4xz3KJA2pSxOGS6xA/r2adfK2ID2yjPRakan+PTGpDSxR5qQ8mLC6jRTx1P trNjfvCfaU91tTH8v8xoSK3FL7F+6aeZ/daoWiR5OdA2Caoo0o6pjmUuqu6Jubn6pSpJDRJzCXYrHhJlWTvtsak2ia1e9dXX8TWcqVu1Zlp viXd2SBmz/HOcsqFfK9mG5cnlUqp5mo85jB7vYp3keo4pz1OCQt8AjnvBsXBiRcWeMP1ONXKbZxrdlPHwAoriQwg==</latexit>
Ah,!v1
<latexit sha1_base64="yqXKWWefnO7JGl/tKnZ1Wx2DcZw=">AA AC2HicjVHLSsNAFD2Nr1pf0S7dBIvgQkpSBV1W3bisYB/Y1pKk0zY0L5JJoZSCO3HrD7jVLxL/QP/CO2MEtYhOSHLm3HvOzL3XCl0n5rr+ klHm5hcWl7LLuZXVtfUNdXOrFgdJZLOqHbhB1LDMmLmOz6rc4S5rhBEzPctldWt4JuL1EYtiJ/Av+Thkbc/s+07PsU1OVEfNn3Qmo44xvZ 4M9rVW4LG+Oe2oBb2oy6XNAiMFBaSrEqjPaKGLADYSeGDwwQm7MBHT04QBHSFxbUyIiwg5Ms4wRY60CWUxyjCJHdK3T7tmyvq0F56xVNt0 iktvREoNu6QJKC8iLE7TZDyRzoL9zXsiPcXdxvS3Ui+PWI4BsX/pPjP/qxO1cPRwLGtwqKZQMqI6O3VJZFfEzbUvVXFyCIkTuEvxiLAtlZ 991qQmlrWL3poy/iozBSv2dpqb4E3ckgZs/BznLKiVisZBsXRxWCifpqPOYhs72KN5HqGMc1RQJe8xHvCIJ+VKuVFulbuPVCWTavL4tpT7 d4kZlvs=</latexit>
1-4<latexit sha1_base64="57DototehhU3bOiNwyxkYdc/9P0=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwY0mqoEvRjcsWb Cu0RZLptIbmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxv7XiIt6zVnzMzOzS/kFwtLyyura8X1jUYSpYLxOov8SFy4TsJ9L+R16UmfX8SCO4Hr86Y7OFXx5jUXiReF53IY807g9EOv5zFHEtW225LfShGM9sYHl8WSVbb0MqeBnYESslWNii9oo4s IDCkCcISQhH04SOhpwYaFmLgORsQJQp6Oc4xRIG1KWZwyHGIH9O3TrpWxIe2VZ6LVjE7x6RWkNLFDmojyBGF1mqnjqXZW7G/eI+2p7jakv5t5BcRKXBH7l26S+V+dqkWihyNdg0c1xZpR1bHMJdVdUTc3v1QlySEmTuEuxQVhppWTPptak+jaVW8dHX/TmYpV e5blpnhXt6QB2z/HOQ0albK9X67UDkrHJ9mo89jCNnZpnoc4xhmqqJN3jEc84dmoGTfGnXH/mWrkMs0mvi3j4QPQopQB</latexit> Ah,!v2
<latexit sha1_base64="cITK2S/LXXLW/RmacwV8Y/iwA70=">AAAC2HicjVHLSsNAFD2Nr1pf1S7dBIvgQkpaBV1W3bisYB/Y1pCk0zY 0L5JJoYSCO3HrD7jVLxL/QP/CO2MEtYhOSHLm3HvOzL3XDBw74pr2klHm5hcWl7LLuZXVtfWN/OZWI/Lj0GJ1y3f8sGUaEXNsj9W5zR3WCkJmuKbDmuboTMSbYxZGtu9d8knAuq4x8Oy+bRmcKD1fONGTsV6ZXifDfbXju2xgTPV8UStpcqmzoJyCItJV8/PP6KAHHxZiuGDwwAk7MBD R00YZGgLiukiICwnZMs4wRY60MWUxyjCIHdF3QLt2ynq0F56RVFt0ikNvSEoVu6TxKS8kLE5TZTyWzoL9zTuRnuJuE/qbqZdLLMeQ2L90n5n/1YlaOPo4ljXYVFMgGVGdlbrEsivi5uqXqjg5BMQJ3KN4SNiSys8+q1ITydpFbw0Zf5WZghV7K82N8SZuSQMu/xznLGhUSuWDUuXisFg 9TUedxTZ2sEfzPEIV56ihTt4TPOART8qVcqPcKncfqUom1RTwbSn374uGlvw=</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8y EyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/o OaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs 41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUS hF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2 mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7 E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Y zz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrF EGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW/Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3KCHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF 07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8xoRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuy Hj4ADPWQJA==</latexit>v 1<latexit sha1_base64="xslJwliIHQ4KSgGpr2j3glxVfFk=">AAACyHicjVHLTsJAFD3UF+ILdemmkZi4kbRookuiG+MKEwskiKQdBpxQ 2qadYghx4w+41S8z/oH+hXfGkqjE6DRtz5x7z5m593qRLxJpWa85Y25+YXEpv1xYWV1b3yhubtWTMI0Zd1joh3HTcxPui4A7UkifN6OYu0PP5w1vcKbijRGPExEGV3Ic8fbQ7QeiJ5griXJGHfvmoFMsWWVLL3MW2BkoIVu1sPiCa3QRgiHFEBwBJGEfLhJ6WrBhISKujQlxMSGh4xz3KJ A2pSxOGS6xA/r2adfK2ID2yjPRakan+PTGpDSxR5qQ8mLC6jRTx1PtrNjfvCfaU91tTH8v8xoSK3FL7F+6aeZ/daoWiR5OdA2Caoo0o6pjmUuqu6Jubn6pSpJDRJzCXYrHhJlWTvtsak2ia1e9dXX8TWcqVu1ZlpviXd2SBmz/HOcsqFfK9mG5cnlUqp5mo85jB7vYp3keo4pz1OCQt8Aj nvBsXBiRcWeMP1ONXKbZxrdlPHwAoriQwg==</latexit>
v 2<latexit sha1_base64="yz/jSC0+Gnt2xr0fG6ZatwZSK68=">AAACyHicjVHLTsJAFD3UF+ILdemmkZi4kRQ00SXRjXGFiQUSRNIOA07o K+0UQ4gbf8CtfpnxD/QvvDOWRCVGp2l75tx7zsy91408kUjLes0Zc/MLi0v55cLK6tr6RnFzq5GEacy4zUIvjFuuk3BPBNyWQnq8FcXc8V2PN93hmYo3RzxORBhcyXHEO74zCERfMEcSZY+61ZuDbrFklS29zFlQyUAJ2aqHxRdco4cQDCl8cASQhD04SOhpowILEXEdTIiLCQkd57hHgb QpZXHKcIgd0ndAu3bGBrRXnolWMzrFozcmpYk90oSUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxC2xf+mmmf/VqVok+jjRNQiqKdKMqo5lLqnuirq5+aUqSQ4RcQr3KB4TZlo57bOpNYmuXfXW0fE3nalYtWdZbop3dUsacOXnOGdBo1quHJarl0el2mk26jx2sIt9mucxajhHHTZ5Czzi Cc/GhREZd8b4M9XIZZptfFvGwwelGpDD</latexit> v
 
2<latexit sha1_base64="yz/jSC0+Gnt2xr0fG6ZatwZSK68=">AAACyHicjVHLTsJAFD3UF+ILdemmkZi4kRQ00SXRjXGFiQUSRNIOA07o K+0UQ4gbf8CtfpnxD/QvvDOWRCVGp2l75tx7zsy91408kUjLes0Zc/MLi0v55cLK6tr6RnFzq5GEacy4zUIvjFuuk3BPBNyWQnq8FcXc8V2PN93hmYo3RzxORBhcyXHEO74zCERfMEcSZY+61ZuDbrFklS29zFlQyUAJ2aqHxRdco4cQDCl8cASQhD04SOhpowILEXEdTIiLCQkd57hHgb QpZXHKcIgd0ndAu3bGBrRXnolWMzrFozcmpYk90oSUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxC2xf+mmmf/VqVok+jjRNQiqKdKMqo5lLqnuirq5+aUqSQ4RcQr3KB4TZlo57bOpNYmuXfXW0fE3nalYtWdZbop3dUsacOXnOGdBo1quHJarl0el2mk26jx2sIt9mucxajhHHTZ5Czzi Cc/GhREZd8b4M9XIZZptfFvGwwelGpDD</latexit>
2-3
<latexit sha1_base64="cPEq pFGTyteARVulRZCu+W9zl7I=">AAACz3icjVHLTsJAFD3UF+IL demmkZi4kRQw0SXRjUtIBEyAmLYMOKGvTKcqIRi3/oBb/SvjH+ hfeGcsiUqMTtP2zLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1j fzmVjMOE+Gyhht6obhw7Jh5PGANyaXHLiLBbN/xWMsZnqp465q JmIfBuRxFrOvbg4D3uWtLojrljmS3Uvjjg0nlMl+wipZe5iwop aCAdNXC/As66CGEiwQ+GAJIwh5sxPS0UYKFiLguxsQJQlzHGSbI kTahLEYZNrFD+g5o107ZgPbKM9Zql07x6BWkNLFHmpDyBGF1mq njiXZW7G/eY+2p7jaiv5N6+cRKXBH7l26a+V+dqkWij2NdA6ea Is2o6tzUJdFdUTc3v1QlySEiTuEexQVhVyunfTa1Jta1q97aOv6 mMxWr9m6am+Bd3ZIGXPo5zlnQLBdLlWK5flionqSjzmIHu9ine R6hijPU0CDvCI94wrNRN26MO+P+M9XIpJptfFvGwwfQrZQB</l atexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAA CxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tL xeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK /SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH /feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rW qe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACx XicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sL C2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMK QJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4Jf Yv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko 06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACx nicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqY W19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjh ocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW 6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXam d61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAAC xnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW /Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3K CHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8x oRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcu TguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuyHj4ADPWQJA==</latexit>
v 1<latexit sha1_base64="xslJwliIHQ4KSgGpr2j3glxVfFk=">AA ACyHicjVHLTsJAFD3UF+ILdemmkZi4kbRookuiG+MKEwskiKQdBpxQ2qadYghx4w+41S8z/oH+hXfGkqjE6DRtz5x7z5m593qRLxJpWa85Y 25+YXEpv1xYWV1b3yhubtWTMI0Zd1joh3HTcxPui4A7UkifN6OYu0PP5w1vcKbijRGPExEGV3Ic8fbQ7QeiJ5griXJGHfvmoFMsWWVLL3MW 2BkoIVu1sPiCa3QRgiHFEBwBJGEfLhJ6WrBhISKujQlxMSGh4xz3KJA2pSxOGS6xA/r2adfK2ID2yjPRakan+PTGpDSxR5qQ8mLC6jRTx1P trNjfvCfaU91tTH8v8xoSK3FL7F+6aeZ/daoWiR5OdA2Caoo0o6pjmUuqu6Jubn6pSpJDRJzCXYrHhJlWTvtsak2ia1e9dXX8TWcqVu1Zlp viXd2SBmz/HOcsqFfK9mG5cnlUqp5mo85jB7vYp3keo4pz1OCQt8AjnvBsXBiRcWeMP1ONXKbZxrdlPHwAoriQwg==</latexit>
v 2<latexit sha1_base64="yz/jSC0+Gnt2xr0fG6ZatwZSK68=">AA ACyHicjVHLTsJAFD3UF+ILdemmkZi4kRQ00SXRjXGFiQUSRNIOA07oK+0UQ4gbf8CtfpnxD/QvvDOWRCVGp2l75tx7zsy91408kUjLes0Zc /MLi0v55cLK6tr6RnFzq5GEacy4zUIvjFuuk3BPBNyWQnq8FcXc8V2PN93hmYo3RzxORBhcyXHEO74zCERfMEcSZY+61ZuDbrFklS29zFlQ yUAJ2aqHxRdco4cQDCl8cASQhD04SOhpowILEXEdTIiLCQkd57hHgbQpZXHKcIgd0ndAu3bGBrRXnolWMzrFozcmpYk90oSUFxNWp5k6nmp nxf7mPdGe6m5j+ruZl0+sxC2xf+mmmf/VqVok+jjRNQiqKdKMqo5lLqnuirq5+aUqSQ4RcQr3KB4TZlo57bOpNYmuXfXW0fE3nalYtWdZbo p3dUsacOXnOGdBo1quHJarl0el2mk26jx2sIt9mucxajhHHTZ5CzziCc/GhREZd8b4M9XIZZptfFvGwwelGpDD</latexit>
v 2<latexit sha1_base64="yz/jSC0+Gnt2xr0fG6ZatwZSK68=">AA ACyHicjVHLTsJAFD3UF+ILdemmkZi4kRQ00SXRjXGFiQUSRNIOA07oK+0UQ4gbf8CtfpnxD/QvvDOWRCVGp2l75tx7zsy91408kUjLes0Zc /MLi0v55cLK6tr6RnFzq5GEacy4zUIvjFuuk3BPBNyWQnq8FcXc8V2PN93hmYo3RzxORBhcyXHEO74zCERfMEcSZY+61ZuDbrFklS29zFlQ yUAJ2aqHxRdco4cQDCl8cASQhD04SOhpowILEXEdTIiLCQkd57hHgbQpZXHKcIgd0ndAu3bGBrRXnolWMzrFozcmpYk90oSUFxNWp5k6nmp nxf7mPdGe6m5j+ruZl0+sxC2xf+mmmf/VqVok+jjRNQiqKdKMqo5lLqnuirq5+aUqSQ4RcQr3KB4TZlo57bOpNYmuXfXW0fE3nalYtWdZbo p3dUsacOXnOGdBo1quHJarl0el2mk26jx2sIt9mucxajhHHTZ5CzziCc/GhREZd8b4M9XIZZptfFvGwwelGpDD</latexit>
=<latexit sha1_base64="wgNCD4zZEG 98qqzLUpCCIT+7eig=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EYoCu KyBdsKtUgyndbQvJhMhFL0B9zqt4l/oH/hnXEKahGdkOTMufecmXuvn4ZBJh3n tWDNzS8sLhWXSyura+sb5c2tdpbkgvEWS8JEXPlexsMg5i0ZyJBfpYJ7kR/yjj 86U/HOHRdZkMSXcpzyXuQN42AQME8S1Ty5KVecqqOXPQtcAyowq5GUX3CNPhIw5 IjAEUMSDuEho6cLFw5S4nqYECcIBTrOcY8SaXPK4pThETui75B2XcPGtFeemVY zOiWkV5DSxh5pEsoThNVpto7n2lmxv3lPtKe625j+vvGKiJW4JfYv3TTzvzpVi 8QAx7qGgGpKNaOqY8Yl111RN7e/VCXJISVO4T7FBWGmldM+21qT6dpVbz0df9O ZilV7ZnJzvKtb0oDdn+OcBe1a1T2o1pqHlfqpGXURO9jFPs3zCHVcoIGW9n7EE5 6tcyu0Miv/TLUKRrONb8t6+ADgO49G</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8y EyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/o OaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs 41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUS hF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2 mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7 E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwsp Qj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2 Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I /i</latexit>
v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrF EGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW/Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3KCHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF 07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8xoRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuy Hj4ADPWQJA==</latexit>
v 1<latexit sha1_base64="xslJwliIHQ4KSgGpr2j3glxVfFk=">AAACyHicjVHLTsJAFD3UF+ILdemmkZi4kbRookuiG+MKEwskiKQdBpxQ 2qadYghx4w+41S8z/oH+hXfGkqjE6DRtz5x7z5m593qRLxJpWa85Y25+YXEpv1xYWV1b3yhubtWTMI0Zd1joh3HTcxPui4A7UkifN6OYu0PP5w1vcKbijRGPExEGV3Ic8fbQ7QeiJ5griXJGHfvmoFMsWWVLL3MW2BkoIVu1sPiCa3QRgiHFEBwBJGEfLhJ6WrBhISKujQlxMSGh4xz3KJ A2pSxOGS6xA/r2adfK2ID2yjPRakan+PTGpDSxR5qQ8mLC6jRTx1PtrNjfvCfaU91tTH8v8xoSK3FL7F+6aeZ/daoWiR5OdA2Caoo0o6pjmUuqu6Jubn6pSpJDRJzCXYrHhJlWTvtsak2ia1e9dXX8TWcqVu1ZlpviXd2SBmz/HOcsqFfK9mG5cnlUqp5mo85jB7vYp3keo4pz1OCQt8Aj nvBsXBiRcWeMP1ONXKbZxrdlPHwAoriQwg==</latexit>
v 2<latexit sha1_base64="yz/jSC0+Gnt2xr0fG6ZatwZSK68=">AAACyHicjVHLTsJAFD3UF+ILdemmkZi4kRQ00SXRjXGFiQUSRNIOA07o K+0UQ4gbf8CtfpnxD/QvvDOWRCVGp2l75tx7zsy91408kUjLes0Zc/MLi0v55cLK6tr6RnFzq5GEacy4zUIvjFuuk3BPBNyWQnq8FcXc8V2PN93hmYo3RzxORBhcyXHEO74zCERfMEcSZY+61ZuDbrFklS29zFlQyUAJ2aqHxRdco4cQDCl8cASQhD04SOhpowILEXEdTIiLCQkd57hHgb QpZXHKcIgd0ndAu3bGBrRXnolWMzrFozcmpYk90oSUFxNWp5k6nmpnxf7mPdGe6m5j+ruZl0+sxC2xf+mmmf/VqVok+jjRNQiqKdKMqo5lLqnuirq5+aUqSQ4RcQr3KB4TZlo57bOpNYmuXfXW0fE3nalYtWdZbop3dUsacOXnOGdBo1quHJarl0el2mk26jx2sIt9mucxajhHHTZ5Czzi Cc/GhREZd8b4M9XIZZptfFvGwwelGpDD</latexit>
1-4<latexit sha1_base64="57DototehhU3bOiNwyxkYdc/9P0=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwY0mqoEvRjcsWb Cu0RZLptIbmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxv7XiIt6zVnzMzOzS/kFwtLyyura8X1jUYSpYLxOov8SFy4TsJ9L+R16UmfX8SCO4Hr86Y7OFXx5jUXiReF53IY807g9EOv5zFHEtW225LfShGM9sYHl8WSVbb0MqeBnYESslWNii9oo4s IDCkCcISQhH04SOhpwYaFmLgORsQJQp6Oc4xRIG1KWZwyHGIH9O3TrpWxIe2VZ6LVjE7x6RWkNLFDmojyBGF1mqnjqXZW7G/eI+2p7jakv5t5BcRKXBH7l26S+V+dqkWihyNdg0c1xZpR1bHMJdVdUTc3v1QlySEmTuEuxQVhppWTPptak+jaVW8dHX/TmYpV e5blpnhXt6QB2z/HOQ0albK9X67UDkrHJ9mo89jCNnZpnoc4xhmqqJN3jEc84dmoGTfGnXH/mWrkMs0mvi3j4QPQopQB</latexit>
(c)
<latexit sha1_base64="0C6JDjLpefYLOt+TcNmFX8fgOek=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkWo m5KqoMuiG5ct2Ae0RZLptIbmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5biwt6zVjzM0vLC5ll3Mrq2vrG/nNrUYcJoLxOgu9ULQcO+aeG/C6dKXHW5Hgtu94vOkMz1S8ec1F7IbBhRxFvOvbg8Dtu8yWRHU 6kt9K4Y+LbH9ymS9YJUsvcxaUU1BAuqph/gUd9BCCIYEPjgCSsAcbMT1tlGEhIq6LMXGCkKvjHBPkSJtQFqcMm9ghfQe0a6dsQHvlGWs1o1M8egUpTeyRJqQ8QVidZup4op0V+5v3WHuqu43o76RePrESV8T+pZtm/lenap Ho40TX4FJNkWZUdSx1SXRX1M3NL1VJcoiIU7hHcUGYaeW0z6bWxLp21Vtbx990pmLVnqW5Cd7VLWnA5Z/jnAWNg1L5sHRQOypUTtNRZ7GDXRRpnseo4BxV1Mk7wiOe8GzUjBvjzrj/TDUyqWYb35bx8AEjYZQj</latexit>
(b)
<latexit sha1_base64="2L2wXQUm1eNYV0fd3OU7 xwPSYGE=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkWom5KqoMuiG5ct2Ae0RZJ0WofmxWSillJx6w+41b8S/0 D/wjtjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gyuht6oWg5dsw8HrC65NJjr Ugw23c81nSGZyrevGYi5mFwIUcR6/r2IOB97tqSqE5Hslsp/HHR2Z9c5gtWydLLnAXlFBSQrmqYf0EHPYRwk cAHQwBJ2IONmJ42yrAQEdfFmDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F55xlrt0ikevYKUJvZIE1KeIKxOM 3U80c6K/c17rD3V3Ub0d1Ivn1iJK2L/0k0z/6tTtUj0caJr4FRTpBlVnZu6JLor6ubml6okOUTEKdyjuCDs auW0z6bWxLp21Vtbx990pmLV3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmIHuyjSPI9RwTmqqJN3hEc8 4dmoGTfGnXH/mWpkUs02vi3j4QMg/5Qi</latexit>
(a)
<latexit sha1_base64= "mZG0veSVT/l1SY6N0Qu+Y5xCeQg=">AAACz3icjVH LSsNAFD2Nr1pfVZdugkWom5KqoMuiG5ct2Ae0RZJ0W ofmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl 7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gyu ht6oWg5dsw8HrC65NJjrUgw23c81nSGZyrevGYi5m FwIUcR6/r2IOB97tqSqE5Hslsp/HHR3p9c5gtWydLL nAXlFBSQrmqYf0EHPYRwkcAHQwBJ2IONmJ42yrAQEd fFmDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F55xlrt 0ikevYKUJvZIE1KeIKxOM3U80c6K/c17rD3V3Ub0d1 Ivn1iJK2L/0k0z/6tTtUj0caJr4FRTpBlVnZu6JLo r6ubml6okOUTEKdyjuCDsauW0z6bWxLp21Vtbx990p mLV3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmI HuyjSPI9RwTmqqJN3hEc84dmoGTfGnXH/mWpkUs02v i3j4QMenZQh</latexit>
(d)
<latexit sha1_base64="IgPXI0jUeuCR/eftaDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLU TUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpdzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWi T6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyR1lCA=</latexit><latexit sha1_base64="IgPXI0jUeuCR/eftaDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLU TUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpdzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWi T6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyR1lCA=</latexit><latexit sha1_base64="IgPXI0jUeuCR/eftaDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLU TUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpdzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWi T6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyR1lCA=</latexit><latexit sha1_base64="IgPXI0jUeuCR/eftaDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLU TUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpdzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWi T6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyR1lCA=</latexit>
(e)
<latexit sha1_base64="crMhSS360jGrkGpX TG2z9DyT/JQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6 m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuh f5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC 0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7pO 6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3Wq Fok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuvo+JvOVKzae1luind1 Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePh AybXlCE=</latexit><latexit sha1_base64="crMhSS360jGrkGpX TG2z9DyT/JQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6 m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuh f5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC 0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7pO 6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3Wq Fok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuvo+JvOVKzae1luind1 Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePh AybXlCE=</latexit><latexit sha1_base64="crMhSS360jGrkGpX TG2z9DyT/JQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6 m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuh f5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC 0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7pO 6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3Wq Fok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuvo+JvOVKzae1luind1 Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePh AybXlCE=</latexit><latexit sha1_base64="crMhSS360jGrkGpX TG2z9DyT/JQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6 m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuh f5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC 0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7pO 6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3Wq Fok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuvo+JvOVKzae1luind1 Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePh AybXlCE=</latexit>
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<latexit sha1_base64="75/s3g63QLRQfi iGVaMXMoVnNCQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPz YjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLW diOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHW cYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP 6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1 NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+ 8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</latexit><latexit sha1_base64="75/s3g63QLRQfi iGVaMXMoVnNCQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPz YjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLW diOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHW cYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP 6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1 NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+ 8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</latexit><latexit sha1_base64="75/s3g63QLRQfi iGVaMXMoVnNCQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPz YjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLW diOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHW cYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP 6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1 NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+ 8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</latexit><latexit sha1_base64="75/s3g63QLRQfi iGVaMXMoVnNCQ=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPz YjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLW diOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5 HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHW cYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP 6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1 NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+ 8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</latexit>
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<latexit sha1_base64="2yJWxIAc66kTxPsjRtGPQEcz0Yc=">AAACz3icjVHLSsNAFD3GV62v qks3wSLUTUlE0GXRjcsW7APaIkk6raF5MZmopVTc+gNu9a/EP9C/8M44BbWITkhy5tx7zsy9100CPxWW9TpnzC8sLi3nVvKra+sbm4Wt7UYaZ9xjdS8OYt5ynZQFfsTqwhcBayWcOaEbsKY7PJPx5jX jqR9HF2KUsG7oDCK/73uOIKrTEexW8HBcGhxMLgtFq2ypZc4CW4Mi9KrGhRd00EMMDxlCMEQQhAM4SOlpw4aFhLguxsRxQr6KM0yQJ21GWYwyHGKH9B3Qrq3ZiPbSM1Vqj04J6OWkNLFPmpjyOGF5mqn imXKW7G/eY+Up7zaiv6u9QmIFroj9SzfN/K9O1iLQx4mqwaeaEsXI6jztkqmuyJubX6oS5JAQJ3GP4pywp5TTPptKk6raZW8dFX9TmZKVe0/nZniXt6QB2z/HOQsah2XbKtu1o2LlVI86h13soUTzPE YF56iiTt4JHvGEZ6Nm3Bh3xv1nqjGnNTv4toyHDyublCM=</latexit><latexit sha1_base64="2yJWxIAc66kTxPsjRtGPQEcz0Yc=">AAACz3icjVHLSsNAFD3GV62v qks3wSLUTUlE0GXRjcsW7APaIkk6raF5MZmopVTc+gNu9a/EP9C/8M44BbWITkhy5tx7zsy9100CPxWW9TpnzC8sLi3nVvKra+sbm4Wt7UYaZ9xjdS8OYt5ynZQFfsTqwhcBayWcOaEbsKY7PJPx5jX jqR9HF2KUsG7oDCK/73uOIKrTEexW8HBcGhxMLgtFq2ypZc4CW4Mi9KrGhRd00EMMDxlCMEQQhAM4SOlpw4aFhLguxsRxQr6KM0yQJ21GWYwyHGKH9B3Qrq3ZiPbSM1Vqj04J6OWkNLFPmpjyOGF5mqn imXKW7G/eY+Up7zaiv6u9QmIFroj9SzfN/K9O1iLQx4mqwaeaEsXI6jztkqmuyJubX6oS5JAQJ3GP4pywp5TTPptKk6raZW8dFX9TmZKVe0/nZniXt6QB2z/HOQsah2XbKtu1o2LlVI86h13soUTzPE YF56iiTt4JHvGEZ6Nm3Bh3xv1nqjGnNTv4toyHDyublCM=</latexit><latexit sha1_base64="2yJWxIAc66kTxPsjRtGPQEcz0Yc=">AAACz3icjVHLSsNAFD3GV62v qks3wSLUTUlE0GXRjcsW7APaIkk6raF5MZmopVTc+gNu9a/EP9C/8M44BbWITkhy5tx7zsy9100CPxWW9TpnzC8sLi3nVvKra+sbm4Wt7UYaZ9xjdS8OYt5ynZQFfsTqwhcBayWcOaEbsKY7PJPx5jX jqR9HF2KUsG7oDCK/73uOIKrTEexW8HBcGhxMLgtFq2ypZc4CW4Mi9KrGhRd00EMMDxlCMEQQhAM4SOlpw4aFhLguxsRxQr6KM0yQJ21GWYwyHGKH9B3Qrq3ZiPbSM1Vqj04J6OWkNLFPmpjyOGF5mqn imXKW7G/eY+Up7zaiv6u9QmIFroj9SzfN/K9O1iLQx4mqwaeaEsXI6jztkqmuyJubX6oS5JAQJ3GP4pywp5TTPptKk6raZW8dFX9TmZKVe0/nZniXt6QB2z/HOQsah2XbKtu1o2LlVI86h13soUTzPE YF56iiTt4JHvGEZ6Nm3Bh3xv1nqjGnNTv4toyHDyublCM=</latexit><latexit sha1_base64="2yJWxIAc66kTxPsjRtGPQEcz0Yc=">AAACz3icjVHLSsNAFD3GV62v qks3wSLUTUlE0GXRjcsW7APaIkk6raF5MZmopVTc+gNu9a/EP9C/8M44BbWITkhy5tx7zsy9100CPxWW9TpnzC8sLi3nVvKra+sbm4Wt7UYaZ9xjdS8OYt5ynZQFfsTqwhcBayWcOaEbsKY7PJPx5jX jqR9HF2KUsG7oDCK/73uOIKrTEexW8HBcGhxMLgtFq2ypZc4CW4Mi9KrGhRd00EMMDxlCMEQQhAM4SOlpw4aFhLguxsRxQr6KM0yQJ21GWYwyHGKH9B3Qrq3ZiPbSM1Vqj04J6OWkNLFPmpjyOGF5mqn imXKW7G/eY+Up7zaiv6u9QmIFroj9SzfN/K9O1iLQx4mqwaeaEsXI6jztkqmuyJubX6oS5JAQJ3GP4pywp5TTPptKk6raZW8dFX9TmZKVe0/nZniXt6QB2z/HOQsah2XbKtu1o2LlVI86h13soUTzPE YF56iiTt4JHvGEZ6Nm3Bh3xv1nqjGnNTv4toyHDyublCM=</latexit>
v 1<latexit sha1_base64="xslJwliIHQ4KSgGpr2j3glxVfFk=">AAACyHicjVHLTsJAFD3UF+ILdemmkZi4kbRookuiG+MKEwskiKQdBpxQ 2qadYghx4w+41S8z/oH+hXfGkqjE6DRtz5x7z5m593qRLxJpWa85Y25+YXEpv1xYWV1b3yhubtWTMI0Zd1joh3HTcxPui4A7UkifN6OYu0PP5w1vcKbijRGPExEGV3Ic8fbQ7QeiJ5griXJGHfvmoFMsWWVLL3MW2BkoIVu1sPiCa3QRgiHFEBwBJGEfLhJ6WrBhISKujQlxMSGh4xz3KJ A2pSxOGS6xA/r2adfK2ID2yjPRakan+PTGpDSxR5qQ8mLC6jRTx1PtrNjfvCfaU91tTH8v8xoSK3FL7F+6aeZ/daoWiR5OdA2Caoo0o6pjmUuqu6Jubn6pSpJDRJzCXYrHhJlWTvtsak2ia1e9dXX8TWcqVu1ZlpviXd2SBmz/HOcsqFfK9mG5cnlUqp5mo85jB7vYp3keo4pz1OCQt8Aj nvBsXBiRcWeMP1ONXKbZxrdlPHwAoriQwg==</latexit>
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<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8y EyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/o OaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs 41vy3r4AGoKj4A=</latexit>
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<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUS hF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2 mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7 E=</latexit>
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<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwsp Qj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2 Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I /i</latexit>
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<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrF EGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW/Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3KCHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF 07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8xoRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuy Hj4ADPWQJA==</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8y EyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/o OaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs 41vy3r4AGoKj4A=</latexit>
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<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUS hF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2 mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7 E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwsp Qj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2 Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I /i</latexit>
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FIG. 29. A graphical proof that the preferred basis state appearing in Eq. (B7) belongs to the subspace Ah,ωv1,v2 = 1. (a) U(1)
phase factor associated with a specific component of the preferred basis, ω
[
M [{g, g1, g2}]
]
, where g is the state on [v1, w]. (b)
Applying Ah,ωv1 adds three tetrahedrons associated with the tent construction. (c) Applying a 1-4 Pachner move simplifies four
tetrahedrons into a single one. (d) Applying Ah,ωv2 adds four tetrahedrons associated with the tent construction. (e) Applying
a 2-3 Pachner move to the left most tetrahedrons. (f) Detaching the left most tetrahedron and gluing together the remaining
four tetrahedrons. (g) Applying a 1-4 Pachner move on the right most tetrahedrons, arriving at the final step, which equals
ω
[
M [{h · g, g1, g2}]
]
, as required. Note that while the states on links [v1, v2] and [v
−
1 , v
−
2 ] are trivial, the state on [v
−
1 , v2] is not
trivial in general.
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v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAAC xnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW /Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3K CHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8x oRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcu TguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuyHj4ADPWQJA==</latexit>
w 
<latexit sha1_base64="LAqmb5be5GjDXXo85C5m3BlMQzc=">AAACx nicjVHLSsNAFD2Nr1pfVZdugkVwY0mqoMuimy4r2gfUKkk6rUPzYjKxlCL4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rxj5PpGW95oy5+YXFpfxyYW V1bX2juLnVTKJUeKzhRX4k2q6TMJ+HrCG59Fk7FswJXJ+13OGZirfumEh4FF7Kccy6gTMIeZ97jiTqYnR9cFMsWWVLL3MW2BkoIVv1qPiCK/QQwUO KAAwhJGEfDhJ6OrBhISauiwlxghDXcYZ7FEibUhajDIfYIX0HtOtkbEh75ZlotUen+PQKUprYI01EeYKwOs3U8VQ7K/Y374n2VHcb09/NvAJiJW6J/ Us3zfyvTtUi0ceJroFTTbFmVHVe5pLqrqibm1+qkuQQE6dwj+KCsKeV0z6bWpPo2lVvHR1/05mKVXsvy03xrm5JA7Z/jnMWNCtl+7BcOT8qVU+zUe exg13s0zyPUUUNdTTIe4BHPOHZqBmhkRqjz1Qjl2m28W0ZDx8BFpAf</latexit>
2-3
<latexit sha1_base64="cPEqpFGTyteARVulRZCu+W9zl7I=">AAACz3icjVHLTsJAFD3UF+ILdemmkZi4kRQw0SXRjUtIBEyAm LYMOKGvTKcqIRi3/oBb/SvjH+hfeGcsiUqMTtP2zLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmVjMOE+Gyhht6obhw7Jh5PGANyaXHLiLBbN/xWMsZnqp465qJmIfBuRxFrOvbg4D3uWtLojrljmS3Uvjjg0nlMl+wipZe5iwopaCAdNXC/As66CGEiwQ+GAJIwh 5sxPS0UYKFiLguxsQJQlzHGSbIkTahLEYZNrFD+g5o107ZgPbKM9Zql07x6BWkNLFHmpDyBGF1mqnjiXZW7G/eY+2p7jaiv5N6+cRKXBH7l26a+V+dqkWij2NdA6eaIs2o6tzUJdFdUTc3v1QlySEiTuEexQVhVyunfTa1Jta1q97aOv6mMxWr9m6am+Bd3ZIGXPo5zlnQ LBdLlWK5flionqSjzmIHu9ineR6hijPU0CDvCI94wrNRN26MO+P+M9XIpJptfFvGwwfQrZQB</latexit>
=<latexit sha1_base64="wgNCD4zZEG 98qqzLUpCCIT+7eig=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EYoCu KyBdsKtUgyndbQvJhMhFL0B9zqt4l/oH/hnXEKahGdkOTMufecmXuvn4ZBJh3n tWDNzS8sLhWXSyura+sb5c2tdpbkgvEWS8JEXPlexsMg5i0ZyJBfpYJ7kR/yjj 86U/HOHRdZkMSXcpzyXuQN42AQME8S1Ty5KVecqqOXPQtcAyowq5GUX3CNPhIw5 IjAEUMSDuEho6cLFw5S4nqYECcIBTrOcY8SaXPK4pThETui75B2XcPGtFeemVY zOiWkV5DSxh5pEsoThNVpto7n2lmxv3lPtKe625j+vvGKiJW4JfYv3TTzvzpVi 8QAx7qGgGpKNaOqY8Yl111RN7e/VCXJISVO4T7FBWGmldM+21qT6dpVbz0df9O ZilV7ZnJzvKtb0oDdn+OcBe1a1T2o1pqHlfqpGXURO9jFPs3zCHVcoIGW9n7EE5 6tcyu0Miv/TLUKRrONb8t6+ADgO49G</latexit>
Ah,!w<latexit sha1_base64="Ry1Rfjv3ky/KOy+01lQGEOsRJhE =">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCCylJFXRZdeOygn1AW0uSTtvQvEgmSqldiVt/wK1+k/gH+hfeGVNQi+iEJGfOPe fO3Hut0HViruuvGWVufmFxKbucW1ldW8+rG5u1OEgim1XtwA2ihmXGzHV8VuUOd1kjjJjpWS6rW8MzEa9fsyh2Av+Sj0LW9sy +7/Qc2+REddT8SefmajzY11qBx/rmpKMW9KIulzYLjBQUkK5KoL6ghS4C2EjggcEHJ+zCRExPEwZ0hMS1MSYuIuTIOMMEOfI mpGKkMIkd0rdPu2bK+rQXOWPptukUl96InBp2yROQLiIsTtNkPJGZBftb7rHMKe42or+V5vKI5RgQ+5dvqvyvT9TC0cOxrMGh mkLJiOrsNEsiuyJurn2pilOGkDiBuxSPCNvSOe2zJj2xrF301pTxN6kUrNjbqTbBu7glDdj4Oc5ZUCsVjYNi6eKwUD5NR53FN nawR/M8QhnnqKAqZ/6IJzwrNeVWuVPuP6VKJvVs4dtSHj4ANzSVTA==</latexit> =<latexit sha1_base64="wgNCD4zZEG98qqzLUpCCIT+7eig=">AAACxHicjVH LSsNAFD2Nr1pfVZdugkVwVZIq6EYoCuKyBdsKtUgyndbQvJhMhFL0B9zqt4l/oH/hnXEKahGdkOTMufecmXuvn4ZBJh3ntWDNzS8sLhWXSyura+sb5c2tdpbkgvE WS8JEXPlexsMg5i0ZyJBfpYJ7kR/yjj86U/HOHRdZkMSXcpzyXuQN42AQME8S1Ty5KVecqqOXPQtcAyowq5GUX3CNPhIw5IjAEUMSDuEho6cLFw5S4nqYECcIBTrO cY8SaXPK4pThETui75B2XcPGtFeemVYzOiWkV5DSxh5pEsoThNVpto7n2lmxv3lPtKe625j+vvGKiJW4JfYv3TTzvzpVi8QAx7qGgGpKNaOqY8Yl111RN7e/VCXJ ISVO4T7FBWGmldM+21qT6dpVbz0df9OZilV7ZnJzvKtb0oDdn+OcBe1a1T2o1pqHlfqpGXURO9jFPs3zCHVcoIGW9n7EE56tcyu0Miv/TLUKRrONb8t6+ADgO49G< /latexit>
2-3
<latexit sha1_base64="cPEq pFGTyteARVulRZCu+W9zl7I=">AAACz3icjVHLTsJAFD3UF+IL demmkZi4kRQw0SXRjUtIBEyAmLYMOKGvTKcqIRi3/oBb/SvjH+ hfeGcsiUqMTtP2zLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1j fzmVjMOE+Gyhht6obhw7Jh5PGANyaXHLiLBbN/xWMsZnqp465q JmIfBuRxFrOvbg4D3uWtLojrljmS3Uvjjg0nlMl+wipZe5iwop aCAdNXC/As66CGEiwQ+GAJIwh5sxPS0UYKFiLguxsQJQlzHGSbI kTahLEYZNrFD+g5o107ZgPbKM9Zql07x6BWkNLFHmpDyBGF1mq njiXZW7G/eY+2p7jaiv5N6+cRKXBH7l26a+V+dqkWij2NdA6ea Is2o6tzUJdFdUTc3v1QlySEiTuEexQVhVyunfTa1Jta1q97aOv6 mMxWr9m6am+Bd3ZIGXPo5zlnQLBdLlWK5flionqSjzmIHu9ine R6hijPU0CDvCI94wrNRN26MO+P+M9XIpJptfFvGwwfQrZQB</l atexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAA CxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tL xeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK /SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH /feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rW qe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACx XicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sL C2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMK QJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4Jf Yv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko 06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACx nicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqY W19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjh ocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW 6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXam d61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
v1
<latexit sha1_base64="Tm9/Px11UbZH2+yTJErEdROhsE0=">AAAC xnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpC0DTihtM51iCDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+knIU+k4rzlrYXFpeSW /Wlhb39jcKm7vNNM4EwFrBHEYi5bvpSzkEWtILkPWSgTzRn7Irv3huYpfj5lIeRxdyUnCOiNvEPE+DzxJ1OW463aLJafs6GXPA9eAEsyqx8UX3K CHGAEyjMAQQRIO4SGlpw0XDhLiOpgSJwhxHWe4R4G0GWUxyvCIHdJ3QLu2YSPaK89UqwM6JaRXkNLGAWliyhOE1Wm2jmfaWbG/eU+1p7rbhP6+8R oRK3FL7F+6WeZ/daoWiT5OdQ2cako0o6oLjEumu6Jubn+pSpJDQpzCPYoLwoFWzvpsa02qa1e99XT8TWcqVu0Dk5vhXd2SBuz+HOc8aFbK7lG5c nFcqp6ZUeexh30c0jxPUEUNdTTIe4BHPOHZqlmRlVl3n6lWzmh28W1ZDx8KlZAj</latexit>
v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAAC xnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW /Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3K CHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8x oRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcu TguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuyHj4ADPWQJA==</latexit>
w 
<latexit sha1_base64="LAqmb5be5GjDXXo85C5m3BlMQzc=">AAACx nicjVHLSsNAFD2Nr1pfVZdugkVwY0mqoMuimy4r2gfUKkk6rUPzYjKxlCL4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rxj5PpGW95oy5+YXFpfxyYW V1bX2juLnVTKJUeKzhRX4k2q6TMJ+HrCG59Fk7FswJXJ+13OGZirfumEh4FF7Kccy6gTMIeZ97jiTqYnR9cFMsWWVLL3MW2BkoIVv1qPiCK/QQwUO KAAwhJGEfDhJ6OrBhISauiwlxghDXcYZ7FEibUhajDIfYIX0HtOtkbEh75ZlotUen+PQKUprYI01EeYKwOs3U8VQ7K/Y374n2VHcb09/NvAJiJW6J/ Us3zfyvTtUi0ceJroFTTbFmVHVe5pLqrqibm1+qkuQQE6dwj+KCsKeV0z6bWpPo2lVvHR1/05mKVXsvy03xrm5JA7Z/jnMWNCtl+7BcOT8qVU+zUe exg13s0zyPUUUNdTTIe4BHPOHZqBmhkRqjz1Qjl2m28W0ZDx8BFpAf</latexit>
w
<latexit sha1_base64="IUlkzcMuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7AO0SJJO69C8y EyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiTr+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kqjm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWuhwlxGSGu4wz3KJE2pyxGGR6xI/o OaXdp2Jj2ylNodUCnhPRmpLSxR5qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjXQOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1/05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6jhHAy3t/YgnPFtnVmgJK/9MtQpGs 41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20UQYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0VVIVdFl0ocsq9gG1SDKd1qF5MZlUS hF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5NseSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEhIlz3KNA2pSyOGW4xA7o26ddO2ND2 mvPxKgZneLTK0lpY4c0EeVJwvo028RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeNe3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq0zK7CUNfxMtXKZZhPflvXwAezhj7 E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqYW19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Y zz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjhocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXamd61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
v1
<latexit sha1_base64="Tm9/Px11UbZH2+yTJErEdROhsE0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpC0DTihtM51i CDHxB9zqpxn/QP/CO+OQqMToNG3PnHvPmbn3+knIU+k4rzlrYXFpeSW/Wlhb39jcKm7vNNM4EwFrBHEYi5bvpSzkEWtILkPWSgTzRn7Irv3huYpfj5lIeRxdyUnCOiNvEPE+DzxJ1OW463aLJafs6GXPA9eAEsyqx8UX3KCHGAEyjMAQQRIO4SGlpw0XDhLiOpgSJwhxHWe4R4G0GWUxyvCIHdJ3QL u2YSPaK89UqwM6JaRXkNLGAWliyhOE1Wm2jmfaWbG/eU+1p7rbhP6+8RoRK3FL7F+6WeZ/daoWiT5OdQ2cako0o6oLjEumu6Jubn+pSpJDQpzCPYoLwoFWzvpsa02qa1e99XT8TWcqVu0Dk5vhXd2SBuz+HOc8aFbK7lG5cnFcqp6ZUeexh30c0jxPUEUNdTTIe4BHPOHZqlmRlVl3n6lWzmh28W1Z Dx8KlZAj</latexit> v2
<latexit sha1_base64="ZN6TkHlWrh1spjwBH5COPe4M9og=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4Ii2a6JLohiVGQRIkpB0GnFDaZjrF EGLiD7jVTzP+gf6Fd8aSqMToNG3PnHvPmbn3+nEgEuU4rzlrYXFpeSW/Wlhb39jcKm7vNJMolYw3WBREsuV7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx3K91iySk7ZtnzwM1ACdmqR8UX3KCHCAwpRuAIoQgH8JDQ04YLBzFxHUyJk4SEiXPco0DalLI4ZXjEDuk7oF 07Y0Paa8/EqBmdEtArSWnjgDQR5UnC+jTbxFPjrNnfvKfGU99tQn8/8xoRq3BL7F+6WeZ/dboWhT5OTQ2CaooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q/csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUeexh30c0jxPUEUNdTTIe4BHPOHZqlmhlVp3n6lWLtPs4tuy Hj4ADPWQJA==</latexit>
w 
<latexit sha1_base64="LAqmb5be5GjDXXo85C5m3BlMQzc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwY0mqoMuimy4r2gfUKkk6rUPzYjKxlC L4A27108Q/0L/wzpiCWkQnJDlz7j1n5t7rxj5PpGW95oy5+YXFpfxyYWV1bX2juLnVTKJUeKzhRX4k2q6TMJ+HrCG59Fk7FswJXJ+13OGZirfumEh4FF7Kccy6gTMIeZ97jiTqYnR9cFMsWWVLL3MW2BkoIVv1qPiCK/QQwUOKAAwhJGEfDhJ6OrBhISauiwlxghDXcYZ7FEibUhajDIfYIX0HtOtkbEh7 5ZlotUen+PQKUprYI01EeYKwOs3U8VQ7K/Y374n2VHcb09/NvAJiJW6J/Us3zfyvTtUi0ceJroFTTbFmVHVe5pLqrqibm1+qkuQQE6dwj+KCsKeV0z6bWpPo2lVvHR1/05mKVXsvy03xrm5JA7Z/jnMWNCtl+7BcOT8qVU+zUeexg13s0zyPUUUNdTTIe4BHPOHZqBmhkRqjz1Qjl2m28W0ZDx8BFpAf</ latexit>
(a)
<latexit sha1_base 64="mZG0veSVT/l1SY6N0Qu+Y5xCeQg=">AA ACz3icjVHLSsNAFD2Nr1pfVZdugkWom5KqoM uiG5ct2Ae0RZJ0WofmxWSillJx6w+41b8S/ 0D/wjtjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5 uYXFpeyy7mV1bX1jfzmViMOE+Gyuht6oWg5d sw8HrC65NJjrUgw23c81nSGZyrevGYi5mFwI UcR6/r2IOB97tqSqE5Hslsp/HHR3p9c5gtW ydLLnAXlFBSQrmqYf0EHPYRwkcAHQwBJ2ION mJ42yrAQEdfFmDhBiOs4wwQ50iaUxSjDJnZI 3wHt2ikb0F55xlrt0ikevYKUJvZIE1KeIKx OM3U80c6K/c17rD3V3Ub0d1Ivn1iJK2L/0k0 z/6tTtUj0caJr4FRTpBlVnZu6JLor6ubml6o kOUTEKdyjuCDsauW0z6bWxLp21Vtbx990pm LV3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonK ajzmIHuyjSPI9RwTmqqJN3hEc84dmoGTfGnX H/mWpkUs02vi3j4QMenZQh</latexit>
(b)
<latexit sha1_base64="2L2wXQUm1eNYV0fd 3OU7xwPSYGE=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkWom5KqoMuiG5ct2Ae0RZJ0WofmxWSil lJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gy uht6oWg5dsw8HrC65NJjrUgw23c81nSGZyrevGYi5mFwIUcR6/r2IOB97tqSqE5Hslsp/HHR2Z9 c5gtWydLLnAXlFBSQrmqYf0EHPYRwkcAHQwBJ2IONmJ42yrAQEdfFmDhBiOs4wwQ50iaUxSjDJn ZI3wHt2ikb0F55xlrt0ikevYKUJvZIE1KeIKxOM3U80c6K/c17rD3V3Ub0d1Ivn1iJK2L/0k0z/ 6tTtUj0caJr4FRTpBlVnZu6JLor6ubml6okOUTEKdyjuCDsauW0z6bWxLp21Vtbx990pmLV3k1z E7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmIHuyjSPI9RwTmqqJN3hEc84dmoGTfGnXH/mWpkUs0 2vi3j4QMg/5Qi</latexit>
(c)
<latexit sha1_base64="0C6JDjLpefYLOt+TcNmFX8fgOek=">AAACz3icjVHLSsNAFD2Nr1p fVZdugkWom5KqoMuiG5ct2Ae0RZLptIbmxWSillJx6w+41b8S/0D/wjtjCmoRnZDkzLn3nJl7rxN5biwt6zVjzM0vLC5ll3Mrq2vrG/nNrUYcJoLxOgu9ULQcO+aeG/C6dKXHW5Hgtu94vOkMz1S8e c1F7IbBhRxFvOvbg8Dtu8yWRHU6kt9K4Y+LbH9ymS9YJUsvcxaUU1BAuqph/gUd9BCCIYEPjgCSsAcbMT1tlGEhIq6LMXGCkKvjHBPkSJtQFqcMm9ghfQe0a6dsQHvlGWs1o1M8egUpTeyRJqQ8QVi dZup4op0V+5v3WHuqu43o76RePrESV8T+pZtm/lenapHo40TX4FJNkWZUdSx1SXRX1M3NL1VJcoiIU7hHcUGYaeW0z6bWxLp21Vtbx990pmLVnqW5Cd7VLWnA5Z/jnAWNg1L5sHRQOypUTtNRZ7GDX RRpnseo4BxV1Mk7wiOe8GzUjBvjzrj/TDUyqWYb35bx8AEjYZQj</latexit>
(d)
<latexit sha1_base64="IgPXI0jUeuCR/eft aDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS 6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGx uhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpdzC 5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThED uk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/ 9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5 Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv 4toyHDyR1lCA=</latexit><latexit sha1_base64="IgPXI0jUeuCR/eft aDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS 6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGx uhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpdzC 5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThED uk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/ 9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5 Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv 4toyHDyR1lCA=</latexit><latexit sha1_base64="IgPXI0jUeuCR/eft aDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS 6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGx uhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpdzC 5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThED uk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/ 9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5 Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv 4toyHDyR1lCA=</latexit><latexit sha1_base64="IgPXI0jUeuCR/eft aDSHWwYReho=">AAACz3icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS 6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGx uhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpdzC 5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxHWcYYI8aVPKYpThED uk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/ 9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHGLiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5 Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv 4toyHDyR1lCA=</latexit>
(e)
<latexit sha1_base64="crMhSS360jGrkGpXTG2z9DyT/JQ=">AAACz3icjVHLSsNA FD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK6 5NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7p O6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3WqFok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuv o+JvOVKzae1luind1Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePhAybXlCE=</latexit><latexit sha1_base64="crMhSS360jGrkGpXTG2z9DyT/JQ=">AAACz3icjVHLSsNA FD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK6 5NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7p O6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3WqFok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuv o+JvOVKzae1luind1Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePhAybXlCE=</latexit><latexit sha1_base64="crMhSS360jGrkGpXTG2z9DyT/JQ=">AAACz3icjVHLSsNA FD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK6 5NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7p O6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3WqFok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuv o+JvOVKzae1luind1Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePhAybXlCE=</latexit><latexit sha1_base64="crMhSS360jGrkGpXTG2z9DyT/JQ=">AAACz3icjVHLSsNA FD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK6 5NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGJHUwuC0WrbOllzgI7A0VkqxoVXtBBDxE8pAjAEEIS9uEgoacNGxZi4roYEycIcR1nmCBP2pSyGGU4xA7p O6BdO2ND2ivPRKs9OsWnV5DSxD5pIsoThNVppo6n2lmxv3mPtae624j+buYVECtxRexfumnmf3WqFok+TnQNnGqKNaOq8zKXVHdF3dz8UpUkh5g4hXsUF4Q9rZz22dSaRNeueuv o+JvOVKzae1luind1Sxqw/XOcs6BxWLatsl07KlZOs1HnsIs9lGiex6jgHFXUyTvGI57wbNSMG+POuP9MNeYyzQ6+LePhAybXlCE=</latexit>
(f)
<latexit sha1_base64="75/s3g63QLRQfiiGVaMXMoVnNCQ=">AAACz3icjVHLS sNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5k Wi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxH WcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHG LiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</l atexit><latexit sha1_base64="75/s3g63QLRQfiiGVaMXMoVnNCQ=">AAACz3icjVHLS sNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5k Wi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxH WcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHG LiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</l atexit><latexit sha1_base64="75/s3g63QLRQfiiGVaMXMoVnNCQ=">AAACz3icjVHLS sNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5k Wi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxH WcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHG LiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</l atexit><latexit sha1_base64="75/s3g63QLRQfiiGVaMXMoVnNCQ=">AAACz3icjVHLS sNAFD3GV62vqks3wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5k Wi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE5HslspgnGpfzC5LBStsqWXOQvsDBSRrWpUeEEHPUTwkCIAQwhJ2IeDhJ42bFiIietiTJwgxH WcYYI8aVPKYpThEDuk74B27YwNaa88E6326BSfXkFKE/ukiShPEFanmTqeamfF/uY91p7qbiP6u5lXQKzEFbF/6aaZ/9WpWiT6ONE1cKop1oyqzstcUt0VdXPzS1WSHG LiFO5RXBD2tHLaZ1NrEl276q2j4286U7Fq72W5Kd7VLWnA9s9xzoLGYdm2ynbtqFg5zUadwy72UKJ5HqOCc1RRJ+8Yj3jCs1Ezbow74/4z1ZjLNDv4toyHDyk5lCI=</l atexit>
w
<latexit sha1_base64="IUlkzc MuU7VZMG0kz7smIasighE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugk VwVZIq6LIoiMsW7AO0SJJO69C8yEyUUvQH3Oq3iX+gf+GdcQpqEZ2Q5 My595yZe6+fhlxIx3ktWHPzC4tLxeXSyura+kZ5c6stkjwLWCtIwiT r+p5gIY9ZS3IZsm6aMS/yQ9bxR6cq3rllmeBJfCHHKetF3jDmAx54kq jm3XW54lQdvexZ4BpQgVmNpPyCK/SRIECOCAwxJOEQHgQ9l3DhICWu hwlxGSGu4wz3KJE2pyxGGR6xI/oOaXdp2Jj2ylNodUCnhPRmpLSxR5 qE8jLC6jRbx3PtrNjfvCfaU91tTH/feEXEStwQ+5dumvlfnapFYoBjX QOnmlLNqOoC45Lrrqib21+qkuSQEqdwn+IZ4UArp322tUbo2lVvPR1 /05mKVfvA5OZ4V7ekAbs/xzkL2rWqe1CtNQ8r9RMz6iJ2sIt9mucR6j hHAy3t/YgnPFtnVmgJK/9MtQpGs41vy3r4AGoKj4A=</latexit>
w0
<latexit sha1_base64="x3wx20U QYckBBi+M4SxCqngubrk=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkV0V VIVdFl0ocsq9gG1SDKd1qF5MZlUShF/wK3+mvgH+hfeGVNQi+iEJGfOv efM3Hu92BeJcpzXnDUzOze/kF8sLC2vrK4V1zcaSZRKxuss8iPZ8tyE+ yLkdSWUz1ux5G7g+bzpDU51vDnkMhFReKVGMe8Ebj8UPcFcRdTl3e5Ns eSUHbPsaVDJQAnZqkXFF1yjiwgMKQJwhFCEfbhI6GmjAgcxcR2MiZOEh Ilz3KNA2pSyOGW4xA7o26ddO2ND2mvPxKgZneLTK0lpY4c0EeVJwvo02 8RT46zZ37zHxlPfbUR/L/MKiFW4JfYv3STzvzpdi0IPx6YGQTXFhtHVsc wlNV3RN7e/VKXIISZO4y7FJWFmlJM+20aTmNp1b10TfzOZmtV7luWmeN e3pAFXfo5zGjT2y5WD8v7FYal6ko06jy1sY4/meYQqzlFDnbx7eMQTnq 0zK7CUNfxMtXKZZhPflvXwAezhj7E=</latexit>
w00
<latexit sha1_base64="qqSq3DxZQmykUDPmpbMbfsEzWfo=">AAACx nicjVHLSsNAFD2Nr1pfVZdugkXqqiRV0GXRTZcV7QNqkSSd1tC8mEwspQj+gFv9NPEP9C+8M05BLaITkpw5954zc+91k8BPhWW95oyFxaXllfxqY W19Y3OruL3TSuOMe6zpxUHMO66TssCPWFP4ImCdhDMndAPWdkfnMt6+Yzz14+hKTBLWC51h5A98zxFEXY7L5ZtiyapYapnzwNagBL0acfEF1+gjh ocMIRgiCMIBHKT0dGHDQkJcD1PiOCFfxRnuUSBtRlmMMhxiR/Qd0q6r2Yj20jNVao9OCejlpDRxQJqY8jhheZqp4plyluxv3lPlKe82ob+rvUJiBW 6J/Us3y/yvTtYiMMCpqsGnmhLFyOo87ZKprsibm1+qEuSQECdxn+KcsKeUsz6bSpOq2mVvHRV/U5mSlXtP52Z4l7ekAds/xzkPWtWKfVSpXhyXam d61HnsYR+HNM8T1FBHA03yHuIRT3g26kZkZMb4M9XIac0uvi3j4QNv8I/i</latexit>
v1
<latexit sha1_base64="Tm9/Px 11UbZH2+yTJErEdROhsE0=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4 Ii2a6JLohiVGQRIkpC0DTihtM51iCDHxB9zqpxn/QP/CO+OQqMToNG3 PnHvPmbn3+knIU+k4rzlrYXFpeSW/Wlhb39jcKm7vNNM4EwFrBHEYi5b vpSzkEWtILkPWSgTzRn7Irv3huYpfj5lIeRxdyUnCOiNvEPE+DzxJ1OW 463aLJafs6GXPA9eAEsyqx8UX3KCHGAEyjMAQQRIO4SGlpw0XDhLiOp gSJwhxHWe4R4G0GWUxyvCIHdJ3QLu2YSPaK89UqwM6JaRXkNLGAWliyh OE1Wm2jmfaWbG/eU+1p7rbhP6+8RoRK3FL7F+6WeZ/daoWiT5OdQ2ca ko0o6oLjEumu6Jubn+pSpJDQpzCPYoLwoFWzvpsa02qa1e99XT8TWcqV u0Dk5vhXd2SBuz+HOc8aFbK7lG5cnFcqp6ZUeexh30c0jxPUEUNdTTI e4BHPOHZqlmRlVl3n6lWzmh28W1ZDx8KlZAj</latexit>
v2
<latexit sha1_base64="ZN6TkH lWrh1spjwBH5COPe4M9og=">AAACxnicjVHLTsJAFD3UF+ILdemmkZi4 Ii2a6JLohiVGQRIkpB0GnFDaZjrFEGLiD7jVTzP+gf6Fd8aSqMToNG3 PnHvPmbn3+nEgEuU4rzlrYXFpeSW/Wlhb39jcKm7vNJMolYw3WBREsuV 7CQ9EyBtKqIC3Ysm9kR/wa394ruPXYy4TEYVXahLzzsgbhKIvmKeIuhx 3K91iySk7ZtnzwM1ACdmqR8UX3KCHCAwpRuAIoQgH8JDQ04YLBzFxHU yJk4SEiXPco0DalLI4ZXjEDuk7oF07Y0Paa8/EqBmdEtArSWnjgDQR5U nC+jTbxFPjrNnfvKfGU99tQn8/8xoRq3BL7F+6WeZ/dboWhT5OTQ2Ca ooNo6tjmUtquqJvbn+pSpFDTJzGPYpLwswoZ322jSYxteveeib+ZjI1q /csy03xrm9JA3Z/jnMeNCtl96hcuTguVc+yUeexh30c0jxPUEUNdTTI e4BHPOHZqlmhlVp3n6lWLtPs4tuyHj4ADPWQJA==</latexit>
FIG. 30. A graphical proof that the two operations Ah,ωv1,v2 Tˆ3 and Tˆ3A
h,ω
v1,v2 result in the same quantum state on G′. (a) U(1)
phase factor associated with a specific component of the preferred basis, ω
[
M [{g, g1, g2}]
]
, where g is the state on [v1, w]. (b)
Applying Ah,ωw results in three additional (relevant) tetrahedrons. (c) Gluing together the left most three tetrahedrons. (d)
Applying a 2-3 Pachner move to the three tetrahedrons mentioned in (c). (e) Gluing together the right most three tetrahedrons.
(f) Applying a 2-3 Pachner move on the three tetrahedrons mentioned in (e). This concludes our proof that, as in the case of
Eq. (B6), the relation eiφ
G′
h
(ω) =
e
iφG
h
(ω)
ω
[
M [{g,g1,g2}]
]
ω
[
M [{h·g,h·g1,g2}]
] holds.
v2. To this end, we show that the matrix representations
of vertex operators with respect to the preferred basis in
Fig. 28 and the computational basis of HG′ are identical.
For the vertex operator Ah,ωw′′ acting on w
′′ in Fig. 28,
such identification follows from the procedure presented
in Fig. 25, since we only need to take two tetrahedrons
from the tent construction of Ah,ωw′′ into account. For the
vertex term Aωw acting on the vertex w in Fig. 28, the
proof of the identification is shown in Fig. 30. The same
construction works for the vertex operator Aωw′ .
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a
<latexit sha1_base64="xfzo4pC5i9hvY1GJoNd 4afFDOwE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg8xEKEV/wK1+m/g H+hfeGaegFtEJSc6ce8+Zuff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3faIsmzgLWChCdZ1/cE42HMWjKUn HXTjHmRz1nHH5+reOeOZSJM4is5SVk/8kZxOAwDTxLV9G7KFafq6GXPA9eACsxqJOUXXGOABAFyRGCIIQl zeBD09ODCQUpcH1PiMkKhjjPco0TanLIYZXjEjuk7ol3PsDHtlafQ6oBO4fRmpLRxQJqE8jLC6jRbx3Ptr NjfvKfaU91tQn/feEXEStwS+5dulvlfnapFYohTXUNINaWaUdUFxiXXXVE3t79UJckhJU7hAcUzwoFWzvp sa43Qtaveejr+pjMVq/aByc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuL G4JK/9MtQpGs4tvy3r4ADXKj2o=</latexit>
a⇤
<latexit sha1_base64="hygTTLT02aHABuzIK6717tkduQE=">AAACxnicjVHLSsNAFD2Nr1pfVZdugk UQFyWtgi6LbrqsaB9Qq0ym0zo0L5KJUorgD7jVTxP/QP/CO2MEtYhOSHLm3HvOzL3XjTyZKMd5yVkzs3PzC/nFwtLyyupacX2jlYRpzEWTh14Yd1yWCE8Goqmk8kQnigXzXU+03dGJjrdvRJzIMDhX40j0fDYM5EBypo g6Y5d7V8WSU3bMsqdBJQMlZKsRFp9xgT5CcKTwIRBAEfbAkNDTRQUOIuJ6mBAXE5ImLnCHAmlTyhKUwYgd0XdIu27GBrTXnolRczrFozcmpY0d0oSUFxPWp9kmnhpnzf7mPTGe+m5j+ruZl0+swjWxf+k+M/+r07UoDH BkapBUU2QYXR3PXFLTFX1z+0tVihwi4jTuUzwmzI3ys8+20SSmdt1bZuKvJlOzes+z3BRv+pY04MrPcU6DVrVc2S9XTw9KteNs1HlsYRu7NM9D1FBHA03yHuIBj3iy6lZgpdbtR6qVyzSb+Las+3fFe5AG</latexit>
=<latexit sha1_base64="wgNCD4zZEG98qqzLUpC CIT+7eig=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EYoCuKyBdsKtUgyndbQvJhMhFL0B9zqt4l /oH/hnXEKahGdkOTMufecmXuvn4ZBJh3ntWDNzS8sLhWXSyura+sb5c2tdpbkgvEWS8JEXPlexsMg5i0Zy JBfpYJ7kR/yjj86U/HOHRdZkMSXcpzyXuQN42AQME8S1Ty5KVecqqOXPQtcAyowq5GUX3CNPhIw5IjAEUM SDuEho6cLFw5S4nqYECcIBTrOcY8SaXPK4pThETui75B2XcPGtFeemVYzOiWkV5DSxh5pEsoThNVpto7n2 lmxv3lPtKe625j+vvGKiJW4JfYv3TTzvzpVi8QAx7qGgGpKNaOqY8Yl111RN7e/VCXJISVO4T7FBWGmldM +21qT6dpVbz0df9OZilV7ZnJzvKtb0oDdn+OcBe1a1T2o1pqHlfqpGXURO9jFPs3zCHVcoIGW9n7EE56tc yu0Miv/TLUKRrONb8t6+ADgO49G</latexit>
a
<latexit sha1_base64= "xfzo4pC5i9hvY1GJoNd4afFDOwE=">AAACxHicjV HLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSS d1tDJg8xEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Z uff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3faIsmzg LWChCdZ1/cE42HMWjKUnHXTjHmRz1nHH5+reOeOZS JM4is5SVk/8kZxOAwDTxLV9G7KFafq6GXPA9eACsx qJOUXXGOABAFyRGCIIQlzeBD09ODCQUpcH1PiMkKh jjPco0TanLIYZXjEjuk7ol3PsDHtlafQ6oBO4fRmp LRxQJqE8jLC6jRbx3PtrNjfvKfaU91tQn/feEXESt wS+5dulvlfnapFYohTXUNINaWaUdUFxiXXXVE3t79 UJckhJU7hAcUzwoFWzvpsa43Qtaveejr+pjMVq/aB yc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HN M8T1HGJBlra+xFPeLYuLG4JK/9MtQpGs4tvy3r4AD XKj2o=</latexit>
b
<latexit sha1_base64= "uWrQfXa9HDUeWC/xu1WL1eYqRS0=">AAACxHicjV HLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSS d1tC8mJkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz 914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMes FaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuA jT5EpOMtaPvVESDsPAk0Q1/Ztyxak6etnzwDWgArM aafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo 4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5K W0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiV ti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9pe qJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y 3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8 zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ8fOC qPaw==</latexit>
c
<latexit sha1_base64="MbZtkCxYvjNLqnoWHEx sO/V/xqc=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raF5MZkIpegPuNVvE/9 A/8I74xTUIjohyZlz7zkz914/DYNMOs5rwVpYXFpeKa6W1tY3NrfK2zvtLMkF4y2WhIno+l7GwyDmLRnIk HdTwb3ID3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4lqsptyxak6etnzwDWgArMaSfkF1xggAUOOCBwxJOE QHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dF fub91R7qrtN6O8br4hYiVti/9LNMv+rU7VIDHGqawioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567O tNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqwQ iuz8s9Uq2A0u/i2rIcPOoqPbA==</latexit>
d
<latexit sha1_base64="V1CeI+nXk2GFj6W+cA8 d+ZKQKYk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ6raGTB8lEKEV/wK1+m/g H+hfeGaegFtEJSc6ce8+Zuff6iQgy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xWMRp1/cyLoKIt2QgB e8mKfdCX/COPz5X8c4dT7Mgjq7kJOH90BtFwTBgniSqObgpV5yqo5c9D1wDKjCrEZdfcI0BYjDkCMERQRI W8JDR04MLBwlxfUyJSwkFOs5xjxJpc8rilOERO6bviHY9w0a0V56ZVjM6RdCbktLGAWliyksJq9NsHc+1s 2J/855qT3W3Cf194xUSK3FL7F+6WeZ/daoWiSFOdQ0B1ZRoRlXHjEuuu6Jubn+pSpJDQpzCA4qnhJlWzvp sa02ma1e99XT8TWcqVu2Zyc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuL GFlVv6ZahWMZhfflvXwATzqj20=</latexit>
e
<latexit sha1_base64= "6KZw7wpfpv8bqOVAjQ83yFPVF7A=">AAACxHicjV HLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkWQ 6raF5MTMRStEfcKvfJv6B/oV3xhTUIjohyZlz7zkz 914/DQOpHOe1YC0sLi2vFFdLa+sbm1vl7Z22TDLBe IslYSK6vid5GMS8pQIV8m4quBf5Ie/443Md79xxIY MkvlKTlPcjbxQHw4B5iqgmvylXnKpjlj0P3BxUkK9 GUn7BNQZIwJAhAkcMRTiEB0lPDy4cpMT1MSVOEApM nOMeJdJmlMUpwyN2TN8R7Xo5G9Nee0qjZnRKSK8gp Y0D0iSUJwjr02wTz4yzZn/znhpPfbcJ/f3cKyJW4Z bYv3SzzP/qdC0KQ5yaGgKqKTWMro7lLpnpir65/aU qRQ4pcRoPKC4IM6Oc9dk2Gmlq1731TPzNZGpW71me m+Fd35IG7P4c5zxo16ruUbXWPK7Uz/JRF7GHfRzSP E9QxyUaaBnvRzzh2bqwQkta2WeqVcg1u/i2rIcPP0 qPbg==</latexit>
(a)
<latexit sh a1_base64="mZG0veSVT /l1SY6N0Qu+Y5xCeQg="> AAACz3icjVHLSsNAFD2N r1pfVZdugkWom5KqoMuiG 5ct2Ae0RZJ0WofmxWSil lJx6w+41b8S/0D/wjtjCm oRnZDkzLn3nJl7rxN5PJ aW9Zox5uYXFpeyy7mV1bX 1jfzmViMOE+Gyuht6oWg 5dsw8HrC65NJjrUgw23c8 1nSGZyrevGYi5mFwIUcR 6/r2IOB97tqSqE5Hslsp/ HHR3p9c5gtWydLLnAXlF BSQrmqYf0EHPYRwkcAHQw BJ2IONmJ42yrAQEdfFmD hBiOs4wwQ50iaUxSjDJnZ I3wHt2ikb0F55xlrt0ik evYKUJvZIE1KeIKxOM3U8 0c6K/c17rD3V3Ub0d1Iv n1iJK2L/0k0z/6tTtUj0c aJr4FRTpBlVnZu6JLor6 ubml6okOUTEKdyjuCDsau W0z6bWxLp21Vtbx990pm LV3k1zE7yrW9KAyz/HOQs aB6XyYemgdlSonKajzmI HuyjSPI9RwTmqqJN3hEc 84dmoGTfGnXH/mWpkUs02 vi3j4QMenZQh</latexi t>
(b)
<latexit sha1_base64="2L2wXQUm1eNYV0fd3OU 7xwPSYGE=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkWom5KqoMuiG5ct2Ae0RZJ0WofmxWSillJx6w+41b8 S/0D/wjtjCmoRnZDkzLn3nJl7rxN5PJaW9Zox5uYXFpeyy7mV1bX1jfzmViMOE+Gyuht6oWg5dsw8HrC65 NJjrUgw23c81nSGZyrevGYi5mFwIUcR6/r2IOB97tqSqE5Hslsp/HHR2Z9c5gtWydLLnAXlFBSQrmqYf0E HPYRwkcAHQwBJ2IONmJ42yrAQEdfFmDhBiOs4wwQ50iaUxSjDJnZI3wHt2ikb0F55xlrt0ikevYKUJvZIE 1KeIKxOM3U80c6K/c17rD3V3Ub0d1Ivn1iJK2L/0k0z/6tTtUj0caJr4FRTpBlVnZu6JLor6ubml6okOUT EKdyjuCDsauW0z6bWxLp21Vtbx990pmLV3k1zE7yrW9KAyz/HOQsaB6XyYemgdlSonKajzmIHuyjSPI9Rw TmqqJN3hEc84dmoGTfGnXH/mWpkUs02vi3j4QMg/5Qi</latexit>
(c)
<latexit sh a1_base64="0C6JDjLpe fYLOt+TcNmFX8fgOek="> AAACz3icjVHLSsNAFD2N r1pfVZdugkWom5KqoMuiG 5ct2Ae0RZLptIbmxWSil lJx6w+41b8S/0D/wjtjCm oRnZDkzLn3nJl7rxN5bi wt6zVjzM0vLC5ll3Mrq2v rG/nNrUYcJoLxOgu9ULQ cO+aeG/C6dKXHW5Hgtu94 vOkMz1S8ec1F7IbBhRxF vOvbg8Dtu8yWRHU6kt9K4 Y+LbH9ymS9YJUsvcxaUU 1BAuqph/gUd9BCCIYEPjg CSsAcbMT1tlGEhIq6LMX GCkKvjHBPkSJtQFqcMm9g hfQe0a6dsQHvlGWs1o1M 8egUpTeyRJqQ8QVidZup4 op0V+5v3WHuqu43o76Re PrESV8T+pZtm/lenapHo4 0TX4FJNkWZUdSx1SXRX1 M3NL1VJcoiIU7hHcUGYae W0z6bWxLp21Vtbx990pm LVnqW5Cd7VLWnA5Z/jnAW Ng1L5sHRQOypUTtNRZ7G DXRRpnseo4BxV1Mk7wiO e8GzUjBvjzrj/TDUyqWYb 35bx8AEjYZQj</latexi t>
f
<latexit sha1_base64="AM23awNhDeoSfA3k/xryEQPpNCY=">AAACxHicjVHLSsNAFD2Nr1pfVZdugk VwVZIq6LIoiMsW7ANqkWQ6rUMnD5KJUIr+gFv9NvEP9C+8M6agFtEJSc6ce8+Zuff6sRSpcpzXgrWwuLS8Ulwtra1vbG6Vt3faaZQljLdYJKOk63splyLkLSWU5N044V7gS97xx+c63rnjSSqi8EpNYt4PvFEohoJ5iq jm8KZccaqOWfY8cHNQQb4aUfkF1xggAkOGABwhFGEJDyk9PbhwEBPXx5S4hJAwcY57lEibURanDI/YMX1HtOvlbEh77ZkaNaNTJL0JKW0ckCaivISwPs028cw4a/Y376nx1Heb0N/PvQJiFW6J/Us3y/yvTteiMMSpqU FQTbFhdHUsd8lMV/TN7S9VKXKIidN4QPGEMDPKWZ9to0lN7bq3nom/mUzN6j3LczO861vSgN2f45wH7VrVParWmseV+lk+6iL2sI9DmucJ6rhEAy3j/YgnPFsXlrRSK/tMtQq5ZhfflvXwAUGqj28=</latexit>
a
<latexit sha1_base64="xfzo4pC5i9hvY1GJoNd 4afFDOwE=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tDJg8xEKEV/wK1+m/g H+hfeGaegFtEJSc6ce8+Zuff6KQ+FdJzXgrWwuLS8Ulwtra1vbG6Vt3faIsmzgLWChCdZ1/cE42HMWjKUn HXTjHmRz1nHH5+reOeOZSJM4is5SVk/8kZxOAwDTxLV9G7KFafq6GXPA9eACsxqJOUXXGOABAFyRGCIIQl zeBD09ODCQUpcH1PiMkKhjjPco0TanLIYZXjEjuk7ol3PsDHtlafQ6oBO4fRmpLRxQJqE8jLC6jRbx3Ptr NjfvKfaU91tQn/feEXEStwS+5dulvlfnapFYohTXUNINaWaUdUFxiXXXVE3t79UJckhJU7hAcUzwoFWzvp sa43Qtaveejr+pjMVq/aByc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuL G4JK/9MtQpGs4tvy3r4ADXKj2o=</latexit>
b
<latexit sha1_base64="uWrQfXa9HDUeWC/xu1W L1eYqRS0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJkIpegPuNVvE/9 A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlgxlx LoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1/Ztyxak6etnzwDWgArMaafkF1xggRYAcMRgSSMI RPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dF fub91R7qrtN6O8br5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+ 21ghdu+qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCi ixh5Z+pVsFodvFtWQ8fOCqPaw==</latexit>
c
<latexit sha1_base64="MbZtkCxYvjNLqnoWHExsO/V/xqc=">AAACxHicjVHLSsNAFD2Nr1pfVZdugk VwVZIq6LIoiMsW7ANqkWQ6raF5MZkIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/DYNMOs5rwVpYXFpeKa6W1tY3NrfK2zvtLMkF4y2WhIno+l7GwyDmLRnIkHdTwb3ID3nHH5+reOeOiyxI4is5SXk/8kZxMAyYJ4 lqsptyxak6etnzwDWgArMaSfkF1xggAUOOCBwxJOEQHjJ6enDhICWujylxglCg4xz3KJE2pyxOGR6xY/qOaNczbEx75ZlpNaNTQnoFKW0ckCahPEFYnWbreK6dFfub91R7qrtN6O8br4hYiVti/9LNMv+rU7VIDHGqaw ioplQzqjpmXHLdFXVz+0tVkhxS4hQeUFwQZlo567OtNZmuXfXW0/E3nalYtWcmN8e7uiUN2P05znnQrlXdo2qteVypn5lRF7GHfRzSPE9QxyUaaGnvRzzh2bqwQiuz8s9Uq2A0u/i2rIcPOoqPbA==</latexit>
d
<latexit sha1_base64="V1CeI+nXk2GFj6W+cA8d+ZKQKYk=">AAACxHicjVHLSsNAFD2Nr1pfVZdugk VwVZIq6LIoiMsW7ANqkWQ6raGTB8lEKEV/wK1+m/gH+hfeGaegFtEJSc6ce8+Zuff6iQgy6TivBWthcWl5pbhaWlvf2Nwqb++0szhPGW+xWMRp1/cyLoKIt2QgBe8mKfdCX/COPz5X8c4dT7Mgjq7kJOH90BtFwTBgni SqObgpV5yqo5c9D1wDKjCrEZdfcI0BYjDkCMERQRIW8JDR04MLBwlxfUyJSwkFOs5xjxJpc8rilOERO6bviHY9w0a0V56ZVjM6RdCbktLGAWliyksJq9NsHc+1s2J/855qT3W3Cf194xUSK3FL7F+6WeZ/daoWiSFOdQ 0B1ZRoRlXHjEuuu6Jubn+pSpJDQpzCA4qnhJlWzvpsa02ma1e99XT8TWcqVu2Zyc3xrm5JA3Z/jnMetGtV96haax5X6mdm1EXsYR+HNM8T1HGJBlra+xFPeLYuLGFlVv6ZahWMZhfflvXwATzqj20=</latexit>
a⇥ b =
X
c2C
N cabc
<latexit sha1_base64= "Dvb0ws7GCqD7gghJp/h1txP7LFI=">AAAC9XicjV HLTttAFD0x0NKUFrcsuxkRVeoqcigSbJAisumqolI DkeLUGg8DjOKXPOOiyMpvdNddxbY/wBZ+oeIP6F/0 ztRIPFTRsWyfOfeeM3PvjYtEaRMEVy1vYXHpydPlZ +3nKy9ervqvXu/rvCqFHIo8yctRzLVMVCaHRplEjo pS8jRO5EE8Hdj4wVdZapVnn82skJOUH2fqSAluiIr 8gLPQqFRqFrMdFuoqjWrBQpWxMOXmRPCkHszn7GNU 83j+RTAR+Z2gG7jFHoJeAzpo1l7u/0KIQ+QQqJBCI oMhnIBD0zNGDwEK4iaoiSsJKReXmKNN2oqyJGVwYq f0PabduGEz2ltP7dSCTknoLUnJ8JY0OeWVhO1pzMU r52zZf3nXztPebUb/uPFKiTU4IfYx3U3m/+psLQZH 2HY1KKqpcIytTjQuleuKvTm7VZUhh4I4iw8pXhIWT nnTZ+Y02tVue8td/NplWtbuRZNb4be9JQ24d3+cD8 H+Rrf3vrvxabPT321GvYw3WMc7mucW+viAPQzJ+xv OcYFL79T77v3wzv6meq1Gs4Y7y/v5BwMXoik=</la texit>
=
X
f2C
F abecdf
<latexit sha1_base64="6DhfjS5IOE8OepC3yxj jPupKQ+E=">AAAC73icjVHLSuRAFD3G93NaXbopphFEpEnrgG4EURhcOmCrYLSpVFdr0XmZVAQJ+Qd37sT t/IBb/QvxD5y/8FZNBB+IVkhy6tx7TtW9108ClWnXfexz+gcGh4ZHRsfGJyanftSmZ/ayOE+FbIk4iNMDn 2cyUJFsaaUDeZCkkod+IPf93paJ75/LNFNxtKsvEnkU8pNIdZXgmqh2bXHdy/KwXXSZpyLmhVyfCh4UW2X JfrcLb4mJTrc8Lrgvy3at7jZcu9hH0KxAHdXaiWsP8NBBDIEcISQiaMIBODJ6DtGEi4S4IxTEpYSUjUuUG CNtTlmSMjixPfqe0O6wYiPaG8/MqgWdEtCbkpJhnjQx5aWEzWnMxnPrbNjPvAvrae52QX+/8gqJ1Tgl9iv dS+Z3daYWjS7WbA2KakosY6oTlUtuu2Juzl5VpckhIc7gDsVTwsIqX/rMrCaztZvecht/spmGNXtR5eb4Z 25JA26+H+dHsLfcaK40lv/8qm9sVqMewRx+YoHmuYoNbGMHLfK+xC3ucO+cOVfOtXPzP9XpqzSzeLOcv89 QYaBz</latexit>
FIG. 31. Input data for the Levin-Wen model. (a) The fusion
rule among anyons in C. (b) If we invert the direction of a
link, we take anti-particle of the corresponding anyon label.
(c) F -matrix associated with the change in the fusion basis.
(a)
<latexit sha1 _base64="mZG0veSVT/l1SY6 N0Qu+Y5xCeQg=">AAACz3icj VHLSsNAFD2Nr1pfVZdugkWom 5KqoMuiG5ct2Ae0RZJ0Wofmx WSillJx6w+41b8S/0D/wjtjC moRnZDkzLn3nJl7rxN5PJaW9 Zox5uYXFpeyy7mV1bX1jfzmV iMOE+Gyuht6oWg5dsw8HrC65N JjrUgw23c81nSGZyrevGYi5m FwIUcR6/r2IOB97tqSqE5Hsl sp/HHR3p9c5gtWydLLnAXlFB SQrmqYf0EHPYRwkcAHQwBJ2I ONmJ42yrAQEdfFmDhBiOs4ww Q50iaUxSjDJnZI3wHt2ikb0F 55xlrt0ikevYKUJvZIE1KeIK xOM3U80c6K/c17rD3V3Ub0d1I vn1iJK2L/0k0z/6tTtUj0caJ r4FRTpBlVnZu6JLor6ubml6o kOUTEKdyjuCDsauW0z6bWxLp 21Vtbx990pmLV3k1zE7yrW9K Ayz/HOQsaB6XyYemgdlSonKa jzmIHuyjSPI9RwTmqqJN3hEc 84dmoGTfGnXH/mWpkUs02vi3 j4QMenZQh</latexit>
(b)
<latexit sha1 _base64="2L2wXQUm1eNYV0f d3OU7xwPSYGE=">AAACz3icj VHLSsNAFD2Nr1pfVZdugkWom 5KqoMuiG5ct2Ae0RZJ0Wofmx WSillJx6w+41b8S/0D/wjtjC moRnZDkzLn3nJl7rxN5PJaW9 Zox5uYXFpeyy7mV1bX1jfzmV iMOE+Gyuht6oWg5dsw8HrC65N JjrUgw23c81nSGZyrevGYi5m FwIUcR6/r2IOB97tqSqE5Hsl sp/HHR2Z9c5gtWydLLnAXlFB SQrmqYf0EHPYRwkcAHQwBJ2I ONmJ42yrAQEdfFmDhBiOs4ww Q50iaUxSjDJnZI3wHt2ikb0F 55xlrt0ikevYKUJvZIE1KeIK xOM3U80c6K/c17rD3V3Ub0d1I vn1iJK2L/0k0z/6tTtUj0caJ r4FRTpBlVnZu6JLor6ubml6o kOUTEKdyjuCDsauW0z6bWxLp 21Vtbx990pmLV3k1zE7yrW9K Ayz/HOQsaB6XyYemgdlSonKa jzmIHuyjSPI9RwTmqqJN3hEc 84dmoGTfGnXH/mWpkUs02vi3 j4QMg/5Qi</latexit>
Bp =
X
s
ds
D2
Bsp
<latexit sha1_base64="dw/ a2kDNg48CBH664UWBuk8mFUc=">AAADCHicjVHLThsxFD2ZQ kkplECX3VhElVhFkxSJbiqhhAXLIDUkEoGRx3HoiHlhe5CiK D/An3TXXcW2P9BlyR+Uv+DaTCRahFqPxj4+955jX98wjyNtf H9e8V4sLb9cqb5afb22/majtrl1rLNCCdkTWZypQci1jKNU9k xkYjnIleRJGMt+eNGx8f6VVDrK0s9mksvThJ+n0TgS3BAV1D rtIGfDy8uCj55baP7EhrpIAs2GY8XFdBTo2fTgrDVjpD7TQa 3uN3w32FPQLEEd5ehmtV8YYoQMAgUSSKQwhGNwaPpO0ISPnL hTTIlThCIXl5hhlbQFZUnK4MRe0HxOu5OSTWlvPbVTCzolpl+ RkuE9aTLKU4TtaczFC+ds2ee8p87T3m1Ca1h6JcQafCH2X7p F5v/qbC0GY3x0NURUU+4YW50oXQr3Kvbm7FFVhhxy4iweUVw RFk65eGfmNNrVbt+Wu/hvl2lZuxdlboE7e0tqcPPvdj4Fx61 G80OjdbRb32+Xra7iHbaxQ/3cwz4O0UWPvL/iJ24x9669b953 7+Yh1auUmrf4Y3g/7gEqG6pa</latexit>
p
<latexit sha1_base6 4="Mnedbc1w0ECWLwe7NVfqgIkFk4Y=">AAA CxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIo iMsW7ANqkSSd1tC8mJkIpegPuNVvE/9A/8I74 xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vF FdLa+sbm1vl7Z22SHMesFaQRinv+p5gUZiwlg xlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVE SDsPAk0Q1s5tyxak6etnzwDWgArMaafkF1xg gRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3 KJE2pyxGGR6xY/qOaNczbEJ75Sm0OqBTIno5K W0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br 5hYiVti/9LNMv+rU7VIDHGqawippkwzqrrAuO S6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+ qtp+NvOlOxah+Y3Bzv6pY0YPfnOOdBu1Z1j6q 15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vC iixh5Z+pVsFodvFtWQ8fWWqPeQ==</latexi t>
p
<latexit sha1_base64="Mnedbc1w0ECWLwe 7NVfqgIkFk4Y=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6LIoiMsW7ANqkSSd1tC8mJ kIpegPuNVvE/9A/8I74xTUIjohyZlz7zkz914/i0IhHee1YC0sLi2vFFdLa+sbm1vl7Z22SHMe sFaQRinv+p5gUZiwlgxlxLoZZ17sR6zjj89VvHPHuAjT5EpOMtaPvVESDsPAk0Q1s5tyxak6e tnzwDWgArMaafkF1xggRYAcMRgSSMIRPAh6enDhICOujylxnFCo4wz3KJE2pyxGGR6xY/qOaN czbEJ75Sm0OqBTIno5KW0ckCalPE5YnWbreK6dFfub91R7qrtN6O8br5hYiVti/9LNMv+rU7V IDHGqawippkwzqrrAuOS6K+rm9peqJDlkxCk8oDgnHGjlrM+21ghdu+qtp+NvOlOxah+Y3Bzv6 pY0YPfnOOdBu1Z1j6q15nGlfmZGXcQe9nFI8zxBHZdooKW9H/GEZ+vCiixh5Z+pVsFodvFtWQ 8fWWqPeQ==</latexit>
Av
<latexit sha1_base64="aUV 2TnZJRxhy3yZGgNH9c0uZIMU=">AAACxnicjVHLSsNAFD2Nr 1pfVZdugkVwVZIq6LLqpsuK9gG1lGQ6raF5kUwqpQj+gFv9N PEP9C+8M05BLaITkpw5954zc+91Y99LhWW95oyFxaXllfxqY W19Y3OruL3TTKMsYbzBIj9K2q6Tct8LeUN4wuftOOFO4Pq85Y 4uZLw15knqReG1mMS8GzjD0Bt4zBFEXZ31xr1iySpbapnzwN agBL3qUfEFN+gjAkOGABwhBGEfDlJ6OrBhISauiylxCSFPxT nuUSBtRlmcMhxiR/Qd0q6j2ZD20jNVakan+PQmpDRxQJqI8h LC8jRTxTPlLNnfvKfKU95tQn9XewXECtwS+5dulvlfnaxFYIB TVYNHNcWKkdUx7ZKprsibm1+qEuQQEydxn+IJYaaUsz6bSpO q2mVvHRV/U5mSlXumczO8y1vSgO2f45wHzUrZPipXLo9L1XM 96jz2sI9DmucJqqihjgZ5D/GIJzwbNSM0MuPuM9XIac0uvi3 j4QMwK5Az</latexit>
=
⇢
<latexit sha1_base64="tbmC/FpILl 2nB7IYW8D/loJNwps=">AAACzXicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EYounFn BfvAtkgyndaheZFMhFJ16w+41d8S/0D/wjtjCmoRnZDkzLn3nJl7rxt5IpGW9Zo zZmbn5hfyi4Wl5ZXVteL6RiMJ05jxOgu9MG65TsI9EfC6FNLjrSjmju96vOkOT1 S8ecPjRITBhRxFvOs7g0D0BXMkUZfmkdlxxWDQGV8VS1bZ0sucBnYGSshWLSy+oI MeQjCk8MERQBL24CChpw0bFiLiuhgTFxMSOs5xhwJpU8rilOEQO6TvgHbtjA1or zwTrWZ0ikdvTEoTO6QJKS8mrE4zdTzVzor9zXusPdXdRvR3My+fWIlrYv/STTL/q 1O1SPRxqGsQVFOkGVUdy1xS3RV1c/NLVZIcIuIU7lE8Jsy0ctJnU2sSXbvqraPj bzpTsWrPstwU7+qWNGD75zinQaNStvfKlfP9UvU4G3UeW9jGLs3zAFWcooY6eQd4 xBOejTMjNW6N+89UI5dpNvFtGQ8ffUeSrA==</latexit> 0, otherwise
<latexit sha1_base64="TrwA0Fp+l4vU/6pJXZTGgc530+0 =">AAAC6HicjVFLTsMwFJyGXym/Aks2ERUSC1QlBQmWFWxYgkQBiVYoSV0wza+OA1RVD8COHWLLBdjCSRA3gFvwbAICKgSOE o/nzUz8bDf2eSIt6zlnDA2PjI7lxwsTk1PTM8XZuf0kSoXHal7kR+LQdRLm85DVJJc+O4wFcwLXZwdue0vVD86ZSHgU7sluzB qBcxLyFvccSdRxsWStmPVOJ3Wan5Nkl1IEvUieMnHBE9ZXqrKlhzkI7AyUkI2dqPiEOpqI4CFFAIYQkrAPBwk9R7BhISaugR 5xghDXdYY+CuRNScVI4RDbpu8JrY4yNqS1yky026O/+PQKcppYIk9EOkFY/c3U9VQnK/a37J7OVHvr0uxmWQGxEqfE/uX7UP7 Xp3qRaGFD98Cpp1gzqjsvS0n1qaidm1+6kpQQE6dwk+qCsKedH+dsak+ie1dn6+j6i1YqVq29TJviVe2SLtj+eZ2DYL9Stlf Lld21UnUzu+o8FrCIZbrPdVSxjR3UKPsK93jAo3FmXBs3xu271Mhlnnl8G8bdG8xFngw=</latexit>
v
<latexit sha1_base64="eBXgl w+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQT LIKrklRBl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEt ohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb 7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hp EYCOYpohrj21LZqThm2fPAzUEZ+arHpRfcoI8YDBlCcERQhAN4kPR 04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J 6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ 5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUNCnMZ9iqeEmVHO+ mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/ moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6q Pfw==</latexit>
|ai
<latexit sha1_base64="VoyLiHKgj5R /tOLzeSR6HogVcaw=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5JUQZdFNy4r2A e0pUzSaQ1NkzCZCKW6Erf+gFv9JvEP9C+8M6agFtEJSc6ce86dufe6ceAn0rZfc8b C4tLySn61sLa+sVk0t7YbSZQKj9e9KIhEy2UJD/yQ16UvA96KBWdjN+BNd3Sm4s1 rLhI/Ci/lJObdMRuG/sD3mCSqZxY7FJUWszqChcOA98ySXbb1suaBk4ESslWLzBd0 0EcEDynG4AghCQdgSOhpw4GNmLgupsQJQr6Oc9yiQN6UVJwUjNgRfYe0a2dsSHuVM 9Fuj04J6BXktLBPnoh0grA6zdLxVGdW7G+5pzqnutuE/m6Wa0ysxBWxf/lmyv/6VC 0SA5zoGnyqKdaMqs7LsqS6K+rm1peqJGWIiVO4T3FB2NPOWZ8t7Ul07aq3TMfftFK xau9l2hTv6pY0YOfnOOdBo1J2DsuVi6NS9TQbdR672MMBzfMYVZyjhrqe+SOe8Gw0 jBvjzrj/lBq5zLODb8t4+ABXnJVZ</latexit>
|bi
<latexit sha1_base64="vSILk/xp9Vf MFBccnK3xZsgbJJM=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5JUQZdFNy4r2A e0pSTptIamSZhMhFJdiVt/wK1+k/gH+hfeGaegFtEJSc6ce86dufd6SRikwrZfc8b C4tLySn61sLa+sVk0t7YbaZxxn9X9OIx5y3NTFgYRq4tAhKyVcOaOvZA1vdGZjDe vGU+DOLoUk4R1x+4wCgaB7wqiemaxQ1FheVaHu9EwZD2zZJdttax54GhQgl612HxB B33E8JFhDIYIgnAIFyk9bTiwkRDXxZQ4TihQcYZbFMibkYqRwiV2RN8h7dqajWgvc 6bK7dMpIb2cnBb2yROTjhOWp1kqnqnMkv0t91TllHeb0N/TucbEClwR+5dvpvyvT9 YiMMCJqiGgmhLFyOp8nSVTXZE3t75UJShDQpzEfYpzwr5yzvpsKU+qape9dVX8TSk lK/e+1mZ4l7ekATs/xzkPGpWyc1iuXByVqqd61HnsYg8HNM9jVHGOGupq5o94wrPR MG6MO+P+U2rktGcH35bx8AFaBJVa</latexit>
|ci
<latexit sha1_base64="N5RxAgmXF3a m7eZJfRs6V1DPTeM=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5JUQZdFNy4r2A e0pSTTaQ1NkzCZCKW6Erf+gFv9JvEP9C+8M6agFtEJSc6ce86dufd6ceAn0rZfc8b C4tLySn61sLa+sVk0t7YbSZQKxussCiLR8tyEB37I69KXAW/FgrtjL+BNb3Sm4s1 rLhI/Ci/lJObdsTsM/YHPXElUzyx2KCotZnWEGw4D3jNLdtnWy5oHTgZKyFYtMl/Q QR8RGFKMwRFCEg7gIqGnDQc2YuK6mBInCPk6znGLAnlTUnFSuMSO6DukXTtjQ9qrn Il2MzoloFeQ08I+eSLSCcLqNEvHU51Zsb/lnuqc6m4T+ntZrjGxElfE/uWbKf/rU7 VIDHCia/CpplgzqjqWZUl1V9TNrS9VScoQE6dwn+KCMNPOWZ8t7Ul07aq3ro6/aaV i1Z5l2hTv6pY0YOfnOOdBo1J2DsuVi6NS9TQbdR672MMBzfMYVZyjhrqe+SOe8Gw0 jBvjzrj/lBq5zLODb8t4+ABcbJVb</latexit>
v<latexit sha1_base64="eBXglw+tvJH311rrv2NEWBxNNnM=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrklR Bl0VBXLZgH1CLJNNpHZoXmUmhFP0Bt/pt4h/oX3hnTEEtohOSnDn3njNz7/WTQEjlOK8Fa2FxaXmluLq2vrG5tV3a2W3JOEsZb7I4iNOO70keiIg3lVAB7yQp90I/4G1/dKHj7TFPpYijazVJeC/0hpEYCOYpohrj21LZqThm2fPAz UEZ+arHpRfcoI8YDBlCcERQhAN4kPR04cJBQlwPU+JSQsLEOe6xRtqMsjhleMSO6DukXTdnI9prT2nUjE4J6E1JaeOQNDHlpYT1abaJZ8ZZs795T42nvtuE/n7uFRKrcEfsX7pZ5n91uhaFAc5MDYJqSgyjq2O5S2a6om9uf6lKkUN CnMZ9iqeEmVHO+mwbjTS16956Jv5mMjWr9yzPzfCub0kDdn+Ocx60qhX3uFJtnJRr5/moi9jHAY5onqeo4Qp1NI33I57wbF1agSWt7DPVKuSaPXxb1sMHZ6qPfw==</latexit>
|ai
<latexit sha1_base64="VoyLiHKgj5R/tOLzeSR6HogVcaw=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5JUQZdFNy4r2Ae0pUzSaQ1 NkzCZCKW6Erf+gFv9JvEP9C+8M6agFtEJSc6ce86dufe6ceAn0rZfc8bC4tLySn61sLa+sVk0t7YbSZQKj9e9KIhEy2UJD/yQ16UvA96KBWdjN+BNd3Sm4s1rLhI/Ci/lJObdMRuG/sD3mCSqZxY7FJUWszqChcOA98ySXbb1suaBk4ESslWLzBd00EcEDynG4AghCQdgSOhpw4GNmLgup sQJQr6Oc9yiQN6UVJwUjNgRfYe0a2dsSHuVM9Fuj04J6BXktLBPnoh0grA6zdLxVGdW7G+5pzqnutuE/m6Wa0ysxBWxf/lmyv/6VC0SA5zoGnyqKdaMqs7LsqS6K+rm1peqJGWIiVO4T3FB2NPOWZ8t7Ul07aq3TMfftFKxau9l2hTv6pY0YOfnOOdBo1J2DsuVi6NS9TQbdR672MMBzf MYVZyjhrqe+SOe8Gw0jBvjzrj/lBq5zLODb8t4+ABXnJVZ</latexit>
|bi
<latexit sha1_base64="vSILk/xp9VfMFBccnK3xZsgbJJM=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5JUQZdFNy4r2Ae0pSTptIa mSZhMhFJdiVt/wK1+k/gH+hfeGaegFtEJSc6ce86dufd6SRikwrZfc8bC4tLySn61sLa+sVk0t7YbaZxxn9X9OIx5y3NTFgYRq4tAhKyVcOaOvZA1vdGZjDevGU+DOLoUk4R1x+4wCgaB7wqiemaxQ1FheVaHu9EwZD2zZJdttax54GhQgl612HxBB33E8JFhDIYIgnAIFyk9bTiwkRDXx ZQ4TihQcYZbFMibkYqRwiV2RN8h7dqajWgvc6bK7dMpIb2cnBb2yROTjhOWp1kqnqnMkv0t91TllHeb0N/TucbEClwR+5dvpvyvT9YiMMCJqiGgmhLFyOp8nSVTXZE3t75UJShDQpzEfYpzwr5yzvpsKU+qape9dVX8TSklK/e+1mZ4l7ekATs/xzkPGpWyc1iuXByVqqd61HnsYg8HNM 9jVHGOGupq5o94wrPRMG6MO+P+U2rktGcH35bx8AFaBJVa</latexit>
|ci
<latexit sha1_base64="N5RxAgmXF3am7eZJfRs6V1DPTeM=">AAAC1HicjVHLSsNAFD2Nr1ofjbp0EyyCq5JUQZdFNy4r2A e0pSTTaQ1NkzCZCKW6Erf+gFv9JvEP9C+8M6agFtEJSc6ce86dufd6ceAn0rZfc8bC4tLySn61sLa+sVk0t7YbSZQKxussCiLR8tyEB37I69KXAW/FgrtjL+BNb3Sm4s1rLhI/Ci/lJObdsTsM/YHPXElUzyx2KCotZnWEGw4D3jNLdtnWy5oHTgZKyFYtMl/QQ R8RGFKMwRFCEg7gIqGnDQc2YuK6mBInCPk6znGLAnlTUnFSuMSO6DukXTtjQ9qrnIl2MzoloFeQ08I+eSLSCcLqNEvHU51Zsb/lnuqc6m4T+ntZrjGxElfE/uWbKf/rU7VIDHCia/CpplgzqjqWZUl1V9TNrS9VScoQE6dwn+KCMNPOWZ8t7Ul07aq3ro6/aaVi 1Z5l2hTv6pY0YOfnOOdBo1J2DsuVi6NS9TQbdR672MMBzfMYVZyjhrqe+SOe8Gw0jBvjzrj/lBq5zLODb8t4+ABcbJVb</latexit> , if N cab > 0
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FIG. 32. (a) Definition of the vertex term Av in the Levin-
Wen model. Av projects onto the configuration where three
anyons on the adjacent links are compatible with the fusion
rule. (b) Definition of the plaquette term Bp in the Levin-
Wen model. Bp is given by the summation of
ds
D2
Bsp, where
Bsp operator is defined in Fig. 11.
Appendix C: Miscellany on Levin-Wen models
In this section, we summarize the conventions we used
for the Levin-Wen model in Sec. VIII for completeness of
our presentation. While we mainly follow the convention
used in the original reference, Ref. 42, there also exist
minor deviations, such as using 1 to denote the trivial
anyon.
The input data for the Levin-Wen model is a unitary
fusion category [86], equivalently a triple (C, N, F ), where
C is the finite set of anyons, N is the fusion coefficients,
and F is the collection of unitary F -matrices. One can
fuse anyons in C via the fusion rule: a× b = ∑c∈C N cabc.
Here, we assume that the fusion rule is commutative,
i.e., N cab = N
c
ba, and moreover the fusion coefficient
N cab ∈ Z+ is multiplicity-free, i.e., N cab = 0, 1 holds. The
multiplicity-free condition can easily be dropped, how-
ever we impose the condition for the sake of simplicity. In
C, there exists a unique element called the trivial anyon,
denoted as 1, satisfying a× 1 = a for all a ∈ C. For each
a ∈ C, there exists unique anyon a∗ ∈ C, the anti-particle
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FIG. 33. The average binder ratio as a function of β at hmax =
6.19 and Q = 3 for various system sizes.
of a, such that N1aa∗ = 1 holds. Finally, the collection
of unitary F -matrices is responsible for the basis change
appeared in Fig. 31 (c). The collection of F -matrices
has to satisfy the consistency conditions called the pen-
tagon equations [86]. Furthermore, we assume the so-
called tetrahedron symmetries (the second line in Eq. (9)
in Ref. 42) of the F -matrices, which in turn simplifies the
expressions in the Levin-Wen Hamiltonian.
Similar to lattice gauge theories, the local degrees of
freedom lives on every link in the Levin-Wen model. The
local Hilbert space is a |C|-dimensional Hilbert space
where the computational basis is labeled by anyons in
C. Similar to the lattice isomorphism Tˆ1 of the quantum
double model introduced in Appendix B, we can freely
invert the direction of a link l at the expense of mapping
the corresponding computational basis |a〉l to |a∗〉l as de-
scribed in Fig. 31 (b). The many-body Hilbert space of
the Levin-Wen model is given by the tensor product of
local Hilbert spaces defined on links. Finally, the Levin-
Wen Hamiltonian is given by a sum of commuting pro-
jectors
HLW = −
∑
v
JvAv −
∑
p
JpBp, (C1)
where Av and Bp are defined in Fig. 32 (a) and (b). In the
main text, instead of working on the full Hilbert space,
we impose Av = 1 on every vertex v as the “gauge con-
straint”, and consider the Hamiltonian on the restricted
Hilbert space where the gauge constraints are imposed.
Appendix D: Quantum Monte Carlo Simulations
In the section, we discuss several technical aspects of
our quantum Monte Carlo (QMC) simulation that are
relevant to studying the infinite-randomness fixed point
[87]. The expected “z = ∞” scaling requires a careful
monitoring of the convergence to zero temperature re-
sult. To that end, we employ the so-called β-doubling
scheme [63, 65, 87], in which one progressively lowers the
simulation temperature, akin to simulated annealing, in
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Bav as a function of the number of disorder averages for Q = 3
for various system sizes L and the field strength hmax.
order to reliably access ground state properties. To show-
case this procedure, in Fig. 33, we present the disorder
averaged binder ratio Bav for Q = 3 as a function of β for
various system sizes at hmax/Jmax = 6.19. In all cases,
we observe a convergence to the zero temperature result
at the largest β considered.
An accurate error estimation entails considering the
combined effect of disorder averaging (sample to sam-
ple variability) and the inherent statistical uncertainty of
Monte Carlo sampling. We found that the former dom-
inates our statistical errors. As an example, in Fig. 34,
we demonstrate this behavior, where indeed observe that
fluctuations corresponding the average Binder ratio com-
puted for different quenched disorder realization are far
larger than statistical fluctuations. This behavior is com-
patible with the importance of rare-events in the vicinity
of the infinite randomness fixed point. For this reason,
we also carefully monitor the convergence of disorder av-
eraging as a function of the number of disorder realiza-
tions, as shown in Fig. 35. In all cases, we have taken
at least 20, 000 and up to 50, 000 independent disorder
realizations.
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